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ABSTRACT. We prove that if 7 is a large positive number, then the atomic Goldberg-
type space b (V) and the space hlng (N) of all integrable functions on N whose local
Riesz transform Zr is integrable are the same space on any complete noncompact
Riemannian manifold N with Ricci curvature bounded from below and positive in-
jectivity radius. We also relate h' (V) to a space of harmonic functions on the slice
N x (0,4) for § > 0 small enough.

1. INTRODUCTION

The classical Hardy space H'(R™) plays an important role in Euclidean Harmonic
Analysis and has been the object of a huge number of investigations. Its theory, which
is available also in book form (see, for instance, [56, 32]), is well understood, and has its
roots in the seminal papers [26, 58]. In the first, C. Fefferman and E.M. Stein proved,
amongst other important results, that H'(R™) can be equivalently defined in terms of
the Riesz transforms, of various kinds of maximal operators and square functions. In
the second, Stein and G. Weiss considered a space of generalised conjugate harmonic
functions that may be identified with H'(R™). Their results were complemented by
R.R. Coifman [I2] and R. Latter [40], who proved that H'(R") admits an atomic de-
composition. All these characterisations corroborate the idea that the space H'(R") is
central in Harmonic Analysis and illustrate its flexibility, a feature of great importance
in the applications. This beautiful theory, or part of it, has been extended in various
directions: see, for instance, [I3| 28, [T}, 50} 25, 22] 23] 21 B3] 19} [4, 62, B8, [, [B] and
the references therein. We observe in passing that on certain examples of nondoubling
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measure spaces, such as the hyperbolic disc, a perhaps surprising phenomenon occurs:
the Hardy-type spaces defined in terms of the Riesz transform, the Poisson maximal
operator and the heat maximal operator are different spaces [46]. For more on the at-
tempts to define an effective Hardy-type space on noncompact symmetric spaces and

generalisations thereof, see [2] [39] 42, [6l 48], 49], 44] and the references therein.

The major drawback of H!(R") is that it is not “stable” under localisation, i.e., mul-
tiplication by smooth functions of compact support does not preserve H!(R™). This fact
induced D. Goldberg [31] to introduce a variant of H!(R™), denoted by h!(R") and quite
often termed “local Hardy space”. It is fair to recall that R.S. Strichartz [59] had de-
fined a suggestive predecessor of h*(R™) on any compact Riemannian manifold. Goldberg
proved several characterisations of h(IR™), which are the natural “local” counterparts of
many of those known for H!(R™). They include characterisations via several different
maximal operators, local Riesz transforms, and an atomic decomposition. It includes
also a characterisation of h!(R™) in terms of a generalised system of conjugate harmonic

functions on the slice R™ x (0, 1).

A careful reading of [31] reveals that most of the properties of h*(R™) depend only on
the local structure of the Euclidean space and not on its geometry at infinity. Thus, it is
natural to speculate whether one can define an analogue of h*(R™) on “locally Euclidean

spaces”.

Interesting examples of such spaces are the so-called RD-spaces, i.e., homogeneous
spaces X in the sense of Coifman and Weiss with the additional property that a re-
verse doubling condition holds in X. Following up previous works of various authors
[22, 23], 33], Dachun Yang and Yuan Zhou [65, [66] constructed on such spaces an inter-
esting and quite complete theory of “local Hardy spaces” associated to given admissible
functions. See also [36] for results concerning Triebel-Lizorkin spaces on RD-spaces and
their relationships with local Hardy spaces. In particular, note that if N is an RD-space,
then the local Hardy space h*(N) defined below reduces to the space H Zl 2(N) of [65].

Further important examples of “locally Euclidean spaces” are Riemannian manifolds.
A subclass thereof on which a satisfactory theory of local Hardy spaces can be developed
is that of manifolds N with bounded geometry. By this we mean that N is a complete
connected noncompact Riemannian manifolds with Ricci curvature bounded from below
and positive injectivity radius. Notice that the Riemannian measure on N may very
well be nondoubling. In analogy with the classical case [31], one can define a number of
spaces on N, including b, (N), b1 (N), b5 (N), bi (N), b (N): specifically, bi . (N),
hl,(N), hL,(N) are defined in terms of maximal functions (associated to a suitable grand
maximal operator, to the local heat maximal operator and to the local Poisson maximal
operator, respectively), bt (N) and bl (N) are ionic and atomic spaces, respectively. It

may be worth observing that hl (N) can be equivalently defined using various kinds of
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ions, and similarly for bl (N), but with atoms playing the role of ions. For the sake of

simplicity, we do not insist on this point in the introduction.

In the inspiring paper [60], M. Taylor proved, under the additional assumption that
all the derivatives of the metric tensor are bounded, that hL  (N) = hi(N). In a much
wider context that includes Riemannian manifolds with bounded geometry in the sense
specified above, Meda and S. Volpi [51] introduced the space bl (N), and proved that

L(N) =hi(N). It is fair to say that both [60] and [51] contain many additional material,
including duality and interpolation results and boundedness criteria for relevant (pseudo-
) differential operators on N. Quite recently, A. Martini, Meda and M. Vallarino [45],
following up a profound result of A. Uchiyama [63], showed that if N has bounded
geometry, then bl (N) = bl (N) = hL,(N) = h{(N) (see also [65, [66] for related
results in the setting of RD-spaces). Consequently, the five spaces listed above coincide
(and their norms are equivalent); for the sake of brevity, we denote simply by h1(IV) the

resulting space, equipped with any of the corresponding norms.

A further natural local Hardy space on N may be defined as follows. Denote by
V the covariant derivative on N, and by £ (minus) the Laplace-Beltrami operator,
which we think of as an unbounded nonnegative operator on L?(N). For each positive
number 7, denote by %, the translated Laplacian 7. + 2. We consider the translated
Riesz transform %, := V.ﬁf;lﬂ, 7 > 0, and the Riesz—Goldberg space

(1.1) bo. (N) = {f € L'(N) : |%-f| € L'(N)}.

We equip h}@T (N) with the norm Hf”hiqT(N) = Hle + H|<@Tf|H1 E. Russ [53] proof of
Theorem 14] (see also [51, Theorem 8]) proved that if 7 is large enough, then bz, (N) 2
hY(N) on a class of Riemannian manifolds that include those of bounded geometry. It is
then natural to speculate whether b}%T (N) agrees with h*(IV) in this generality, thereby
extending the result for R™ proved by Goldberg via Fourier transform techniques. We
remark that the Riesz transform V.Z~1/2 (which corresponds to the limiting case where

7 =0) is unbounded from h'(R") to L}(R").

In this paper, we answer to this deceptively simple question in the affirmative. Our
main result, Theorem[7.9] states that if NV is a complete connected noncompact Riemann-
ian manifold with bounded geometry, then hlﬁT (N) = b1 (N) as long as 7 is large enough.
Our strategy of proof has its roots in an old and beautiful idea of Stein and Weiss (see,
in particular, [58, Theorem A]), who realised that certain powers (slightly below 1) of
the gradient of harmonic functions are subharmonic. This idea is central in the classical
proof that if u is a harmonic function on R’™ := {(z,) € R" x (0,00) : t > 0}, then

(1.2) |0 ) = (| W ul*

x{0} HHl(R"

L1(R") = iup JRn ‘Vu(x,t)’ dz,

>0
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where W denotes the gradient on R™*! and the superscript * stands for nontangential
maximal function (see, for instance, [55, Ch. VII]). This result has a natural counterpart
for h'(R") [31], where the slice R™ x (0, 1) plays the role of R:*" in the classical case.

There is a major problem in extending the latter result to Riemannian manifolds: if
the curvature of N is not nonnegative, then powers (< 1) of the gradient of harmonic
functions on N x R may not be subharmonic. M. Dindo$ [I9, Chapter 6] was able to
overcome this problem and to work out an effective strategy (modifying significantly
that of Stein and Weiss) to prove an analogue of on bounded domains of (compact)
manifolds, endowed with a possibly nonsmooth metric. His strategy hinges on the obser-
vation, derived from the Bochner—Weitzenbock formula, that if u is a harmonic function
on an open set of an (n + 1)-dimensional Riemannian manifold M with Ricci curvature
bounded from below by —x? and (n—1)/n < ¢ < 1, then |Vu|q is gk?-subharmonic, i.e.,
it satisfies an inequality of the form Z|Vul? < gk? |[Vul?.

We adapt Goldberg’s approach and extend Dindos§’ strategy to the case of noncompact
Riemannian manifolds N of bounded geometry. We consider the slice ¥ := N x (0, 20),
and prove that if o is small enough (see (3.2))), then a harmonic function in ¥ satisfies the
maximal inequality J |Vu(x)’* dv(z) < oo if and only if sup J |Vu(z, t)] dv(z) <

N te(0,20) IN
oo and |Wu| tends to 0 at infinity, uniformly in each closed subslice of ¥ (see Theo-

rem [6.3)). Here v, W and * denote the Riemannian density, the gradient of V x R and
an appropriate nontangential maximal function (defined at the beginning of Section ,
respectively. Our strategy requires estimating the Poisson operator and powers of the
Green operator associated to X. In particular, we show that if ¢ is small enough, then
the integral kernels of such operators are “integrable at infinity in 37 (see Sections
and [4)). Their rate of decay at infinity is controlled by \; := 7/(20). Notice that —\? is
the first eigenvalue of the Dirichlet Laplacian on the interval [0, 20]. Clearly A\; increases

as o decreases: this is the reason for which we choose o small.

The last ingredient we need in the proof our main result is a careful analysis of the

kernel of the translated Riesz transform 2. This technical part is confined in Section [7}

The paper is organized as follows. Section [2] contains some preliminary estimates
extensively used in the sequel. In Sections [3] and [f] we establish some potential estimates
on X. Section [f] contains some maximal estimates for certain potentials on . Section [0]
is devoted to the analogue on slices of ¥ of certain results of Dindos [I9]. The analysis
of the local Riesz transform for Riemannian manifolds with bounded geometry, together
with some basic information concerning the Goldberg-type space h!(IV), is contained in
Section E where our main result concerning H. %T (N), Theorem is proved.

We shall use the “variable constant convention”, and denote by C, possibly with

sub- or superscripts, a constant that may vary from place to place and may depend on



RIESZ-HARDY SPACES 5

any factor quantified (implicitly or explicitly) before its occurrence, but not on factors
quantified afterwards.

Throughout the paper, given p in [1, 00|, we denote by p’ the conjugate exponent of p.

2. BACKGROUND MATERIAL AND PRELIMINARY ESTIMATES

2.1. Standing assumptions. In this paper N will always denote an n-dimensional
complete connected noncompact Riemannian manifold with bounded geometry. By
this we mean that the Ricci curvature of N satisfies Ricy > —x? for some nonnegative
number k, and the injectivity radius is strictly positive. The Riemannian measure of IV
will be denoted by v. The operator norm of a bounded linear operator T from LP(N) to
L4(N) will be denoted by || T[] ..

Denote by V and A the gradient and the (negative) Laplace-Beltrami operator on N,
respectively. Set . = —A. The operator %, initially defined on smooth functions with
compact support, admits a unique self adjoint extension, still denoted by ., in L?(N).
For any nonnegative number 7 denote by £, the operator 7.% 4.2, where .# denotes the

identity operator. In particular, .4y = .#. Denote by 2" and hY¥ the heat semigroup

e~ and the corresponding heat kernel, respectively. The following are well known

consequences of our assumptions:

(i) N is locally Ahlfors regular. Indeed, by Bishop-Gromov’s volume comparison
theorems and by a well known estimate due to C.B. Croke [16, Prop. 14], for
each R > 0 there exist positive constants C'y and Cs such that

(2.1) Cir™ <v(By(z)) < Cyr™ Yz e N Vre(0,R].

Thus, in particular, v is locally doubling. Furthermore, there exist nonnegative
constants o and 8 and C' such that

(2.2) v(B,(z)) < Cree®” Vee N Vrell,oo);
(i) there exist positive constants ¢ and C' such that
2
(2.3) AN (z,y) < C(t) e cd@w)/t Ve,y € N Vt >0,

where y(t) := max(t~"/2,t71/2) (see, for instance, [8, Theorem 3]). Note that
[2.3) directly implies the following ultracontractivity estimate for SN :

(2.4) WﬁfiNHh;m <COy(t)  VtE>0.
Suppose now that 1 < ¢ <r < oco. Then there exists a constant C' such that
(2.5) 145, < CA®Ya v o.

The estimate (2.5)) follows from (2.4), the contractivity of 4 on LP(N) for all
p in [1, 00], duality and interpolation;
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(iii) Bakry’s condition [5]
(2.6) VANl < et AN (V) VE>0

holds.

2.2. Ultracontractivity estimates for generalised Bessel potentials. Proposi-
tions and contain some basic estimates for certain (families of) operators
that will arise frequently in the sequel. It is convenient to set 2 := vV .Z.

Proposition 2.1. For any pair of numbers T > k2 and p > 0

IV(rs +22%) 7 f| < ((r = s%)I +22%)"(|VF])  vte(0,1].
Proof. The subordination formula
2002\ — 1 * —TS dS
(2.7) (TI +t°2°) P f = — sPe stzf?
and Bakry’s condition (2.6) imply that

|V(rs +22%)7"f| < 1 J s” e |V f| %

L(p) Jo
1 J'C>O (242 dS
< s e (t—rK“t )s% ) vf -
L(p) Jo ' ’ ‘ 5
< ((r—KHI +t2@2)_p‘Vf ,
as required. O

Part of the proof of the next proposition is an adaptation of the proof of [47], Proposi-

tion 2.2 (i)]. Given a nonnegative number p and a function G : [0, 00) — C, set

61y = sup (1 + X |G| and 2(@) = \/IGllg) 1l

In the next proposition F' and {F; : t > 0} will denote functions on [0,00). It is
straightforward to check that if F(2) is bounded from L'(N) to L?(N), then F(2)
is also bounded from L?(N) to L*(N), and |”F(9)H|12 = ||F(2) H|2;oo' We shall use
this observation without any further comment.

