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Abstract

We construct indefinite Einstein solvmanifolds that are standard, but not of pseudo-
Iwasawa type. Thus, the underlying Lie algebras take the form g xp R, where g is a
nilpotent Lie algebra and D is a nonsymmetric derivation. Considering nonsymmetric
derivations has the consequence that g is not a nilsoliton, but satisfies a more general
condition. Our construction is based on the notion of nondiagonal triple on a nice
diagram. We present an algorithm to classify nondiagonal triples and the associated
Einstein metrics. With the use of a computer, we obtain all solutions up to dimension
5, and all solutions in dimension < 9 that satisfy an additional technical restriction. By
comparing curvatures, we show that the Einstein solvmanifolds of dimension < 5 that
we obtain by our construction are not isometric to a standard extension of a nilsoliton.
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1 Introduction

Einstein manifolds of negative curvature and maximal symmetry have been studied
for decades. After contributions by many authors (see [3, 15-17]), it was proved in [4]
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that every homogeneous Einstein Riemannian manifold of negative curvature can be
represented as a solvmanifold, i.e. a solvable Lie group endowed with a left-invariant
metric (a statement previously known as the Alekseevsky conjecture).

Given an Einstein solvmanifold, at the Lie algebra level, there is an orthogonal
decomposition g < a, where g is the nilradical and a an abelian subalgebra [18]; such
a decomposition is called a standard decomposition. Up to isometry, one can then
assume that a acts by symmetric derivations [12]; the standard decomposition is then
said to be of Iwasawa type. Furthermore, the restriction of the metric to g satisfies the
equation

Ric=AId+D, D e Derg; D

one then says that g is a nilsoliton; the terminology is motivated by the fact that a
left-invariant metric on a nilpotent Lie group satisfies Eq. 1 if and only if it is a Ricci
soliton [14, 19].

Indefinite homogeneous Einstein manifolds are less constrained (partly because
restrictions on the sign of the scalar curvature cease to be significant if one does
not fix the signature): they need not be solvmanifolds, or even diffeomorphic to R”
(consider the symmetric spaces SOg(p, q)/SO(p) x SO(q)), and even if one restricts
to solvmanifolds, the Einstein condition does not imply the existence of a standard
decomposition g » a. Furthermore, if a standard decomposition does exist, it may not
be the case that a acts by symmetric derivations, even up to isometry.

Nevertheless, the constructive aspects of the positive-definite theory generalize
to arbitrary signature. For instance, large classes of Einstein solvmanifolds can be
obtained by extending indefinite nilsolitons (see [7, 8]). The solvmanifolds obtained
this way admit standard decompositions of pseudo-Iwasawa type, i.e. they take the
form g xp R where D is symmetric and g is the nilradical.

Constructing Einstein solvmanifolds which are not of pseudo-Iwasawa type is more
difficult. In [9] we obtained the first such examples in the guise of standard Sasaki-
Einstein solvmanifolds; since Sasaki solvmanifolds can never be of pseudo-Iwasawa
type, those metrics are not isometric to any standard solvmanifold of pseudo-Iwasawa
type ([10, Proposition 2.6]).

The construction of [9] is based on a generalization of the nilsoliton condition: on a
nilpotent Lie algebra, one considers a metric and a derivation D with symmetric part
D’ = %(D + D*) such that for T = +1 the following conditions involving the Ricci
operator hold:

Ric = t(—tr((Ds)z) Id—%[D, D*]+ (tr D)DS>, tr(advoD*) =0, v e g. (2)

Rather than attack this equation directly, the method of [9] is to find solutions by
inverting contact (symplectic) reduction, which is a peculiar feature of Sasaki (Kéhler)
geometry.

By contrast, in this paper we leave contact geometry aside and give a direct construc-
tion of solutions of Eq. 2. Unlike the Sasaki case, we do not have a general criterion to
exclude that the resulting metrics are isometric to solvmanifolds of pseudo-Iwasawa
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type, but we show that this is not generally the case by explicit curvature computations
in low dimensions.

Our construction uses Lie algebras admitting a special type of basis, introduced in
[20, 21] under the name of nice bases. The metrics we consider have an orthonormal
nice basis, but the derivation D is not diagonal in this basis. It is a feature of our
construction that D is always diagonalizable, although this does not follow by any
means from Eq. 2.