Proposition 2.2. There ezists a positive constant C such that the following hold for
every t > 0:
(i) f1<qg<r<oo, p>n(l/q—1/r)/2 and 7 > 0, then
I 42771, < e
(@) ifp > /4, then [P, = [FCD],... < CHO |1Fl g and[[FCD],,.. <

Cy(t)? Il 20
(it)) if p > nf4, then [|F(D)|,, = |1F D]l < CEl ) and [[FU( D], o <
C lIFl 20
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(iv) if p > n/4, then |||VF(2€.@)g|||2 < Ct7hy(t) Ep(F) ||gH1 and |||VF(7§9)9\||Oo <

CE,(F(t)) [|gll, :
(v) if p > n/4, then H\VFt(Q)g\HQ < CEP(Ft) ||gH1 and |||VFt(@)g|HOO < CEP(Ft) ||gH2

Proof. First we prove (i). By (2.7) and the ultracontractivity estimate (2.5),

— 1 > —Ts —st* 9 ds
s + 22270, < e [Fwer ey, &
< CJ'OO sPe TS ,y(stQ)l/qfl/r ﬁ
O S

The last integral is convergent because of the assumption p > n(1/q — 1/r)/2. Now
we write the last integral as the sum of the integrals over (0,1/t?) and (1/t2,00) and
observe that v(st?) = (st2)~™/2 on (0,1/t?) and that v(st?) = (st2)~'/2 on (1/t?,00). It
is straightforward to check that

1/t2
J o0 =7 (s12)=n1/a=1/0/2 35 o en/a=1/) =20y
0 s

sPe TS (st?)"(H/a=1/m)/2 ds <C min(e*(T*E)/tQ,t*(l/qfl/r)) for e small.
1/t2 S
By combining the estimates above we get the required result.

and that J

Next we prove (ii). By the spectral theorem

sup [|(# +£22%)? F(t2)||, = sup (1 + A*)? |[F(N)| = || Fl|) < oo
t>0 A>0

Thus, (i) (with ¢ =1 and r = 2) yields
H‘F(t@)”h;z = H}('ﬂ +29%)70 (I + 12 F(@)”h;z
(2.8) < i+ 2222y Faa)|, (7 + 22%) 7|,
< CH(t) vt > 0.

Furthermore,

IEED, o = |7 + 2277 (7 + 2522 Fa9)(5 + 29|,

< |7+ 22°) |y 17 + 222 FD), |7 + 22%) 7,

(29) <CAP |l V0.

Next we prove (iii). We argue much as in the proof of (ii), but with a slight difference.
Instead of composing F(t2) with (7 + t*2?)7, as in (ii), we write

Ft(.@) - (j + 92)—p (f + @2);) Ft(.@),

and then proceed as above, using the estimate ||(.# + 22)* Fy(2)||, = ||F:ll(,), which
follows from the spectral theorem. We omit the details.
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To prove (iv), observe that, by the Green formula (see, for instance, [34, Lemma 4.4],
together with [37, Theorem 3.1]),

1
[IVFe)gll; = (LF(t2)9. F42)g) = 35 (Fi(t2)g. F(t9)g),
where Fy(z) := 2?2 F(2). Schwarz’s inequality then implies that
1
(2.10) IVFell; < 5 1F:62)ll, [FED)]], -

By (ii), applied to F, and a similar estimate applied to F}, we see that HF(t@)gH2 <
C@) 1]l o) Hg”1 and that ||F1(t.9)g||2 < Oy(t) [[Fill ¢y ||g||1 By combining the esti-

mates above and the trivial observation that || F1 ]|,y < |[F||(p+1) » we obtain that
[IVE(t2)gl|, < Ct v E(F) |lg|,  Vt>0,
as required.
It remains to prove the second gradient estimate. For 7 > x? we write
\VE(t2D)g| = |V (7.7 + 2%)" (1.7 + 2°)P F(t2)g]
SC((r—r)I+2°) "|N(rI + 2 F(t2)g

b

we have used Proposition in the inequality above. By (i), ((T - K%)I + 92)_p is
bounded from L?(N) to L>(N), so that

||\VF(1€.@)9|HOO <C H\V(Tﬂ + 9?)P F(t@)g|“2 .
By arguing much as in , we see that
|IV(r7 + 2°) F(t2)4l|,
(2.11) <C|| &7+ 2% Ft2)|
< CE,(F(®) |9, ;
the last inequality follows from the spectral theorem.

The proof of (v) is similar to that of (iv). By arguing much as in (2.10]), we see that

1/2
2

.7 + 22 Fe2)||y||all,

IIVE(2)glll; < C || LF(D)g], ||F(2)g], -

By (iii) and its proof, ||Ft(9)g||2 < O Fll o) Hg”1 and ||$Ft(9)g||2 < Ol (11 ||g||1
By combining the estimates above, we obtain that

IINE@ll, < CZ,(F) o, >0,

and the first gradient estimate in (v) is proved. In order to prove the second gradient

estimate we proceed as in (iv). If 7 > x2, then
[IVE(D)dl ., < C V(s +2°) F(2)gl, -

By (2.11) (with F; instead of F(t-)), |||V(T.# + 22)° Fi(2)gl||, < CE,(F}) ||g]|, - This
concludes the proof of (v) and of the proposition. |
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2.3. Estimates for the Poisson semigroup. We denote by £/ the Poisson semigroup

e t?. Recall the subordination formula

o d
(2.12) RN UFARS
0
where A% denotes the standard Gauss—Weierstrass kernel on the real line. Notice the
estimate
(2.13) 1280, < CA(®* VeV v >0,

which is a simple consequence of the subordination formula above and the corresponding
estimate (2.5) for % ; see for instance [I5, Corollary 1.5]. It is sometimes convenient
to write 2N = 29 + 9% where
1
d d
(2.14) 20 =1t J W) N S and 2 =t J hE(t) 2N &2
0

S S
Proposition 2.3. There exists a positive constant C, independent of f, such that
) [V2yf| <er” 20|V,
(ii) IV25° f| < C min(t, t=%/2) || f]|,
(iii) ||Q°°f|| < C min(t,t71) Hle

for every t > 0.
Proof. First we prove (i). By Bakry’s condition ([2.6)),

0 ! R N ds ! R k28 N ds
VO <t | MR VAN <0 | IR et v S
0 0

1
d
which is clearly dominated by e’ ¢ J hlf(t) %SN\Vﬂ ?8 — e Q?(
0

) , as required.

Next we prove (ii). Observe that, by Propositions and (i) (with ¢ = 2 and
r = 00),
VA4Sl < C Vs + 2 A, -
By arguing much as in ([2.10) (With (19 + 9?)P 34, in place of F(t9)), we see that

R [ (e R Y e (X S i

Now, set w(s) := sup (7 + A?)P s\ emsN/2, By the spectral theorem,
A>0
|5 + P sP* Hif||, < |(r5 + 2°) 5P Ao, || a2 f
< Cuw(s) |||<%‘fs/z\||12 1711y
< Cmax(s”,1)y 1/2 ||f||17
the third inequality above follows from and the fact that

w(s) = sup v? (7 4+ v2s7 )P 2 < max(s~ ", 1).
v>0
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Similarly, ||(r.% + 2?)P . f||, < C max(s~*,1)%(s)"/* || f||, . By combining the esti-

7 max (s, 1) (s)'/? Hle . Therefore

voEsl <t | w1Vl Tl t] pie s
1 1

S

mates above, we see that H|Vc%’éf|Hoo <

The last integral above is bounded above by C' min(1, t*5/2). Indeed, if t <1, then

JOO hE(t) s~3/4 ds < C’JOO e 17/ (4s) g=5/4 ds < C’Joo 5794 s,
1 s N s N

which is clearly finite, and, if ¢t > 1, then

oo 0o t2 /4
J hlf(t) g3/4 % < CJ e_t2/(45) g—5/4 % —Ct5/2 J' u/ e du,
1 S 1 S 0

which is bounded by Ct~=5/2. Therefore |V.25° f| < C min(t,t=3/2) Hle , as required.

Finally, we prove (iii). We use the ultracontractivity of the heat semigroup, and

estimate
o d e d
|2l < sl ¢ | mbwsm L g, o [ et L
1 1
t? d
Now, the change of variables t2/s = u transforms the last integral to ¢ > J e/t S
0 u

This is bounded for ¢ small, and is bounded by C¢~2 for ¢ large. By combining the
estimates above, we get that HQ,?OfHOO < C min(t,t71) HfH1 , as required. O

2.4. Estimates related to the wave propagator. Define the Fourier transform of an
o0

integrable function 1 on the real line by 7(s) = n(\) e **d\. We analyse various
operators by subordinating them to the wave prop_aogoautor7 an idea that originates in [10,
61]. At least formally, we may write n(2) = % J'OOOO 7(s) cos(s2) ds, whenever 7 is even.
Occasionally we need to integrate by parts in the integral above. We do it with the aid of

[47, Lemma 5.1], which we restate for the reader’s convenience. Hereafter ¢ denotes the
Ju(v)
/UV
where J, denotes the Bessel function of the first kind and of order v (see, for instance,

[41], Section 5.3]).

differential operator s‘0¢, acting on functions on the real line. We set Fu(v) =

)

Lemma 2.4. For every positive integer J there exists a polynomial Py of degree J without

constant term, such that

oo

jm 0) cos(ut) dt = | PAO)0) Fy1palt) i

— 00 — 00

for all functions n such that 0°n € L*(R) N Cy(R) for all £ in {0,1,...,J}.

Given a “nice” function f on N, the formula above and the spectral theorem suggest to

establish appropriate norm estimates of _#;_1 /2 (s@) f. This is done in the next lemma.
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Lemma 2.5. Suppose that § > 0 and that J is a positive integer. There exists a con-
stant C such that the following hold:

(i) if J >n/2, then |‘jJ_1/2(8@)f"1 < O sla=1)/2 gfs HfH1 for every s > §;
(ii) if J > n/2+2, then H|V/J,1/2(s@)f|H1 < O sla=3)/2 eBs HfH1 for every s > 0;
(iii) of J > 24 n, then ||/J,1/2(39)f|lwlm(]v) <C Hle for every s > 4.

Proof. Observe preliminarily that we can reduce the problem to the case where the
support of f is contained in Bs(0), for some point o in N. This is done considering a
smooth partition of unity {t;} so that the support of 1; is contained in Bj(z;), for an
appropriate sequence {z;} of points in N. Thus, in the rest of the proof we assume that
the support of f is contained in Bs(0), for some o in N.

The proof of (i) proceeds along the lines of the proof of (ii), and it is, in fact, simpler.

We leave the details to the interested reader.
Now we prove (ii). Observe that the support of |V _#;_1/2(s2) f| is contained in the
ball Bss(0) by finite propagation speed. By Schwarz’s inequality,
1/2
11V Z5-172(s2) fllly < v(Bssa(0) " IV Fo1s2(s2) 1]l -

Observe that if n/2 < 2p < J — 2, which is compatible with our assumptions, then by
Proposition [2.2] (iv) there exists a constant C such that

1/2

C
IV Zs-1/2(s2) ], < " v(Bsys(0)" (s) || £],
< Cslam3)/2ePs 71l Vs € [, 00),

(2.15)

as required. Notice that the last inequality is a consequence of .
Finally we prove (iii). By Proposition (i) (with p = J/2),
I75-12(D) 0 < Cv()? NI 5-102l ) S CUI 32l 5y s 26,
Next we estimate the gradient of #;_; /o (s@) For 7 > k% we write
V I 1p(sD)f =V (17 + DY) P (77 + D) g1 12(sD) .
Then Proposition [2.1] implies that
IV Is12(s2)f| < C((r =625 + 2°) PN (0.5 + 52)7 75112(s2) .

Now if p > n/2, then the operator ((1 — k?).# + @2)7'0/2 is bounded from L?(N) to
L*>(N), by Proposition (i), whence

IV 212 (D) |, < C|IV(rs + 22 7510 (s2) £, -

We can apply Proposition (v) (with Fs(X) = (7 + A)?/2_Z;_1,5(sA) and p; > n/4),
and conclude that

IV (7.7 + 22 71-102(52) ||, < CEpu(Fo) |1 £, »
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where 2p; + 2+ p < J. Standard estimates of Bessel functions imply that

(7 4+ \2)prte/2

F, =sup (1 + NP P2 7, 0(sA\)] < su
Iy =50 425972 )] < sup

(T+)\2)p1+ﬂ/2
Clearly for any s > § this is dominated by sup ——————— which is finite. A similar

>0 (L40N)7
estimate is satisfied by ||Fi[(,,+1), and the required bound follows.
It is straightforward to check that the conditions p > n/2, py > n/4 and J > 2p1+2+p
are compatible provided that J > n + 2. O

2.5. Laplacian cut-off functions. We need the following result, which will be used in
Section [7} In the rest of the paper for each R > 0 we set

(2.16) Tr:={(z,y) € N x N :d(z,y) < R}.

Lemma 2.6. Given R > 0, there exists positive constants Q and Q', depending on k, n
and R, such that:

(i) for every x € N there exists a function x, in C°(N) such that 0 < x, < 1,
Xz =1 0n Brya(x), Xa =0 on Brya ()", [[|Vxal||, <Q and |[[Ax.|| <Q;

(ii) there ewists a function ¢ in CZ(N x N) such that 0 < ¢ <1, ¢ =1 1in Tgyy
and ¢ =0 in Y, [|IVell,, < Q" and [A¢], < Q"

Proof. For the proof of (i), see [0, Theorem 6.33].

We now prove (ii). Denote by P an R/4-discretization of N, i.e., a set of points
{pj :j=1,2,3,...} in N that is maximal with respect to the property

d(pj,pr) > R/8 when j # k and d(z,B) < R/4 Vo € N.

We write P; instead of p; x p; and Qfﬂ instead of Bg/2(p;) X Bry2(pj). The family
{BR(pj) cj = 1,2,3,...} has the finite overlapping property (see, for instance, [37,

R/z 7=1,23,... } It is straightforward

Lemma 1.1]). Hence the same is true for {Q;

to check that
Tra CJ Q2 C 1R
j=1
Indeed, if (z,y) is in Tg/4, then d(x,y) < R/4. Since P is a R/4-discretization of N,
there exists an integer j such that d(z,p;) < R/4. The triangle inequality then implies

that d(y,p;) < R/2, whence (z,y) belongs to Qfﬂ, and the left inclusion above is
R/2

proved. The right inclusion follows from the trivial fact that if (z,y) belongs to Q;"",

then d(z,y) < R.

For each integer j set ¢; := xp, ® Xp,, where the x,, are cut-offs on N as in (i).

Notice that ¢; is a smooth function with compact support on N x IV, that ¢; = 1
R/4 R/2

on QI ¢; = 0 on [QI%)e, [|[Veyl|,, < 2Q and ||A¢;|., < 2Q, where V and A

denote here the gradient and the Laplace-Beltrami operator on N x N, respectively. Set
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oo (oo}

= quj/Z ¢p, and ¢ := Z @;. It is straightforward to check that ¢ possesses the
k=1 j=1

required properties. We omit the details. (|

3. ESTIMATES FOR THE POISSON OPERATOR ON SLICES

In this section we consider the Riemannian manifold NV x R, endowed with the nat-
ural product metric. Here N satisfies our standing assumptions (see the beginning of
Section . We shall often, but not always, denote points in N x R by capital letters
X, Y, Z,.... Usually, lower case latin letters x,y, z, ... will denote points in N. Thus, a
point X in N x R will be often written (x,u), where z is in N and u is a real number.

Denote by D the Riemannian distance on N x R, i.e.,

(3.1) D((z,u), (y,v)) == Vid(z,y)? + |u — 0|2 Ve,y € N Yu,v € R.

The Riemannian measure on N x R will be denoted by #. Thus, d#(Y) = dv(y)dv
when Y = (y,v). We shall denote by W and A the gradient on N x R and the (negative)
Laplace—Beltrami operators on N x R, respectively. When we choose the natural co-

ordinate system (x,t) on N x R, where x varies in an open chart of N, and ¢ is in R, we
have that VF = (VF,0,F), and AF = AF + 9?F.

Throughout the paper ¢ will denote a fixed positive number such that

(3.2) o< % min (1 — 1/n, V/c)

where ¢ and (8 are as in (2.3]) and (2.2]), respectively. Set
(3.3) A1 i=7/(20).

For any 7 in [0, 0), set 3, := N X (1,20 —n) in N x R. We write ¥ for 3. Most of our
analysis is concerned with functions defined on the open slice ¥. In particular, we shall
need to consider X, for some 7 # 0 only in Section @ We shall write |[|-||, and [|-[|r(s,)
for the LP norms on N and on 3J,, respectively. Given a function F' on X, we denote by
F” the function on N, defined by

(3.4) F’(z) = Jja F(z,t)dt  Vx €N,

whenever the latter integral makes sense. Observe that, by Holder’s inequality,

1/ /
P < (20)1/1)

(3.5) = ”N dv(z) H:a F(e,u)du|' |

Fllpos) -

For each n in [0,0) and ¢ in (1,20 —n) consider the meromorphic function

cosh(t — o)A

M) = Cosh(a = mx
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h(t — o)A
For the sake of simplicity, we write M; instead of M?. Thus, M;(\) := M. An
cosh(o\)
elementary computation shows that
1
M](\) = e(™DA 4 3 [elt=o)X — e@n=t=a)A] prn(}).

We shall often work with the special case of the formula above corresponding to n = 0.
Set 21 f(-,t) := M (2)f. In the case where n < t < o it is sometimes convenient to use
the expression above for M," and write

(3.6) Pf(t)= PN f+ % (Pl = Plan| ME(D) ]

The operator & is called the Poisson operator for 3, with periodic boundary conditions.

The following proposition partially justifies this terminology.

Proposition 3.1. Suppose that f is in Co(N) (continuous functions on N vanishing at
infinity). Then the function equal to P"f in X, and to f on 0%,, is smooth on ¥,

continuous on in: and solves the Dirichlet problem

Au=0 1in %, u(-,m) = f =u(-,20 —n).

We postpone the proof of Proposition [3.1] at the end of this section. We analyse £2"
by subordinating M;'(Z) to the wave propagator. Denote by K, the Fourier transform
of M. Tt is well known (see, for instance, [52 formula 7.19, p. 34]) that

sinmd(t — n) coshmwds
cosh 27mds — cos 2md(n —t)’

where & :=1/[2(c —n)]. We shall write K; instead of K?. Thus,

(3.7) KJ(s) = 4n6

.ot h TS
op Sino— cosh —
(3.8) Ky(s) = —~ — 20 20
o TS it
cosh — — cos —
o o

By spectral theory and Fourier inversion formula

PNf(-,t) = % JOO K}'(s) cos(s?)f ds

—0o0
and, when n <t < o,

Pty = PN 4 [PV - 2N, ] i JOO K(s) cos (s2) ds.

—0
We are led to establish certain properties of K;' and of their derivatives. Most of our
applications will involve only K;. Thus, we mainly concentrate on this special case. Set
S :=R x (0,0]. For each § in (0,0) denote by Ds the disc in the plane with radius ¢
centred at the origin. Set Ss := S\ Ds.

Lemma 3.2. Suppose that 6 € (0,0), € € (0, A1), J is a positive integer and £ € {0,1}.
Then there exists a constant C such that |3fPJ(ﬁ)Kt(s)’ < C min (|5|,e(5’/\1)|3|) for
every (s,t) in Ss.
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Proof. A straightforward induction argument (using (3.8)) proves that [0f8!K,(s)| <
C min (l,e*’r“*'/z") for every (s,t) in Ss and every nonnegative integer j < J. The
required estimate then follows from the form of the differential operator P;(&). In
particular, the required estimate for |s| small follows from the fact that P; has no constant

term. O

Recall that the extended Dunford class & (Sy) is defined as follows [35] p. 28]
E(Sy) = H5*(Sy) & ((1+2)"") & (1),
where H§°(Sy) denotes the class of all holomorphic functions f in the sector Sy, := {z €

C : |arg z| < ¢} for which there exist positive constants C' and s such that

|2]*

The space &(S,) is endowed with the uniform norm.

Lemma 3.3. Suppose that 0 < 6 < o. The following hold:
(i) for each positive even integer J there exists a constant C such that
| LMDV ||, <C|If|l,  Vtels20 -8 VfeL'(N);
(ii) My (2)f is smooth, and there exists a constant C' such that
1M gy <CNFl, VE€ 620~ 8] ¥F € LHN);
(iii) for every e >0 and R > 0 there exists a constant C such that

sup max (|My(2)f(2)],|.LM(2)f ()], |V M(2) f()]) < Celo @) || p]|)

te(0,0]

for every o in N, every x in Bag(0)¢ and every f in L*(N) with support contained

in the ball Br(o);
(iv) for each ¢ in (w/4,7/2) the function M, belongs to &(S,) and there exists a
constant C' such that

M.A(D <1+4+C ||M,
ol PO =1 i

for every p in [1,00];

(v) for each p in (1,00] there exists a constant C such that

sup [lkaro) (), = M), < 7 W€ (0,0].
Yy

Proof. Part (i) follows from Proposition (iii) and the trivial fact that for any p; >0

(3.9) sup  sup (1 + X272 X\2T M (N) < sup (1 4+ AP A2 Ms()\) < .
te[6,20—8] A>0 A>0

Now we prove (ii). The smoothness of M;(2)f follows from (i) and a local Sobolev’s
embedding theorem. The estimate ||Mt(@)f”oo <C ||f||1 is a direct consequence of
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Proposition (iii) and of an estimate similar to (3.9)). Finally, Proposition (i) and
Proposition (i),(v) imply that for 7 > k2 and oy > n/4

VM| < C IV + 22 MAD |, < O (B) [I1]],

where Fy()) := (7 4+ A?)7t M;(\). It is straightforward to check that sup E,, (F;) <
te[d,20—9)
00, thereby concluding the proof of (ii).

Next, we prove the estimate in (iii) concerning |[WM;(2)f|. The proofs of the esti-
mates for |My(2)f| and |-L M (2)f| are similar, perhaps easier, and we leave the details
to the interested reader. Suppose that d(x,0) > 2R and choose J > n + 2. By finite
propagation speed and Lemmata and (iii),

V20 f(a, )] < C j PO K [9 F51/2(52) f] ) s

|s|>d(z,0)—

<c|fl, J P (0) K (5)] ds.

s|>d(z,0)—R
Since (s, t) is in Sk, Lemma [3.2] ensures that there exists a constant C' such that

sup |PJ(ﬁ)Kt(S)‘ < Ce(5/2—/\1)\s|.
te(0,0)

This and the estimates above imply that

(VP f(z,t)| < Cele—M)d(@,0) 11711, J e~elsl/2 45 < ¢ elemAd(0) N1, -
|s|>d(z,0)—R
The right hand side does not depend on ¢ in (0, 1), and the required estimate (with V
in place of V) follows. It remains to prove a similar estimate for 9; 2" f(z,t). By finite
propagation speed and Lemmata and (iii),

10,2°f(2,8)| < C J 0P (O)K3)] | Fyyja (52) 1 2)] s

|s|>d(z,0)—

<clfl] . ek

The required estimate follows from this by arguing much as above.
Next we prove (iv). Since M; = Ms,_; for each t in (0,20), it suffices to prove

the required estimate in the case where 0 < ¢ < 0. The contractivity of the Poisson
semigroup on LP(N) and (3.6) imply the estimate

3.10) wup M2, < [1+ 11,2

t€(0,20)
Since .Z generates a contraction semigroup on LP(N), .Z is a sectorial operator of angle
/2 on LP(N), by the easy part of the Hille-Yosida theorem. By abstract nonsense, 2 is
a sectorial operator of angle 7/4 on LP(N) [35] Proposition 3.1.2]. It is straightforward
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1— —20z
to check that the functions z — % and z — e 7% — (1 + z)~! are in H5(S,).
e e
Furthermore
2 _ _ 1—e 292 _ 1 1
Mo (=) = e7% +e7 %% me e = e7% +e7 %% e z+1 * 241

whence M, belongs to the extende unford class . erefore o <

h M, belong h ded Dunford class &(S,). Theref lW.@p

C HMf’Hg(s ) [35, Theorem 2.3.3], which, combined with (3.10), yields the required
@

estimate.

Finally we prove (v). The first equality follows from abstract nonsense (see, for in-
stance, [20, Theorem VI.8.6, p. 508]). Formula (3.6)), the contractivity of the Poisson

semigroup on LP(N) and the estimate |H32tm1 <Ot (see ([2:13)) yield
I3 @), < (O + 1Mo (D], )

the required bound follows from Proposition (ii) and the fact that ¢ is small. O

||| Lip —

Given a function f on N, we set

(3.11) Nf= Hle + |||Vf|H1 + H@le J

whenever the right hand side makes sense. For each p in [1,00) we denote by %P the
space of all measurable functions F': ¥ — C such that
1E]l 50 = sup [IEC 0], <oe,

endowed with the “norm” H . H P

Theorem 3.4. There ezists a constant C' such that |||V3-ZOJ"|H%,1 < C AN for every
function f such that A f is finite.

Proof. Since 2°f(-,t) = Pf(-,20 — t), it suffices to restrict ¢t to (0,0]. By (3.6) and
the assumption 2f € LY(N),

HPf(t)=-2PNf + @[@Nﬁe@m] -(2)f

:_9§@f+§[ Y+ PR Mo (D)2 ]

The estimate ||5't930f(',t)||1 <C H.@f“l < C A/ f, with C' independent of f and t,
follows by arguing as in the proof of Lemma (iv)(with Zf in place of f). Hence
075 < CH

We now estimate H\ngof(o,t)ml for t in (0,0]. Let {B;} be a covering of N with
geodesic balls of radius 1 and centre p; enjoying the finite overlapping property. Denote
by {1;} a partition of unity subordinated to this covering with the property that {V;}
are uniformly bounded with respect to j, and write f = Z . fj, where f; :==1; f. Then

(IEIC \H1<ZHIV9% |||L1<23>+ZH\V9’°JZ Moriwnom,) -
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where 2B; denotes the ball with centre p; and radius 2. Recall that 2°f(-,t) = M(2)f
By Lemma (iii), there exists a constant C, independent of j and of ¢ in (0, o], such
that

|VM(2)f(x)] < Cele™aeri) || 5| - Vo e N\ 2B;.

Since A\; > 23 (see (3.2)), the function x +— e(#=*)4(®:2;) is for £ small enough, in L!(N),
with norm bound independent of j, so that

w0 S IM@ bl vian,y <0 E 15l < 1],
J

t€(0,0]

Schwarz’s inequality and Proposition (v) imply that for any p; > n/4

H|VMt(@)fj|HLl(23j) < V V(QBJ') H|VMt(@)fj|||L2(2Bj) <C V V(2BJ') Ep (Mt) HfjH1 :

Note that Z/(ZBj) is uniformly bounded with respect to j, because N has bounded

geometry. Now, fix § in (0,0). It is straightforward to check that sup Z,, (M) is
teld,o)
finite. Thus, there exists a constant C such that

210 S VM) il sy <€ SNl <€l veeldiol
ol ' J

It remains to estimate sup Z H|VM,5
te(0,6

as in (3.6). The triangle mequahty and the decomposition 2N = 29 + 2% (see (2.14)))
imply that

)fj‘HLl(QBj) . It is convenient to write M;(2)

o 1
IVMU2)Fi| < V2L fi| + V22 fil + 5 V1200 = 205 0Me(2) 5]
Observe that |[V2Y f;| < e 29|V f;] by Proposition (i), whence

V2t s; REA? N2 sl < e IVl s

Iz, s, <

we have used the contractivity of the Poisson semigroup on L'(N) in the last inequality.