The precise ansatz we impose on D is that for every i = 1, ..., n, the derivation
D has at most one nonzero element on either the i-th row or the i-th column which is
not on the diagonal. Some of the entries of D are forced to be zero by the condition
tr(ad V o D*) = 0. Having assumed that the nice basis is orthogonal, the left-hand
side of Eq. 2 is diagonal relative to that basis, so we need to impose that the right-
hand side is zero off the diagonal; the resulting constraints on D are linear, due to
the special nature of our ansatz. The diagonal part of the right-hand side of Eq. 2,
however, depends nonlinearly on D. A full characterization of the conditions is given
in Lemma 3.1.

In order to obtain a linear problem, we change the point of view; rather than fix the
nice Lie algebra and consider an arbitrary diagonal metric, we consider the set of nice
Lie algebras which share the same set of indices i, j, k such that [e;, e;] = ¢;jrex # 0
(in the terminology of [5], they have the same nice diagram), and leave the structure
constants relative to a fixed orthonormal basis as unknowns. We then determine the
derivation D in terms of the nice diagram, the set A of indices corresponding to off-
diagonal nonzero entries of D, and a function A: A — R characterizing the actual
entries of D in a suitable sense. We call (D, A, A) a nondiagonal triple, and deter-
mining it is a linear problem. For a fixed nondiagonal triple, the structure constants
¢ijk must then be computed in such a way that the Jacobi identity holds, the Ricci
operator takes the required form, and D is a derivation. This is a nonlinear problem,
but it can be solved effectively using the fact that finding a diagonal metric on a nice
Lie algebra with prescribed Ricci operator is a linear problem in the squared structure
constants cizj - The full conditions that must be satisfied in order to obtain a solution
of Eq. 2 from a nondiagonal triple are given in Theorem 3.7.

In view of a classification, we then introduce a suitable notion of equivalence
between nondiagonal triples, taking into account sign flipping in the basis elements
and automorphisms of the nice diagrams.

We then present Algorithm 1, which classifies nondiagonal triples and the associated
solutions of Eq. 2 up to equivalence; our implementation of the algorithm can be found
at (https://github.com/diego-conti/jormungandr). This algorithm is mostly effective in
low dimensions or under two technical assumptions, namely that the so-called root
matrix is surjective and that the linear system determining A has a unique solution,
ensuring that the equations to be solved do not depend on parameters.

We obtain a classification of nondiagonal triples and the associated solutions of Eq.
2, up to equivalence, both in dimension < 5 (Tables 1 and 2) and in dimension
< 9 under the two technical assumptions outlined above (see ancillary files). Each
entry in these tables determines a standard Einstein solvmanifold in one dimension
higher, which is not of pseudo-Iwasawa type. We argue that these metrics differ from

) Birkhauser


https://github.com/diego-conti/jormungandr

D. Conti et al.

the known metrics obtained by extending a nilsoliton by computing the curvature
(Proposition 4.4).

2 Generalized Nilsolitons and Diagonal Metrics

In this section we recall the results, terminology and notation from [5, 6, 20, 21] that
will be used in the sequel.

We shall consider metrics on a Lie algebra g, i.e. nondegenerate scalar products that
determine a left-invariant pseudo-Riemannian metric on a Lie group with Lie algebra
g; the Levi-Civita connection and its curvature can then be expressed at the Lie algebra
level. In particular, we shall denote by Ric: g — g the Ricci operator; the Einstein
condition reads Ric = A Id, where Id is the identity operator on g; the notation Idg
will also be used when necessary.

Given a Lie algebra g with a metric g, we say that a standard decomposition is an
orthogonal decomposition § = g x a, where g is a nilpotent ideal and a an abelian
subalgebra. As g and a are required to be orthogonal, the restriction of the metric to g
is nondegenerate, and will be denoted by g.

The standard decomposition is generally not unique. A standard decomposition is
said to be of pseudo-Iwasawa type if ad X is symmetric for all X in a. Given an Einstein
solvmanifold of pseudo-Iwasawa type g = g X a, g satisfies the nilsoliton Eq. 1. We
are interested in Einstein metrics which admit a standard decomposition, but not one of
pseudo-Iwasawa type. The standard decomposition will take the form g x p R, where
D differs from its symmetric part D® = %(D + D*). The condition that the metric on
the nilpotent factor g must satisfy is given by the following result, generalizing Eq. 1
to the case where D is not assumed to be symmetric:

Theorem 2.1 ([9, Proposition 2.1]) Let g be a nilpotent Lie algebra with a pseudo-
Riemannian metric g, D a derivation and t = £1. Then the metric § = g +1¢° ® °
on § = g X p Span {eo} is Einstein if and only if

1
Ric = 1:<— r((D*)*) 1d _E[D’ D*] + (tr D)DS), tr(advo D*) =0, v € g;

in this case, Ric = —t tr((D*)?) 1dg.