Note that [V f;| < C;Vf|+C1p, f, so that

. SN2 il <C |3 Vil +32 ts, 7l | <€A
J J

te(0,9)

Furthermore, we have trivially

tebzlp Z V2 filll 11 o,y < > v(2 S&%)H\Ve@fofjwooé C il < Cllflh,
J ’ J

where the second inequality above follows from Proposition (ii) and the fact that N
has bounded geometry. Finally, set Fy(\) := [t~ — e~ (@A A1 (X). Tt is straight-

forward to check that if p; > n/4, then sup =, (Ft) < 00. Then Schwarz’s inequality
t€(0,0)
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and Proposition (v) imply that

sup > (IVIE(D) fillll o,y < D /v (2B5) suwp [[IVIFAD) Sl 2o,
t€(0,9) J J t€(0,9)
<C X |5l
J

< C £, -

The required conclusion follows by combining the estimates above. O
We complete this section by proving Proposition (3.1

Proof (of Proposition . The function &?" f is harmonic in 3,,, hence smooth therein,
by elliptic regularity. We prove the continuity at the boundary. Note that £27f(-,t) =
PNf(-,20 —t) for every ¢ in (1,20 —n). Thus, it suffices to prove the continuity at ¢t = 7.
Fix z in N, and write

P f(y,t) = f(x) = Pf(y,t) — fy) + fy) — f(2).

Since f is in Cy(N), it is uniformly continuous on N; hence for every € > 0 there exists
§ > 0 such that |f(y) — f(z)| < & whenever d(z,y) < 6.
1
By (3.6)), we can write 22" f(-,t) — f = ,@t]\inf - [+ 3 AN SZ;VH,QW]M;?(@)f.
The heat semigroup {4} is strongly continuous on Co(N) [I7, Lemma 5.2.8]. A

straightforward argument using the subordination formula (2.12)) shows that the same
holds for the Poisson semigroup {£?N}. Hence lifn H@ﬁ,ﬂ” - f”CO(N) =0.
tin

It remains to prove that

(3.12) b ([, — 22,0, ] M ()5, =0

To this end, fix £ > 0 and consider a sequence {pr} C C°(N) such that ||¢r — f|lec = 0
as k — oo. The Poisson semigroup is contractive on L>°(N), hence so is on Cy(N).
Thus, by a variant of Lemma [3.3] (iv) (with 1 > 0),

H[‘@cjrvft - '@évﬂﬁn}Mg(@)(f_@k)Hoo <2 HM;](Q)(f_ ‘pk)Hoo
<2 M) 1 = el
<Cl1+ HM;](Q)H(?(S%,)] ||f_90k||oo :

In particular, we can fix kg large enough so that

(3.13) I[N — PN 0y | MI(D)(f — or)||, <e/2  Vte(no).
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Furthermore

N N o g N
(PN~ P MU D)or == | LMY D), ds

o—t

o+t—2n
= J @gzévM;’(@)goko ds,

o—t

o+t—2n
| romy(9)e, s

o—t

so that, using also Proposition (iii),

o+t—2n
[122 - 25 MU Donll < | 2221290, s

o+t—2n
<[ Iem@)enl, as

o—t
<Ct=n) [lerll, s

which is smaller than €/2 for ¢ close enough to 1. Together with (3.13)), this proves (3.12))
and concludes the proof of the proposition. O

4. ESTIMATES FOR THE GREEN FUNCTION ON SLICES

The Dirichlet heat semigroup for ¥ is given by > = %NQ@%[O’QG], where {%[0’20] :
t > 0} denotes the heat semigroup on [0, 20] with Dirichlet boundary conditions. Recall
that A\; = 7/(20) (see (3.3)): the number A} is the first eigenvalue of the operator
—d?/da? with Dirichlet boundary conditions on [0,20]. The associated eigenfunction is
sin A\qu. Set

(4.1) o(u) = dist(u, R\ [0, 20])

and observe that p(u) =< sin Adju in (0, 20). Let the family {h£0’2”] :t > 0} denote the heat
kernel on [0, 20| with Dirichlet boundary conditions and note the following well known

estimate (see, for instance, [67] and the references therein)

_o(u) o(v) —1/2 —|u—v|?/(4t)
1 N 1
(4.2) h£0720] (u,v) < ¢ mm( t , ’ )t ¢ t€ (1]
Co(u) o(v) e ! vt € (1,00)
for every w and v in [0, 20] .

The Green operator % for the slice ¥ is defined by

(4.3) Gy = J A dt.
0

It is not hard to prove that given a reasonable function B on X (for instance B €
CO%X)NL"(X) for some 7 in (1,00)), the function % B solves the problem

—Au=B inX% u(+,0) =0 = u(-,20)
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in the sense of distributions. At least formally, off the diagonal of ¥ x ¥ the kernel of
%s. is given by the formula

o0

(4.4) kg (20, ), (4, 0)) = j B (2, ) B2 (w, v) d;

here (z,u) and (y,v) are in X, (x,u) # (y,v). We shall consider the operators %%,
j=1,2,..., and their distributional kernels kgg .
We claim that
i o 1 o N [0,20] j—1
(4.5) ks ((z,u), (y,v)) = — hy' (@, y) hy "7 (u,v) 777 dt.
= (=1 Jo
We argue by induction. If j = 1, then (4.5) reduces to (4.4). Assume that (4.5) holds
for j, and consider kgyl. Clearly

kg ((z,u), (2,w))
= JE ki ((z,u), (y,v)) kg ((y,v), (z,w)) dv(y) dv

1 Rl e .

:Wj du(y)dvj j B2 (u, 0) B (2, ) A7 (0, w) W (3, 2) 57~ ds dt
- - JX 0 0

— o ] e k) s

we have used the inductive hypothesis in the second equality above and the semigroup
property of the heat kernel in the third. Then we perform two subsequent changes of

variables: we set t = 7s in the integral with respect to ¢ and obtain that
ki ((z,u), (2,w)) = T OOh[o’%] (u,w) hi 1o (7, 2) 87 dsdr;
géJr y W)y (< - (] — 1)| o Jo s(147)\ ™ s(14+7) \" )
then we set s(1+ 7) = o in the integral with respect to s, and the right hand side of the

formula above transforms to

1 [eelle ] (Tj
—_ hl927) (u, w) BN (2, 2) ———— do dr.
(j—l)' JO JO o ( ) a( ) (1+7.)]+1

Integrating with respect to 7 gives the required formula (4.5)), and concludes the proof
of the claim.

In Proposition below we establish pointwise estimates for ky;. Preliminarily, we
)

determine the order of magnitude of

J(d) = J‘X’ 1173/ = uVimdVe/O" gy
1

as d tends to infinity.

Lemma 4.1. If d tends to infinity, then for every integer j > 1 one has J(d) < d~*
(i.e., there exist positive constants Cy and Cy such that Cy d’~' < J(d) < Cyd?~1).
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[ At / d
Proof. We write — )q\f d\/c/t)? = —v/ch d \[1 7 \[ change variables in

the integral (1/A\1t/y/cd = 7), and see that

J(d) = (fd)] v J 72(=1) gdvo(7) dr,
Al M/ (Ved)

where (1) := —/eA1 (7 — 1/7)2. Note that the phase 1(7) has just one critical point at
1. Fix 0 < 71 < 1 < 79. By applying the Laplace method (see, for instance, [24, formula
(2), p. 37]), one checks that

Jm 2201 () g = g-1/2
as d tends to infinity. Moreover, for § > 0 small enough ¥ (7) < —§72 in [r2,00), so that
JOO 720-D od¥(1) 47 < o 0d73 /2 JOO 7206-1) g=8d7?/2 - < Ce—0d73/2,

T2 T2

Similarly, for 7 > 0 small enough 9 (7) < —y7~2 in (0,7y), so that

.
Tzu—1>emmf>d7f;e—qu”/zj'172@—4>e—vdq4/2d7 < CemdT%2,

1
J A1/ (V/ed) 0

By combining the estimates above, we see that J has the required asymptotic behaviour

at infinity. O

Proposition 4.2. Suppose that j is a positive integer and that n > 2. There exists a
positive constant C such that the following hold:
(©) i D((x,u), (y,0)) 2 2, then kg ((z,u), (y,v)) < Cd(z,y)I =t e”?d@wVe,
(it) if D((z,w), (y,v)) <2, then
C D* if v <0
4
kgg ((‘ra u), (y, U)) <4 C log D ifvy=0
C if v >0,

where v :=j — (n+1)/2.

Proof. We estimate k‘%- from above by inserting in the integral in (4.5)) the estimates for

h[o 29 i and the upper bound (2.3) for A" (observing that the constant c in (2.3)
is smaller or equal than 1/4). Thus,

Kegs (z,u), (z,w)) < C [I((z,u), (z,w)) + J(z,2)],
where

1
I((%U)a (Z,w)) :J P la—eD?/t 41
0
and

J(x,2) = JOO 1=3/2=Nt—cd(z,2)* /t g4
1
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We estimate I and J separately. First, changing variables (D?/t = ), we see that

CD*» ify<0
> dr 1
I =D*» TVeTT — < — ify=
JD2T e - C’logD ifvy=0
C ifvy>0

as D tends to 0. Furthermore,
1< CD27675D2/2 < C[l —|—d($,y)]j71 ef2>\1d(z,y)ﬁ

when D > 2. Concerning J, clearly it tends to a constant as d tends to 0. Now assume
that d is large and write —\jt — cd®/t = —()q\/f — d\/c/t)2 — 2X\1d+/c. Then,

J = e~ 2Mdve ro H—3/2 e—(,\l\/z—d,/c/t)2 dt < Cdi-t e—2>\1dﬁ;
1

the inequality above follows from Lemma [4.1

The estimates in (i) and (ii) follow directly from the analysis above. O

Remark 4.3. The estimates for kg, in Proposition are not best possible. In particular,
they do not capture the asymptotic behaviour of kg, near the boundary of £. We do
not insist on this point because such behaviour is not needed in the sequel. However,
for later purposes (see the proof of Lemma , we need the following straightforward

estimate: for each § > 0 there exists a positive constant C' such that
(4.6) ke (X,Y) < C min (o(u) o(v),e 2@ WIVE)  yX YV €5 D(X,Y) > 4.

Here X = (z,u) and Y = (y,v) and g is defined in (4.1)).

The estimates in Proposition imply that ke, (X,Y) < C e 2Md@9Ve for every X
and Y in ¥ such that D(X,Y) > 4.

To prove that kg, (X,Y) < Cpo(u) o(v) in the same range of X and Y, we insert in
the integral in (with j = 1) the estimates for h,[fo’zg] in and the upper bound
for Y. Observe that the assumption D(X,Y) > § implies that ke, (X,Y) <
C (Il + I, + Ig), where

o(u)e(v) ) )
I ;:J t—(n+1)/2 =67/t dt, I == o(u) o(v) J 4= (n+3)/2 g=cd®/t 44
0 o(t)o(u)

and

ol e
1

The required estimate follows directly from this and a straightforward calculation.

Next we establish some mapping properties of %é For simplicity, in the sequel we
write YT instead of Yy (see (2.16])). Denote by KJQ 13 X ¥ — [0,00) the function defined
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by
1y DY if j < (n+1)/2
(4.7) Kj = 1ylog% if j=(n+1)/2
1y if j > (n+1)/2,

and by Ji/jo the integral operator with kernel KJQ acting on functions defined on N x R.
For each § > 0 denote by Kg° : N x N — [0,00) the function defined by

(4.8) K (z,y) = e %@Y)  VY(z,y)e N xN,

and by JZ;> the integral operator with kernel K§° acting on functions defined on N.
Notice that, by Proposition for every § < 2)A14/c there exists a constant C such that

(4.9) ’géF(m,u)‘ <C [%O|F|(m,u) + %M|Fb|(x)} V(z,u) € X,

where F”(x) is as in (8:4). This observation reduces the proof of estimates for % to the
proof of similar estimates for lfjo and ;. We study the mapping properties of these
operators in the next proposition.

Proposition 4.4. Suppose that j is a positive integer and that n > 2. The following
hold:

(i) if A} is bounded from LP(X) to L"(X) and A3 is bounded from LP(N) to
L"(N) for some § < 2X\1+/c, then 93 is bounded from LP(X) to L"(X);
(ii) %, is bounded on LP(X) for all p in [1,00];
(iii) % is bounded from L'(X) to weak-L"+tD/("=1() and from LP(X) to L"(X)
whenl <p<(n+1)/2 and 1/r=1/p—2/(n+1);
(iv) if r > 1, Fis in CO(X) N L"(X) and J > (n+ 1)/2, then 9JF is a bounded
continuous function on 3 and

|19 Fllg,s) < € |IF]

Lr()
(v) % is bounded on BP for each p in [1,00) and  lim H%ZF(,t)H =0 for
t—9(0,20) p
every F' in 5P.

Proof. First we prove (i). Formula (4.9) and the assumptions on ijo and 2. imply
that

I ey < C U F gy + 12 F, ]
< O[IEN oy + 12711, ]
< C 1l :

we have used (3.5)) in the last inequality.

Now we prove (ii). By interpolation, it suffices to prove that gé is bounded on L(X)
and on L*°(X). Since kseg is symmetric, a duality argument shows that it suffices to prove

that %2 is bounded on L'(X). Now, the boundedness of 4 on L'(X) follows from (i)
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and the boundedness of J#}° on L'(X) and of ;> on L'(N) for some 4 in (23,2A1/¢).
To prove this, it suffices to show that for such values of §
(4.10) sup J HP(X,Y)d¥ (X) <oco and sup J H52 (z,y) dv(z) < oo.

YexX Jx yeEN JN

These estimates can be obtained easily by integrating in polar co-ordinates centred at Y
and at y, respectively. We omit the details.

Now (iii) follows from (i) and the boundedness of .#;° from LP(X) to L"(¥) and of
H° from L"(N) to LI(N) for all ¢ in [r,c0] and § in (26, 2X1+/c). Specifically, Kg°
is bounded, whence %, is bounded from L'(N) to L>(N). We have proved in (ii)
that ;> is bounded on L'(N). Since Kg° is symmetric, ;> is also bounded on
L>(N). By interpolation and duality, it follows that ;> maps LP?(N) to L(N) for all
1<p<g<oo.

The proof that J#” maps L'(X) to weak-L "1/ (=1 () and LP(X) to L"(X) when
l<p<(m+1)/2and 1/r =1/p—2/(n+ 1) can be obtained by adapting the proof of
[55, Theorem 1, p. 119]. We omit the details.

Now we prove (iv). Notice that for each positive integer k < .J

APy = % F

- = <c|r

(=) Lr(s)

the last inequality follows from (ii).

For the sake of completeness we give a proof of the continuity of % F on ¥, which is,
we believe, quite standard. Suppose that X € . Recall that gZJ F is a distributional
solution of A’V = F on 3. Choose a harmonic coordinate system (U, ¢r7) with U C X
open set containing X and ¢y : U — R™*!. For any function V on U, set Vi=Vo ¢51.
Then L7 (4{F) = (AGIF)” = F in the sense of distributions on U, where L is the
elliptic operator defined in ¢y (U) by Z(g o ¢y")¥07. Since F is continuous, it is in

i,
(U). By elliptic theory (see, for instance, [27, Theorem 6.33]), % F € WliiQ(U) The
latter inclusion, with n’ = n + 1, is a consequence of local Sobolev embeddings. Now, if
2J > (n+1)/2, then W27?(U) is contained in C(U), as required to conclude the proof

loc

of the continuity of %I F.

L2

loc

It remains to prove that %7 F is bounded on X. By (i), in order to prove that 4JF is
bounded, it suffices to prove that #} maps L"(X) to L>°(X), and that .#;>° maps L"(N)
to L>°(N). In the proof of (iii), we have already shown that ;> maps L"(N) to L4(N)
for all ¢ in [r,00] (and § € (28,2X\14/c)). Thus, it remains to consider #;. The kernel
KY of ¢} is supported in a neighbourhood of the diagonal in ¥ x ¥, and it is bounded
(see ([£.7)). Thus, ¢} maps L"(X) to L4(X) for all ¢ in [p,o0]. This concludes the proof
of (iv).

Finally we prove (v). We already know that H‘%/(SOOFpr <C ||F"||p for every § in
(26,2\1v/¢). Trivially, [|[F?|| | < [[F|, , whence || #5°F°|| < C [|F]|,.
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Thus, arguing as in (i), it suffices to show that #° is bounded on %P” for each p in
[1,00). Notice that

1/p

|#°F | < s [ avta)]|

(1D ") ((z,1), (y,v)) F(y,v) dv(y) dvm
t€(0,20) )

p] 1/p

<C sup ” du(a:)” =" (2, y) F*(y) du(y)
te€(0,20) LIN Bs(x)

<C ”N|Fb(x)\p v (x)] v
<C|Fllg -

the penultimate inequality follows from the fact that the kernel 1y d'~", where V =

{(z,y) € Nx N :d(z,y) <2} is symmetric and satisfies sup J 1y d'""|(z,y)dv(z) <
yeEN JN
00, whence the corresponding integral operator is bounded on L?(N) for every p in [1, 0o].

Suppose now that F is in %?. By (4.3),
#re.oll, < | - I2FCo)), as

o0 20’
gf dSJ W02Vt u) || AN F (- u)),) du.
0 0

Now, [NF(,w), < |F(.u)

o+ by the contractivity of SN on LP(N), whence

20 poo
[P (0, < 1] J J BO2) (1, u) ds du.
‘ o Jo
Now, the pointwise estimates (4.2]) imply that
J hl029) (¢ u) ds < C o(t) o(u) J e Msds < Co(t)  Vue(0,20).
1

1

and

1 o(t)o(u) ds 1 ) ds
h[so’z‘f] (t,u)ds < C J' e lt=ul*/t9) =2 4 o(t) o(u) J e ltmul™/(4s)
JO 0 \/g o(t)o(u) 53/2

o(t)o(u) 1

<C J' s7Y2ds + C o(t) J s73/2ds
0 o(t)e(u)
o(t) \1/2

< 20).

_C<Q(u)) Yu € (0,20)

By combining the estimates above, we see that H%EF(, t)Hp < C o(t)'/? HFH@p , which
tends to 0 as o(t) tends to 0, as required.

This concludes the proof of (v), and of the proposition. O

Remark 4.5. Using (iii), it is straightforward to see that the assumption F € C°(Z) in
(iv) can be skipped up to choosing larger J.
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5. MAXIMAL INEQUALITIES

The purpose of this section is to prove Theorem which contains an analogue for the
slice ¥ of certain maximal inequalities that Dindos [I9, Section 10] proved in a compact
setting. We emphasize that our result, Theorem (i), is concerned with maximal
operators of harmonic functions on Y, whereas Dindo$ proved a similar estimate for
generic functions. Our additional assumption of harmonicity allows us to use Harnack’s
inequality in our proof, thereby simplifying Dindos’ argument.

We need the following notation. Suppose that « is a (small) real number. For z in N,
denote by I'y(2) the subset of ¥, symmetric with respect to the “line” ¢ = o and whose
restriction to the slice N x (0, 0] is the cone {(z,u) € N x (0,0] : d(z,2) < au}. We
say that a function F' on ¥ is symmetric if F(-,u) = F(-,20 — u) for every u in (0, 20).
Given a nonnegative symmetric function F' on X, denote by F™* its nontangential maximal
function, defined by
(5.1) F*(z):== sup F(z,u) Vz € N.

(z,u)€la(2)
Theorem 5.1. Suppose that p is in (1,00), « is small enough and j is a positive integer.

Then there exists a constant C such that the following hold:
() [[(«m)"|, < C|lm

(ii) if J > (n+1)/2, then H(ggS)*Hp <C HSHLP(E) for every nonnegative symmet-
ric function S on 2.

’p for every positive symmetric harmonic function H on 3;

Proof. We prove (i) in the case where j < |(n+1)/2]. The modifications needed to cover
the case where j > [(n + 1)/2] are straightforward and are left to the interested reader.
Simply, one needs to use different local estimates for kgé, depending on the dimension n
(see Proposition (i1)).
By (4.9) it is enough to estimate (#;’H)* and  sup A H(x) when § is in
(z,u)€Ta(2)
(28,2X1+/c). Notice that, for z in N

swp AN < swp [ e 1) avy)
Xel.(z) TEBaos(2) JN

<C J e MY HP (y) dv(y)
N
— CAH(2),
where X = (x,u). Since £ is bounded on LP(N) for every p in [1, o0],

oo b b
52 I s, @, <0 ], <[]0

We now estimate the maximal operator (%/jOH )*. In this proof for notational convenience
we shall write v instead of j — (n + 1)/2. For z in N, consider the set Q(z) := B3(z) x
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(0,20), which is contained in . By (4.7), for any X € T',(:) with o small enough,

(5.3) HPH(X) < C’J D(X, )2V H(Y)d# (Y).
Q(z)
It is convenient to split the integral above as the sum of the integrals over 'y, (2) (which
is contained in Q(z) as long as « is small enough), and Q(z) N T, (2)¢.
First we estimate J D(X, Y)Y H(Y)dZ (V). Recall that X is in T',(2). Since

FQQ(Z)
Y = (y,v) belongs to I's,(2), the point Y is in the ball with centre (z,v) and radius

3av. We choose « so small that Bgay,(2z,v) (this ball is in N x R) is contained in 3.
Since H is harmonic, by Harnack’s inequality (apply, for instance, [54, Theorem 5.4.3]
with M = N x R and 6 = 1/2. Note that, under our assumptions, N supports a
local Poincaré inequality; see for instance [43, Theorems 1.1]), there exists a constant C,
independent of Y in T'y,(2) and of z in N, such that H(Y) < C H(z,v), whence

J D(X,Y)? H(Y)d# (Y) < C J D(X,Y)*" H(z,v) dv(y) dv
Taa(2) T2 (2)

< CH*(2) J D(X,Y)" aw (v).
Fga(z)
Observe that T's,(2) is contained in Br(X) for R big enough (depending on ¢ and «).

Therefore the last integral is dominated by D(X , Y) 7 aw (Y), which is bounded
Br(X)
with respect to X in I',(z) as a straightforward integration in polar coordinates shows.

This implies that

(5.4) sup J D(X, Y)Y H(Y)dZ (Y) < C H*(z).
X€Ta(z) JTaa(2)
Next we estimate J D(X, Y)Y H(Y)dZ (Y), where X = (z,u) is in ['y(2).
Q(2)\T'2a(2)
Set Z := (z,u). We claim that, for every Y € Q(z) \ I'an(2),
Va2 +1
(5.5) DX,Y) > (1= 502) Dy, 2).

To prove the claim, first observe that, by the triangle inequality,
D(X,Y) > D(Y,Z) - D(X, Z)

Va2 +1 402 4+ 1
= D(Y, 2) (1 - %) +D(Y, Z) % ~ D(X, 2).
Thus, in order to prove the claim it suffices to show that
2
D(Y,7Z) > —— D(X, 2).
.22 Jaay P 2)

Denote by W any of the points on dI'p,(z) that realises the distance from Z to T'yo(2)C.
Elementary geometric considerations show that D(W,Z) = usin@’, where ¢’ denotes
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half the aperture of 'y, (2), i.e., tan @ = 2a. It is straightforward to check that sin ' =

2a
. By combining these formulae, we get that

Va2 +1
D(Y, 2) > D(W, 2) 2 DX, 7) ——2
3 — 9 =0U —F—)—— — 9 T
402 + 1 Va2 +1
2
as required to complete the proof of the claim. Notice that ——— > 1, provided
a P P Vierx1 0P

that « is small enough (a < v/3/2 will do).

The claim implies that

DX, H(Y)dZ(Y)<C JQ( _— D(Z, Y)Y H(Y)d% (Y)

<c j d(y, 2)2 H' (y) dv(y),
B:S(Z)

JQ(Z)\l“za(Z)

where the constant C' depends on @ and n. Therefore

sup

j D(X,Y)? H(Y)d#(Y) soj d(y, 22 H' (y) du(y).
Xela(2)JQ(2)\I2a(2)

B3(2)

By combining this and (5.4]), recalling also (|5.3)), we see that

) G <C[H @+ | o B W) ),

Bg(Z)
so that
|(#7H)"||, <O |5 +C d(-,y)* H*(y) dv(y)
p p B () P
<c|jH], + [|&2°], ]

<cla,,
as required.

Next we prove (ii). By Proposition (iv) and Proposition (i)-(ii), the function
4JS is continuous and for each § in (23,2\11/c) there exists a constant C' such that
kgs (X,Y) < C e PXY) for every X and Y in ¥. It is straightforward to check that
there exists a constant C' such that

sup e 9D(XY) <« 0o 0d(zy) Vze N VY €X.
Xela(2)

Here y is the component in N of the point Y in 3. Consequently, (45)* < C’%{;OOS",
whence

(45 8)"

, SCI=S), OS], < ClIS Lo, -

as required. ([
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6. THE FUNCTION G

In this section we adapt some ideas of Dindos to our case (see [I9, Chapter 6], especially
Proposition 6.4 therein). The main result of this section is Theorem [6.3] below, which is
a counterpart in our setting of a classical result of Stein and Weiss. First we need a of

technical lemma. Recall the space %P, introduced just above Proposition 4.4

Lemma 6.1. Suppose thatp isin (1,00), and that F is a nonnegative continuous function

in BP satisfying  lim sup  F(x,t) =0 for everyn € (0,0). Suppose further that
d(x,0)=00 te[n,20—1]
for some constant o the function G := F — a%sF is subharmonic in . Then the

following hold:

(i) there exists a sequence {er} such that e, — 0 as k tends to infinity, and a
nonnegative function h in LP(N) such that w — klim G(- er) = h (weak limit in
— 00
L) and |, < i ([l - 6] )
(i) G < 27[G(-,n)] in Ty;
(iii) G < Z°h in %, where h is as in (i).

Proof. First we prove (i). By the weak compactness of the unit sphere of LP(N), there

exists a sequence ei, which tends to 07 as k tends to infinity, such that F(-, &) is weakly

convergent in LP(N) to a function, h say. By abstract nonsense ||h||p < sup ||F(, 5k)Hp .
k

Furthermore, h is nonnegative, because so is F' by assumption.

By Proposition (v), ||§§EF(~7E;€)HP tends to 0 as k tends to infinity. A fortiori
{4 F(-,e1)} tends to 0 weakly in LP(N). Thus, w-klim G(-,ex) = h in LP(N), whence,
—00

by abstract nonsense, ||h||p < sup ||G(~,5k)||p .
k

Next we prove (ii). By elliptic regularity, % F is continuous on X, for F' is continuous
therein by assumption. Consequently so is G. For the sake of completeness we give a proof
of the continuity of ¥xF', which is, we believe, quite standard. Suppose that X € X.
Recall that %I is a distributional solution of AV = F on Y. Choose a harmonic
coordinate system (U, ¢y7) with U C ¥ open set containing X and ¢ : U — R**!. For
any function V' on U, set Vi=Vo gb[}l. Clearly, V' is continuous if and only if V is.
Then

L% F =F
in the sense of distributions on U, where L is the elliptic operator defined in ¢y (U) by
Z(g o ¢p') 0%, Since F is continuous, it is in L (U) for every p € [1,00). By elliptic
4.J
theory (see, for instance, [27, Theorem 6.33)), YT € W2A(U) C Wit (U). The latter

inclusion, with n’ = n + 1, is a consequence of local Sobolev embeddings. Moreover the
Euclidean Laplacian A of % F satisfies

/

A F| < C|LGF| = CF e L7 (U).

loc
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2n/

—_~ 2,/7
By a local Euclidean Calderén—Zygmund inequality, we obtain that % F € W, ™ 2 (U).

loc
2n’
‘nl—2

Indeed, from [30, Theorem 9.9] there exists a function w € W, solving Lw = F
in a neighbourhood of X. Since w — % F solves L(w — % F') = 0 and is thus smooth,

e 2,22/ . e 1,22
we get that also s F € W, " ~*. In particular, % F € W, " ~*(U) by a local Sobolev

2

embedding. Since ANg%sF € L~ (U), we can iterate the argument, thus obtaining

1
O
2n’

e 2,— . o .
that % F € W, " **(U) for every positive integer k such that 2k < n/. As soon as
2
C”L

s

2
2k > n' —4, by a local Sobolev embedding W,
of the continuity of % F.