For the remainder of the article we set T = 1, thus solving the equation
1
Ric = — tr((D*)*) Id _E[D’ D*1+ (r D)D*, tradvoD*) =0, veg. ()

One can recover the metrics with T = —1 by flipping the overall sign of the metric.
Our approach to finding solutions of Eq. 3 is through nice Lie algebras. Given a
Lie algebra g, a basis ey, ..., e, with dual basis el, ..., e" is a nice basis if each
lei,ejl, ein de’ is a multiple of a basis element (see [20, 21]); a nice Lie algebra is a
Lie algebra endowed with a nice basis. To such a basis one can associate a directed

graph with nodes {1, ..., n}, and such thati — k is an arrow if and only if [e;, e;] is
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a nonzero multiple of e; for some j. The arrow i — k is then decorated with the label
J; we will write i s k. Ttis clear from the definition that for fixed i, j there can be at
MOst one arrow i — J and at most one arrow i EN e. In addition, if { I k is an arrow,

then j % kis also an arrow. Nilpotency implies that the graph is acyclic; additionally,
it satisfies a condition involving concatenated arrows which follows from the Jacobi
identity. All these conditions (see [5] for details) define a class of labeled directed
acyclic graphs known as nice diagrams. These are combinatorial objects which can in
principle be classified in any fixed dimension.

Having assigned a nice diagram A, any nice Lie algebra whose underlying nice
diagram is A can be expressed by assigning structure constants c;jx to every arrow

i % kinsucha way that the Jacobi identity holds. However, the solution may not exist
or be unique; thus, the correspondence between nice Lie algebra and nice diagrams is

not bijective. In particular, if each basis vector ¢; is rescaled by a constant g;, a new
solution {c; jk} is obtained by ¢} k= %ci jk- This can be seen as follows.
i5j
Given a nice diagram A, one defines the root matrix M a, which has a row of the

form

©,..., =1,..., =1,..., 1 ,...,0)
i j

for every pair of arrows i EN k,j <> k. The rows of M represent the weights for the
action of the diagonal group D, (in the basis {¢/ ® e;} of its Lie algebra 0,,) on the
m-dimensional space of structure constants {c;;x}. Accordingly, we can view Mx as
a linear map 9, — 9,,, which exponentiates to a map D, — D,, which we denote by
eMa; identifying 9, with R” and 9, with R™ if the I-th row of M4 corresponds to

8k
. . . gt g'/ )
It then follows that when M is surjective the structure constants ¢;jx can be nor-

malized to 1 by rescaling. Otherwise, continuous families of Lie algebras with the
same diagram may occur. In order to avoid the difficulty of having to solve equations
depending on parameters, we will only consider nice diagrams with surjective root
matrix in this paper.

Nice Lie algebras have two features which make them a good candidate for the
construction of solutions of Egs. 1 and 3. First, one has fine control over the derivations,
as the following holds:

i L k, the I-th component of eM2 (g1, ..., gu) is

Proposition 2.2 ([21, Proof of Theorem 3]) Let g be a Lie algebra with a nice basis
ei, ..., en. Then every derivation of g splits as the sum of a diagonal derivation
> rie' ® e; and a derivation with zeroes on the diagonal, Zi# ajje' @ e;.

Moreover, diagonal derivations can be computed solely in terms of the nice diagrams.
Given a vector v € R”, we will denote by vP the diagonal n x n matrix with entries
determined by v. On a nice Lie algebra g, identified with R” by fixing a nice basis,
one then has:

vDeDerg <= v € ker M. )
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The second and most important feature of nice Lie algebras is that any diagonal
metric has diagonal Ricci operator. The problem of determining a diagonal metric with
prescribed Ricci tensor is then expressed by n equations in n unknowns; furthermore, it
can be split into a linear and a polynomial problem. We will use the following formula:

Proposition 2.3 ([6, Theorem 2.3]) If g is a nice Lie algebra with nice diagram A
and structure constants {c1}, then the Ricci operator of the diagonal metric g° =
gle! @e' + ...+ g @ is