~2* C (09, thereby concluding the proof

To prove (ii), first notice that both sides of the desired inequality are continuous on
N x [n,20 — 1] (the continuity of the right hand side follows from Proposition [B.1), the
left hand side and the right hand side are subharmonic and harmonic in N x (1,20 — 1),

respectively.

We claim that G(-,7) is in Co(N). By assumption, F(-,n) is in Co(N). Thus, it
remains to prove that %= F(-,n) is in Cy(N). Suppose that e > 0. Choose v in (0,7)
so that o(v) < e (recall that o(y) = sin A1, see the beginning of Section [4f clearly it
suffices to choose v < £/A1). The estimate implies that there exists a constant C
such that kg, (X,Y) < C min (o(v),e2M4@¥Ve) whenever X = (z,7), Y := (y,v) and
D(X,Y) > n— . Thus, in particular, kg, (X,Y) < Ce if Y := (y,v) belongs either to
N % (0,7] or to N x [20 — 7, 20) (this just because D(X,Y) > n —« > 0). Therefore

kg (X, Y) = kg, (X, V)% kg (X, V)10 < O ¥ e 20700 d(mu)ve
for any 6 in (0,1). Therefore, if ¢ is small enough, then 7 := 2(1 — §)A\1/c > 28 and
J kyo (X, Y)F(Y)dZ (Y) < C&° J e @Y P(Y) A (V)
T,

o\E,
(61) < 055 |:J e—Tp’d(w,y) d@(y)} 1/p ||FHLP(E)
by
<Ce |[Fl g -

Furthermore, by assumption, there exists B > 0 such that F(y,u) < € when (y,u)
belongs to Br(0)¢ x [y,20 — 7]. Hence

(6.2) ko (X,Y) F(Y)d(Y) < Ce;

JBR(O)C X [v,20—7]

we have used Proposition [4.4] (ii) in the last inequality. Finally, if Y belongs to Bg(0) x
[v,20 — 7] =: Q,r and d(z,0) is big enough, then there exists a constant C' such that
kay (X,Y) < Ce 2Md@0)Ve (see Proposition [4.2] (i)). This and the fact that d(z,y) >
d(x,0) — R whenever d(z,0) is large and y belongs to Br(0) imply that

J kgz(X,Y)F(Y)d@/(Y)gceCRe—%d(wWJ F(Y)d# (V).
Q+.R Qv.R
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By Hoélder’s inequality

JQ FY)dZ (V) < Cv(Bg(o))"" ” F(Y)" az (V)] o |F,,

Q'Y‘R

Thus, we may conclude that

(6.3) jQ g (X, Y) F(Y) A% (V) < C R e=2Md@oVe || p||

By combining (6.1, (6.2) and (6.3), we see that
GoF(x,n) < Ce(||F| 4 +1) +Ce“F e~ 2d(@0)ve |F| 4 -
Now we take the limit of both sides as d(x,0) tends to infinity, and obtain that

im  %oF(z,n) < Ce(||F| 4 +1),

d(xz,0)—00
from which the claim follows directly.

Note that
(6.4) lim sup  P"[G(-,n)](x,t) =0.
d(x,0)—00 te[n,20—n]

Indeed, since G(-,n) is in Co(N), for every € > 0 there exists R such that G(z,n) < ¢ for
every x such that d(z,0) > R. Then

127G o) <

iz 9) Gl vty ¢ |

BR(O)

c{ka(@) (z,y)| dv(y).

The operator M,'(2) satisfies on the slice X, estimates similar to those of M;(Z) on X.
The proofs of such estimates for M,;'(2) are almost verbatim the same as the correspond-
ing proofs for M;(2). In particular, for each ¢ > 0, there exists a positive constant C

such that for every function f in L'(NN) with support contained in Bg(o)

sup | M(2)f(x)] < CeeADAm0) | £
te(n,20—n)

for every  in Baog(0)¢, where \] =

T
——— (see the proof of Lemma iii)). Therefore
s ¢ (i)

for every = in Bagr(0)¢ we have the estimate

sup H By (o) (@) Glym) dvly)| < CeEDI) 114, Gl
te(n,20—n) 'JBRr(0)

which tends to 0 as d(z,0) tends to infinity. Furthermore,
Jp o s @0l ) < i@l <€ [+ (M2, ]
Rr(0)°
the last inequality follows from Lemma (iv) (with p = 00). The right hand side is
independent of ¢ in (1,20 — 7). By combining the estimates above, we get that

lim sup ’[9770(',77)](957t>‘ <,
lz|—00 te[n,20—7)

which, of course, implies the required estimate (6.4]).



RIESZ-HARDY SPACES 33

Now, consider the function Z(z,t) := G(z,t) — [2"G(-,n)](x,t), which is continuous
on ¥, (by Proposition [3.1). Notice that Z(z,1) = 0 = Z(x,20 — n) for every z in N.
Since G is subharmonic on ¥ and 2"[G(:,n)] is harmonic on %, = is subharmonic on
3,. For R > 0 consider the compact set Kr := Br(o) X [,20 —n]. Fix £ > 0. Our

assumptions and (6.4) yield sup Z(z,t) < € for R large enough. By the maximum
(z,t)EOKR
principle for subharmonic functions (see, for instance, [29, Corollary 1, p. 479]) applied

to 2 and Kpg, we have the estimate Z < ¢ on Kg. By letting e tend to 0 (and R to

infinity), we may conclude that Z < 0 on %,,, as required.
Finally, we prove (iii). It suffices to show that

(6.5) lim [2°*G(-,er)](z,t) = P°h(z,t)

k—o0
for almost every (x,t) in X, where {e} denotes (possibly a subsequence of) the sequence
whose existence is established in (i). Indeed, this and (ii) would imply that G(z,t) <
POh(z,t) for almost every (x,t) in X. Since both G(x,t) and 9P°h(z,t) are continuous

functions on ¥, the latter equality would hold everywhere, as required.

In order to prove (6.5)), we consider preliminarily the function m§(z) := M (z) — My(z)
for e > 0 and ¢ in (0,0]. We claim that for each ¢ in (0,7/2)

(6.6) lim sup |mg(z)| = 0.
€40 z6§¢

Here S, and S,, denote the sector {z € C : |arg 2| < ¢} and its closure, respectively.

A straightforward computation shows that given ¢ in (0,7/2) and ¢ in (0, o] there
exists a constant C such that sup |m§(z)‘ < C for every € < ¢/2. By the Phragmen—

z€§¢
Lindeldf principle sup |mg(z)| < sup |m{(z)|. Observe that
2€8S, 2€0S,
| (re’?)| = |cosh[(c — t)re'?]| ‘ ! - ! ‘
t cosh[orei®?]  cosh[(c — €)rei®]
, inh(ure*?
(6.7) < |cosh[(o — t)re’?]| re  sup [sinh (ure'?)|

u€(o—e,0) |C0Sh2 [ure?]|
< Cer e(a—t)r coscp;

the first inequality follows from the mean value theorem, applied to the function u —

1/ cosh[ure’?]. Now we take the supremum of both sides with respect to r in (0, o), and

obtain .
sup [mg (re’?)| < = 0
>0 (t—¢)cose
as ¢ tends to 0. Since m§(z) = mi(z), we can conclude that hﬁ)l sup |m;(2)| = 0,
€ z€08,

thereby concluding the proof of the claim.

By using (6.7)), it is easy to check that the function m belongs to the algebra Hg(S,,),
which is included in the Dunford class &(S,) (see page (15| for the definitions). Thus, if
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m/4 < ¢ < w/2, then the natural functional calculus [35, Theorem 2.3.3] implies that
(6-8) lm* D)l < C llmillses,) =€ Imill e, -

because Z is sectorial of angle 7/4. Write

(6.9) M*(2)G(-,er) — My(2)h = m* (2)G(-,ex) + M (2) |G (-, ex) — h].

In order to prove (6.5)), it suffices to show that both summands on the right hand side
of tend to 0 pointwise a.e. Since {G(-,&x)} is uniformly bounded in L?(N),

Imi*(2)GCenll, < Cflmi*(2)]

)

b
which, by and , tends to 0 as k tends to infinity. Hence, by abstract nonsense,
a suitable subsequence of m:*(2)G(-,€x) is pointwise convergent a.e. to 0. Next,

M(2)[G(-,ex) = h](z) = JN k() (@,y) [G(en) — h](y) dv(y),

which tends to 0 as k tends to infinity, because G(-,er) — h is weakly convergent to
0 in LP(N), and ||kMt(@) (z,-) " is uniformly bounded with respect to z in N by
Lemma [3.3] (v) (and the symmetry of M;(2)).

This concludes the proof of (iii), and of the lemma. O

We shall apply Lemmato the case where F' = |Wu|? and w is a harmonic function
on Y. Suppose that § is a positive number. We say that a function S is S-subharmonic
provided that AS > —f3S in the sense of distributions. The following result, which
generalises old ideas of Stein and Weiss (see for instance [53, pp. 217-220]), is due to
Dindos [19], Section 6.3].

Proposition 6.2. Suppose that Ricyxg > —k%. If (n —1)/n < q < 1 and u is a

harmonic function on an open subset Q of N x R, then |Wul|? is gx?-subharmonic in ).

Theorem 6.3. Suppose that u is a harmonic function on X. Then the following are

equivalent:

(i) |Wul* is in L'(N);
(i) |Vul is in B, and  lim sup  |Vu(z,t)] =0 for every n in (0,20).
d(x,0)—00 te[n,20—n]

Furthermore, there exists a constant C, independent of u, such that

(6.10) [IVull| g < [[IWul]|, <C |||Vl -

Proof. We prove that (i) implies (ii), and that the left hand inequality in (6.10) holds.
Observe that ‘Vu‘*(x) > |Vu(z,t)| for every ¢ in (0,20), so that

11l . < JN V" () dv(a).
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It remains to prove that  sup |Vu | vanishes at infinity for each n in (0,20). We
t€[n,20—n]

argue by contradiction. Suppose that lim sup sup |Vu(a:,t)| =: 5 > 0 for some 7
d(x,0)—00 t€[n,20—n]
n (0,20). Then there exists a sequence {xy} such that d(zx,0) tends to infinity as k

does and limsup  sup |Vu T, t | = . Clearly |Vu| ) > /2 for all z in By, (xk)
k—oo  t€[n,20—n]

and k large enough (here o denotes the aperture of the cone Ty, in (5.1))). By possibly

passing to a subsequence, we may assume that the balls By, (x)) are mutually disjoint.

Therefore
JN |Vu‘*(x) dv(x) > zk: J ‘Vu‘*(x) dv(z) = oo,

an (@)

which clearly contradicts our assumption.

Next we prove that (ii) implies (i) and the right hand inequality in holds. Choose
g in ((n—1)/n,1). Since |Vu| is in 2, is in %'/9. Furthermore |Vu|q is qr>-
subharmonic in ¥ by Proposition , whence G := ‘Vu‘q — qK’Ys, ’Vu’q is subharmonic
therein. We may apply Lemma

iii) (with |Wu|’, gx? and 1/q in place of F, o and
p, respectively), and conclude that

(6.11) (Wul? < P°h + qx*%s (|Vul?).
Fix an integer J > (n + 1)/2. The inequality (6.11)) can be iterated J times, to wit
J-1
\Vul? < P°h+ C ( S GLPh + gg(w/u\q)).
j=1

We raise both sides of the last inequality to the power 1/¢, and obtain that

J-1
|Wu| < C’{(gzoh)l/q i Z (%gﬁoh)l/q n (%§|Vu|q)1/q}.
j=1

This implies the following inequality for the associated nontangential maximal functions
©12 v <o{[(#n) T+ Z ()7 + [(19al) 7).

Suppose that p is in (1,00). Observe that there exists a constant C' such that
07\* p
(6.13) (@) <C b,  vhe L),
Indeed, a straightforward argument, using the subordination formula (2.12]), shows that

sup ‘@Nf’<sup‘ff f‘
te(0,0]

By the Littlewood—Paley—Stein theory [57), p. 73] (see also [14, Theorem 7]), for each p

n (1, 00], there exists a constant A, such that

Isup [ 451, < Ap |I£),  VF e LP@V).
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The subordination formula (2.12)) implies that a similar estimate holds for the Poisson
maximal operator. Since 2°h(-,t) = P°h(-,20 —t),

sup  |2°n(X)| = sup |2°n(X),
X€lq(2) XeTa(2)
where Iy (2)' := {(z,t) € Ta(2) : 0 <t < ¢}. In the case where X = (z,1) is in T (2)’,
formula (3.6)) and the Markovianity of the Poisson semigroup imply that

(6.14) | Ph(z,t)] < PVh(x) + % (P20 (2) bl (@) + 27|77 M, (2)hl ()]
Clearly, the right hand side of the above inequality is a positive harmonic function on
N x (0,00). If the aperture « is small enough and (x,t) is in Ty (2)’, then the ball in
N x R with centre (z,t) and radius 2d(z, z) is contained in N x (0,00). Therefore, by
Harnack’s principle (see, for instance, [54, Theorem 5.4.3]), there exists a constant C
such that

PNh(x) <C PNh(z) V(z,t) € To(z) Vz €N,

and a similar estimate holds for the other summands on the right hand side of (6.14]).
Set hg := h, hy := |Mg(@)h| and hgy 1= ’e*”@MJ(@)h}. Then

2 2
(@), <€ sl nll, <03 Inil, <l
=0

=0

the last inequality follows from the boundedness of the operators M, (@) and e ?? M, (@)
on LP(N), which follows from Lemma (iv) and the contractivity of the Poisson semi-

group. This proves (6.13)).

Similarly, by Theorem (i), for every positive integer j there exists a constant C
such that

(6.15) l@27°m)|l, < C [[(2°n)7]l

P

By combining (6.13]) and (6.15) we obtain that H(ffg@oh)* |p <C Hth In particular,
the last estimate holds for p = 1/¢. This and (6.12)) imply that

J—1
Iwa (|, < { 1@ [0+ D0 I1@2m) )8 + (@ Iwal) | )
j=1

<o {n + @ ).

1/q 1/q

Since J > (n+1)/2, Theorem [5.1] (ii) yields

11 57ul)”

/ /
o < Il < (1]

By combining the estimates above and using the estimate for HhHl /a in Lemma (i),
we get that |||Vu|*H1 <C |||Vu|Hgl, as required.
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7. ANALYSIS OF THE LOCAL RIESZ TRANSFORM

7.1. Goldberg-type spaces. We introduce the Goldberg-type space h*(IN) (also re-
ferred to as local Hardy space), which generalises the Goldberg space h!(R™) and plays

a fundamental role in our analysis.

Definition 7.1. Fix a positive number s. Suppose that p isin (1,00]. A standard p-atom
at scale s is a function a in L'(NN) supported in a ball B of radius at most s satisfying

the following conditions:

(i) size condition: ||a|l, < v(B)~Y/7';

(i) cancellation condition: | adv = 0.
B

A global p-atom at scale s is a function a in L'(N) supported in a ball B of radius
exactly equal to s satisfying the size condition above (but possibly not the cancellation

condition). Standard and global p-atoms will be referred to simply as p-atoms.

Definition 7.2. Suppose that s is a positive number. The local atomic Hardy space
hLP(N) is the space of all functions f in L!'(N) that admit a decomposition of the form
f=32721Ajaj, where \; € C, the a;’s are p-atoms at scale s and Y77, |Aj| < oo. The

norm || f[|y1.» is the infimum of 3272, |A;| over all decompositions of f as above.

It is well known that h1P(IN) is independent of p and of s and the corresponding norms
[[-lg1+» are pairwise equivalent (see [5I, Proposition 1]); henceforth, the space hy*(N)
will be denoted simply by h*(IN). The fact that h1-2(INV) is independent of s and p will
be used without further comment in the sequel. Hereafter, atomic decompositions of

functions in h1(N) will consist of atoms at scale 1.

The definition of the space h* (V) is similar to that of the atomic Hardy space H*(NV),
introduced by A. Carbonaro, G. Mauceri and Meda [6] [7], the only difference being that
atoms in H*(NN) are just standard atoms in h*(IV), and there are no global atoms. As a
consequence, the integral of functions in H'(N) vanishes, a property not enjoyed by all
the functions in h'(NNV). Thus, trivially, H!(N) is properly and continuously contained
in h1(V).

We need the following result, which is one of the main contributions of [45].
Theorem 7.3. Suppose that ¢ > 0. Under our geometric assumptions, h*(N) agrees
with the space b, (N) of all functions f in L*(N) such that PN f:= sup |PNf|isin

s€(0,0)
LY(N). Furthermore, there exist positive constants Cy and Cs such that

Ch Hthl(N) < H’@i\erl <G Hbel(N) ’

We need also the following simple result.
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Proposition 7.4. Suppose that € > 0. Then there exists a constant C' such that if h is
a measurable function on N satisfying |h(z)| < Ae™(28+)d@0) for some o in N, then

[y < CA

Proof. A corollary of [51] proof of Lemma 2] is that for any p in (1, 00| there exists a
constant C such that every function f in LP(N) supported in a ball B is in h!(NN) and

(7.1) [ llgr vy < (B |1, -

Consider an exhaustion of N with B;(o) and annuli A; := Bj11(0) \ Bj(0), where j =

1,2,.... Correspondingly, write

h=1p (0 h—i—ZlAj h.
j=1
Clearly 15, (o) h is in h*(N), for it is a multiple of a global h'(N) atom. Next, by (7.1)
(with p = 2),
1/2
HlAj h“r)l(zv) < Cv(Bj+1(0)) HhHLZ(Aj)

The pointwise estimate of h implies that ||h||L2 < CAe~(5+9) y(A;)Y/2 whence

(45)
L4, hllgs ) < CAV(Bjsa(0) e < CAe™/2,

The required estimate follows by summing the estimates above with respect to j. O

7.2. Analysis of the Riesz transform. For any 7 > 0 consider the operator Z, :=
V%, obtained by analytic continuation from the analytic family of operators {ffa/ 2,
Rea > 0}. Wewrite 77t = _#%4+ _#72° where #° and #>° are the operators associated

to the kernels

(7.2) kgo=¢kgy and kgoo=(1=p)kg,
where ¢ : N x N — [0,1] is the smoooth function introduced in Lemma (ii) (with
R =1). We further decompose #? as #7904 709 where

1 o)
» —1/2 -1 ¥ “1/2 -1
kjg,ozﬁjot V2emmpMdt and kﬂ,w:ﬁL =2 pY dt.
Recall the definition of T (see (2.16).

Lemma 7.5. There exists a positive constant C such that the following hold:

(i) ky-1r <C [dl_” 1y, + e 2dVTe 1T§], where ¢ is as in (2.3));
(i) 27 is bounded from L*(N) to b1 (N) provided that 7 > 3%/c.

Proof. First we prove (i). From the estimates (2.3 for h¥, we deduce that

1 o0
k-1 <C J t(lfn)/z e*‘rtfcd2/t g 1+ C J ef‘rtfcdz/t g
7 0 t 1 t
Changing variables (d?/t = u) we see that the first integral above is < d'=" as d tends

to 0 and decays superexponentially as d tends to infinity.
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Clearly, the second integral above is bounded as d tends to 0. For d large we write
Tt + cd?/t = 2d/Tc + (V/Tt — d\/c/t)?, and the second integral above may be written
as e 207 J(d) = d='/? =27 where J(d) is as in Lemma (with j = 1/2 and /7
instead of A1). The required estimate follows by combining the estimates above.

To prove (ii), write g = Zj gj, where g; := g1p, and {B;} is a covering of N by
balls of radius 1 with the finite overlapping property. Choose p in (1,n/(n — 1)) We
claim that there exist a constant C, independent of j, and a function h;, with support
contained in 2B;, such that
(7.3) |27 g5 (@)| < by + Cem2VTed) g |
and thHp <’ ||gj||1. Here c¢; denotes the centre of B;.

Note t%lat hy/(v(2Bj)'7" |[y]],, ) is a global by”(N) atom. Hence [[Ajl[,,y, <
v(2B;)Y/P thp <C ngH1' Notice also that, by Proposition each of the func-

tions z +» e~ 2V7¢d®:¢) js in h(N) with norm uniformly bounded with respect to j.

Thus, given (7.3, we may conclude that
H%lgﬂhl(m = Z ||9Z19j||;,1(m <C Z ngHl <C H9H1 '
J J

as required.

Thus, it remains to prove ([7.3). Note that, by (i),

7 0,(@)] < Chy(w) + Clamo(w) | V10 g, 3) ),
where hj(z) := 125, (m)J d(z,y)' "™ g;(y) dv(y). Since the integral operator with ker-
B;
nel (z,y) — 1gp,(z)d(z,y)' "™ 1p,(y) is bounded from L'(N) to LP(N), the required
estimate for thHp follows. By the triangle inequality d(z,y) > d(z,¢;) — d(y,¢;) >
d(z,c;) — 1, so that

HB e 2VTed@) g (y) dV(y)‘ < Ce?Vredwe) g
This concludes the proof of the claim and of (ii). O
Lemma 7.6. Suppose that T > 32/c, where c is as in (2.3)). Then there exists a con-
stant C' such that

1= 725 sy < C WL and (20 722 lga oy < C NI
for every function f in L'(N) with compact support in a ball of radius < 1.

Proof. We assume that the support of f is contained in Bg(o), with R < 1. Since

Dy JO°f = 971, g0°f and 9, F°f = 971 7°f, Lemma (ii) implies
that it suffices to show that there exists a constant C, independent of f, such that

(74) 1 72=sly <cliflly and & 22l < /]l -
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The first inequality above will follow from the fact that £, 7% f is a bounded func-
tion with support contained in Bz(o) and the estimate HZT/TO’OOJCHM < C ||f||1
Since &, go>f = & g0>f + 1 g9°f it suffices to show that both #%f and
Z ff"’o f are bounded functions with compact support contained in Bs(0) and the es-
timates H/TOOOfHOO <C Hle and H.i”/TooofHOO <C Hf||1 hold. Observe that

- 1 ©
A=) == | e @) | e Y @yt
VT JBRr(o) 1
By our choice of ¢ and the fact that the support of f is contained in Bj(0), the support
of #9°°f is contained in Bz(0o). The upper estimate (2.3) for A} (z,y) implies that
the inner integral above is dominated by a constant independent of x and y. Therefore
L2l = sl
Notice that for each y in NV

as required. We now prove that the same is true of .& /TO’OO f-

L[eh ] (y) = LoCoy) Y () = 2(Ve(,y), VR (y)) + o y) Lh (- y);

note also that, by our choice of ¢, the first and the second summand on the right
hand side vanish when d(-,y) < 1/4. Correspondingly, . _# f may be written as
ﬂlf — %Qf + %3]0, where

_ 1 . > —1/2 —7t N,
#1 == jBR(O)du@)fso( ) FW) L V2T RN (L y) dt,
gl == | vt (Tetas). | e wn () ar)
ﬁ Br(o) 1
and
Bsf = L J dv(y) ¢(-y) f(y) JOO t12e7 T LhN (-, y) dt.
\/7? BR(O) 7 1 ' ’

We estimate B3 f. The estimates of A f and By f are easier, for the kernels of these
operators are supported in T; \ Ty,4 (recall also that [V(-,y)| and [-Zp(:,y)| are uni-
formly bounded; see Lemma (ii)), and are left to the interested reader. Notice that
LhN (-, y) = —0:hl¥ (-,y). Then, by integrating by parts in the inner integral, we find
that

1

Baf= 5= | avw)elow) ) 27 = [0 1 2m) () ]
Br(o)

1

2y/m
The upper estimate in (2.3) and simple considerations show that {933 f | is dominated

by J k(- y) ‘ I (y)| dv(y), where k is bounded, nonnegative and supported in T; (see
Brg(o)

(2.16) for the notation). Consequently,
tained in By(o) and ||<%’3fHoo <C Hf”1 . This concludes the proof of the first inequality

in .

B f ’ is a bounded function with support con-
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Next we prove the second inequality in (7.4). Recall that

1 e

/‘roo :7J' dV(y) [1_90(7y)] f(y)J t 1/26 thiv(ay)dt
VT ) Br(o) 0
=)
=—= 1=o(y)] kg1 (z,y) fy) dv(y).

VT IBr(o) [ [k
This and the estimates for kg -1 in Lemma (i) imply that there exists a constant
C such that | 72 f(z)| < C e~ 2d@0)vTe HfH1 for every z in N. Thus, H/Toole <
C Hf”l, because, by assumption, 7 > $%/c. Since &, F2°f = L FXf + 1 F2f, it
remains to show that .Z_#° f satisfies a similar estimate. Now,

Z[1=p)h ] (,y) = =Zo(,y) by (o y)+2(Vo(-, y), VAY (L y)+ 1=, y)] LhY (-, y);

note that each of the summands on the right hand side vanishes in T /4. Correspondingly,
Z 7 f may be written as @ f + oh f + o f, where

<%fQ;j%@fmwzwmwf@pKV1”e”hﬂswﬁv
ol === avty) (Tetadr | e O ar)
ﬁ Br(o) 0

and

_ L y o > ~1/2 -t N/
WLﬁLMMmlwwm%t LY (y)dt.

We estimate 73 f. The estimates of & f and 7 f are easier, for the kernel of these oper-
ators are supported in Ty \ T4 (recall also that [Vi(-,y)| and | L¢(-,y)| are uniformly
bounded; see Lemma (ii)), and are left to the interested reader.
Notice that Zh:(-,y) = —0:h+(-,y). Then, by integrating by parts in the inner inte-
gral, we find that
1 o0
Bf = — = J dv(y) [1 - ¢ y)] fy) J 7327 (L4 278) hu (-, y) .
2T JBr(o) 0
The inner integral is dominated by
1 00
C J tf(n+3)/2 efcdr‘)/t dt+C J t71 ef(TtJrch/t) dt.
0 1

We need to estimate these integrals in the case where d is large (because of the cutoff
1 — ). The first is bounded above by

(n—1)/2 ,—cu/2
gl u e dug(jidn+1 ,

1
Ce—ch/QJ —(n+3)/2 g—cd®/(2t) gy —
d2

—cd?/2 oo e—cd2/2
0 J
and the second by C'e=2?V7¢ (see the proof of Lemma (i)), which is integrable at
infinity because 7 > %/c. These estimates imply that H,;z{gful <C Hle A similar
conclusion applies also to &7 f and % f. Thus, H.Z/T"X’le <C ||fH17 as required to

conclude the proof of the second inequality in ((7.4)). |
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Denote by kg, the distributional kernel of %,, and write kg, as the sum of pkg_
and (1 — ¢) ke, where ¢ is the smooth function on N x N given by Lemma (with
R =1). Denote by #° and by %2° the operators associated to the kernels ¢ kg, and
(1 — @) ke, respectively. Obviously,

(7.5) Ry = R+ K.

Observe that

kao(z,y) = SD(\QCF;Ty) J t72e AN (2, y) dt
0

It is convenient to further decompose the operator ZY as the sum of the operators #%-°
and #2°°, which are associated to the kernels kgp0.0 and k0,00, defined by

1
koo (2,y) = elz.y) J =12 e TV hY (z, y) dt
0
and
@(x,y) JOO —-1/2 ,—7t N
ko0 (x,y) = —== t e " Vh' (z,y)dt.
() =252 | Nz.y)

. Ve (1 _1/2 _
Notice that k_po. = Vak yoo(z,y)—k , where ky = —= | ¢+ 1/2e TR dt.
otice tha Jgo(x,y) 0 o(z,y)—ky(x,y), where ky NG L e ;

Lemma 7.7. For each € > 0 there exists a constant C such that for every p in N and
every function f € LY(N) with support contained in a ball with centre p and radius < 1
the following hold:

() |Mo(2) 20 f ()| < Cole 8o | |

(i) | £Mo(2) £20f(2)| < 000D | 1|
Consequently, M,(2) #2°f and LM, (2) 720 f are in h* (N) and their norms in h*(N)
are controlled by C ||f||1

Proof. By Proposition[2.2](ii), M, (2) and £ M,(2) are bounded from L' (N) to L=(N).
Moreover, clearly £ is bounded in L'(N). Therefore,

(7.6) 1Ma(2) 77|l < © 2208 < © Iy

and a similar estimate holds for £ M, (2) jTO’O f. Furthermore, since /TO’O f is supported
in By (p) for some p € N, Lemma [3.3] (iii) gives that

|Mo(2) 770 f (@)] < Celemaen || g20op],
< Celed@D ||7]| Vo € Ba(p)©
Now (i) follows by combining and (7.7).

The assertion in (ii) follows in a similar way. The last statement of the lemma is a
direct consequence of (i), (ii) and Proposition O

(7.7)
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Theorem 7.8. There exists a constant C such that

gy = CLIIZ2° AU + 111 -

for every function f with support contained in a ball of radius < 1 for which the right
hand side is finite.

Proof. Let o be the centre of the ball of radius R < 1 which contains the support
of f. Then the support of Z%f is contained in a ball of radius R + 1 < 2. Define
H:= 2% 7%0f). By Theorem [3.4] there exists a constant C' such that

1w Hl[| g0 < CA(770F)-
Furthermore, by Lemma (iil), for every £ > 0 there exists a constant C' such that

sup [WH(a,1)| < C el MU || g0 < oot | ||
te(0,20)
for every x in B4(0)¢. Hence |WH| satisfies the assumptions of Theorem [6.3| (ii), whence
there exists a constant such that |||VH\"‘H1 <cC |||VH|||%,1 . By combining the esti-
mates above we see that

|| WH*

LS ON(F0F),
provided that the right hand side is finite (as we shall prove below). The required norm

estimate will follow from the following two facts:

(a) there exists a constant C' such that A (_Z00f) < C [ ||122°f1||, + [|f]l, ]:
(b) there exists a constant C' such that Hthl(N) <C| ||\VH\*H1 + ||fH1 ]

First we prove (a). Recall that A (_Z20f) := || Z2Of|, + IV 2211\, + |2 220, -
Clearly ||/79’0f}|1 <C ||f||1 Notice that
V(I = R0 + (20,

Vap !
where ¥ is the operator with kernel ky := A J t=1/2e7TtRN dt. Tt is straightforward
T

to check that there exists a constant C' such that
172D, < L7722l < c il -

We leave the verification of this fact to the interested reader. Therefore
IVCAoDI < ez sl + 11 ]

The proof of (a) will be complete, once the following claim will be proved. There exists

a constant C such that

79 l2.7208], < 5], -

Write

(7.9) 9 7°°8 = (9~ 2,) 720f + D, FO°F.
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The operator 2 — 9@, corresponds to the spectral multiplier VA — /7 + X of 2. The
latter function is in &(S,,) for every ¢ in (0, 7). Indeed,

VA VrEA-

T 1 1 T
CVAEVIEA Nazh ﬁ+¢T+A} VTN
It is straightforward to check that the function within square brackets is in Hg°(S,) and
(T+X\)"Y2isin &(S,) by [35, Lemma 2.2.3]. The operator % is sectorial of angle 7 /2 on
hL(N) [44, Theorem 3.1]. Therefore the natural functional calculus [35, Theorem 2.3.3]
implies that 2 — 2 is bounded on h*(N). It is straightforward to check that #%°f is a
function in LP(N) for each p € [1,n/(n —1)), and that its support is contained in By(0).

Furthermore,
1/p’
1777l vy < Cr(Ba0) ™ [I1]], -
Thus,
112 = 2.7 lys vy < CNA2F sy < C UL -
In particular, 2 _#Z2°f — 9, g%0f is in LY(N). By (7.9), 2_#%°f is in L*(N) if and
only if 2, 790f is. Recall that #Z90f + g0ccf 4 7o f = 9=1f Thus,
(7.10) 2. I =D, 97 f — D, gO°F — D, F°F.

By Lemma the second and the third summands on the right hand side are in h(N),
hence in L'(N). Furthermore, f belongs to L'(N) by assumption, whence so does
D, 20 f, equivalently so does 2_g2°f. Thus, the L' norm of each of the summands
is dominated by C' || f Hl This implies the claim , and concludes the proof of (a).

Next we prove (b). Notice that

1
(1) OH = =27 7700 + 5 [P+ PR TMAD) (7).

T T

We claim that there exists a constant C, independent of f, such that

(7.12) 12Me( D)2l vy < C I -

Given the claim, Theorem [7.3] implies that

sup | ZXIMA2) (S|, <€ |12M( DA Dllys oy <€ N5

s€(0,20)
This and imply that
sw |2N (@ 7200 < e[|, + |1, -

te(0,0)

A further application of Theorem and the trivial inequality H |0 H |*
yield

L < |IVH[

1

1277 iy < CNl2T 2728, < CTNVEP, + £l ]

as required.
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Thus it remains to prove (7.12)). In the proof of fact (a) above we have shown that
9 — 9, is bounded on h'(N). Then Lemma [7.7| implies that

(2 = 20) Mo D) I Dllgr oy < € I, -

Thus, in order to prove the claim it suffices to prove that ’|@TMU(_@)(/TO7Of)Hb1(N) <
C |1f]],. Write

D Mo (D) F°F) = 27 (L + 7)Mo (2)( 770 F)]-
By Lemma [7.7] (i)-(ii), for each € > 0 there exists a constant C' such that
‘(g + )M, (2) g0 f(x)‘ < Qe @) | f|l - Vae N,

We use the estimate for the kernel of 2! contained in Lemma and obtain that
|2 (Mo (2)(_Z2° )](2)| < C || £], H d(z, y) e dy(y)
Bl (Z)
n J o= 2d(x.9) VTE+ (== A1)d(y.0) dy(y)}
By (x)°

By the triangle inequality, the sum of the last two integrals is dominated by

o(e=A1)d(,0) H

cM1—e—2yTe)d(z.y) dl/(y)}
Bl (m)

d(x,y)' eI dy(y) 4 J

B (x)°
By integrating in polar coordinates centred at x, it is straightforward to see that the
integral above are convergent, provided that 7 > A?/(4c) and ¢ is small enough. Thus,

we may conclude that

|2, (Mo (2)( F2°))()] < CeE @ [ 7|l - Vo e N.

T

Then Proposition yields ||@TM0(@)(/TO’Of)Hh1(N) <C Hf||1 This concludes the
proof of and of the theorem. O

Recall that the local Riesz—Hardy space by, (N) is defined in (LI). The main result
of the paper is the following.

Theorem 7.9. Suppose that N is an n-dimensional complete, connected noncompact
Riemannian manifold with Ricci curvature bounded from below and positive injectivity
radius. Assume that T is a large positive number. Then h}ZT (N) = bY(N) and their

norms are equivalent.

In particular, the conclusion of Theorem holds provided that 7 > A? /4¢ (this implies
that 7 > %/c, where 3 and c are as in (2.2)) and (2.3))), and is so large that Proposition
[Z12 holds.

Remark 7.10. We observe that the claim of Theorem is invariant under rescaling
of the Riemannian metric by a constant conformal factor, since the spaces bz, (N) and

hY(N) are invariant, and their norms rescale by the same factor. Accordingly, instead of
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choosing ¢ small enough depending on 8 (see (3.2))), one could have fixed o and rescaled
the Riemannian metric of N in order to make 5 small enough.

The proof of Theorem [7.9] occupies the rest of this section. First we analyse the kernel
of %9:°.

Lemma 7.11. Under the same assumption as in Theorem [7.9, there exists a constant
C such that

|k@g.0(;v,y){ S CQD(SL'7y) d(xay)_n
off the diagonal.

Proof. The proof is a straightforward consequence of the definition of Z%° and the
pointwise estimate [I8, Theorem 6, Case II] for the gradient of the heat kernel on N. We

leave the details to the interested reader. O

Denote by {¢;} a locally uniformly finite partition of unity on N such that the following
holds: the support of 1); is contained in the ball B; with radius 1, 0 < ; <1, v¢; =1
on (1/4)B;, and there exists a constant C, independent of j, such that

(7.13) () = (y)| < Cd(z,y)  Va,y € N.

For the construction of such a partition of unity see, for instance, [37, Lemma 1.1 and
pp. 59-60]. We recall the following norm estimate for the local Riesz transform on N,
due to E. Russ [53, proof of Theorem 14]; see also [5I, Theorem 8.

Proposition 7.12. For every T > 0 large enough there exists a constant C such that
1% f 1[I, < C || £]]yy Jor every f in b (N).

Lemma 7.13. Under the same assumption as in Theorem[7.9, the following hold:

(i) the operator Z#>° is bounded on L'(N);
(i) the operator Z%> is bounded on L*(N).
(iii) if f is in bl (N), then |Z2°f| is in L'(N);
(iv) for each p such that 1 < p < mn/(n—1) there exists a constant C, independent of
7, such that if f is in b1%,7 (N), then

0,0 0,0 )
1220 £) = 5 22 £, < C N1l oy
(v) there exists a constant C, independent of j, such that

122° @il s 2,y < C LN 2o,y + 12201 a2, )

Proof. First we prove (i). By [53, Theorem 14], supJ' ‘k‘ggc (x,y)‘ dv(z) < oo. Conse-
yeN JN
quently the operator Z2° is bounded on L'(N), as required.
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To prove (ii) observe that, at least formally,

@10 == [ ae | elan Vo @) r avty)

Therefore

0,00 L ﬁe*” v x N(x v(zx
251l < o= [ e ™ | v | pten 19 @] dvio)

1 d .
J tl/t2 —r JNdl/(ZU) ‘f(y)’ JBl(y) ‘thiv(x, y)‘ dv(x)

dt __
| e | @IV el w)
where the last inequality follows from Schwarz’s inequality and the uniform ball size
condition of N. Observe that
7k Gy = (Vb () Vahi ()
= (LY () by ()
< Lkt Gl ([P

IA AN
- 3\

vl -
Now, the ultracontractivity of the heat semigroup and [47, Proposition 2.2] imply that
the supremum with respect to y in IV of the right hand side is dominated by a constant

multiple of t~3/2. Therefore we may conclude that

©dr
izl < [ e [ il < e i,

i.e., the operator 22> is bounded on L'(N), as required.

Next we prove (iii). The assumption that f is in h}@T (N) together with the decompo-
sition (7.5) and (i) above yields that |22 f| in L'(N). Since Z%°f = Z%f — %2> f and
both |22 f| and |22 f| are in L*(N) (by (i) and (ii)), the same is true of |22 f|, as

required.

To prove (iv) observe that, at least formally,

#7205 f) (@) = i () Z2°(f)(x) = JN kgoo(x,y) [;(y) — v;(2)] fy) dv(y).

If z is not in 2B;, then ¢;(z) vanishes, and so does kjo.0(z,y) as long as y belongs to
Bj. Hence Z%°(¢; f) — v; Z%° f vanishes at z. In particular

220 W5 ) = by 220 ||, = (| 2205 ) = 5 Z2°F || o o

If, instead, z is in 2B, then we use the estimates for kﬂ,g}_,o in Lemma the uniform
Lipschitz property of 9;, and conclude that there exists a constant C', independent of j,
such that

#00)) ~v) # @] <€ | ) an)
2, d(z,y)

J
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It is not hard to check that if 1/p > 1 — 1/n, then the integral operator with kernel
15, (z) m 135, (y) is bounded from L'(2B;) to LP(2B;) uniformly in j. There-
| T,y '

fore there exists a constant C such that

H‘%S’o(%’f) —Y; %SpfuLp(sz) <C HfHLl(QBj) ’
as required to conclude the proof of (iv).

Now we prove (v). Clearly Z20(¢;f) = ZY°(Wif) — ;220 F + ;220 f. By (iv),

the function Z22°(¢; f) — 1, 22°(f) is in LP(2B;) with norm < C HfHLl(QBv)' Holder’s
J

inequality, together with local Ahlfors regularity, imply that

19220 (5 8) = $3%7° Fl ey < C 1 llpremyy -
Therefore
1220 W3 )| 11 oy < C IR W) = 02 s o,y + 1220 1 o ]
C ey + 127D 2125, 1

IN

as required to conclude the proof of (v), and of the lemma. O

Proof of Theorem[7.9. The containment h'(N) C b}%,T (N) is a direct consequence of
Proposition [7.12]
It remains to prove that hI%T(N) C BY(N). Suppose that f is in hlgr(N). By

Lemma (iii), |22 f| is in L'(N). Then, by Lemma (v),

12222 @i Wl 21 2y < C LI omyy + 122 A1l 2o, )
By Theorem there exists a constant C, independent of j, such that

ijthl(N) <C "|<%2’0(¢1f)||‘1 +C H%le .
Then, using also Lemma[7.13] (i), (ii) and (iv),
1l vy < 22 15l vy
J
< 1@ widlll, +C 3 llwifll,
J J

<C 3 sl +C S0 [ 1120w ) — w20 s, + st |
J J

<c |l fll, +Cllfl,
<c il + 1=l + ezl + 141, ]
< C [l + 111].

as required. O
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