Ric = (M5 X)P. (%) =e'2(g). ®)
2 cy

XL
2

)= eMa(g) is only relevant to
1

Notice that the particular value of g satisfying <

establish the signature: if g and & are solutions of Eq. 5 that differ by a positive factor
in each entry, say g; = #;h;, then the map that rescales each ¢; by /7 is a Lie algebra
isomorphism, i.e. the metrics g and AP effectively correspond to the same metric and
Lie algebra written relative to different bases. To account for the signature, we will
introduce the notation

1 x<0O

, logsign X = (logsignxy);.
0 x>0

logsignx = {

Equation 5 shows that if / represents the arrow i Lok, x 1 has the same sign as
gk/(gigj); in term of the mod 2 reduction of the root matrix, denoted M >, we can
write

logsign X = M > logsign g. (6)

Finally, let us recall that an automorphism of the nice diagram is a permutation o of

oj 1
its nodes that maps arrows to arrows, i.e. o; BEN oy 1s an arrow whenever i L kisan
arrow. It is natural to consider nice diagrams up to automorphisms, which corresponds
to considering nice Lie algebras up to reordering of the basis. An explicit computation
of automorphisms of a nice diagram is given below in Example 4.1.

3 Constructing Generalized Nilsolitons

The aim of the section is to develop tools to construct solutions to the “generalized
nilsoliton” Eq. 3 on a nice Lie algebra g. We consider the case tr D # 0, which gives
rise to nonunimodular solvmanifolds g x p R. The derivation D will turn out to be
diagonalizable, but not diagonal relative to the nice basis.

In the following construction, we consider derivations D which are almost diagonal,
meaning that their nondiagonal entries are indexed by a set

A= {1, j0), -, G, JOb

i1y .-y 0ks J1,---, Jk pairwise distinct elementsin 1, ..., n.

)
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The next lemma will be the guide to determine what properties should be imposed
on the set .4 and derivation D. Without loss of generality, we will require tr D = tr D?.
Notice that this normalization affects the Einstein constant — tr((D*)2).

Lemma 3.1 Let g be a nice Lie algebra with a diagonal metric
g=ge' Qe +...+g,"®",

let A be as in Eq. 7, and let D be a derivation of the form

D=)e' ®@e +...+ " Qep + Z aj,-ei®ej,
(i,j)eA

where the aj; are nonzero. Assume furthermore that tr D = tr D? # 0. Then Eq. 3
holds if and only if for (i, j) € A

eiade! =0, rD=2x —Aj, a?i=2&A;trD,
8j

where A; are constants such that

tr(D,uD)=<1+ Z Aj.>tr;LD+ Z A;(Mj—m), uP e Derg, (8)

@i,))eA (i,j)eA
and
1 . o .
tr—DR1c=—<l+ > A’j>Id— Y. A/ ®ej—d @e)
(i.)eA (i.)eA

+ el ®er+ ...+ At @ep).

Proof We compute

D*=ne' @ei+...+ " @ent+ Y 8l il @ ey
= g
(i,j)eA

Since g is nice, the diagonal part of D is a derivation (see Proposition 2.2). Therefore,
trad v o D* = 0 if and only if

0=tr<advo Z g—ja,-ie/@)ei)) = Z g—jaﬁe’([v,ei])
@i,j)eA (i,j)eA

= —v] Z &aji(ei_ndej), v Eg.

(e S
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By the nice condition, the terms ¢; sde’/ = 0 can only be linearly dependent if they
are zero. We also compute

[D, D*] = Z <aﬂ(k —Aj )(g el Qe+ ®e])+—a (ej®e]—e ®el)>

@i,j)eA
s 1 n 1 j
D’ =Xle Qe +...4+ Aye ®en+§ Z aj,(e Qej + e ®ei),
(i,))eA
12 24 2 2 8j 2 1 2 8j
tr(D*)7) = A7+ ...+ A; +— Z a; _tr(D)+§ Z ”g'
<z NeA G.jpeA

Since we assume aj; # 0, the offdiagonal part of Eq. 3 is satisfied if and only if
for (i, j) e A

1 i . 1. P
—E(Ai - )»j)(%e] ®ei+e Qej)+ (tr D)(Ee’ ®ej+ Z%iej ®ei) =0,

i.e.
trD=A; —Aj, @i, j) e A

On the other hand, the diagonal part of Eq. 3 gives

1
Ric:—(Z)\%+§ Z 28;) Z g{; a]l(ej®e —é ®e)
i

jl
(i,j)eA &i (i,j))eA
+ (tr D)(ine" ®e,~).

i

2
8j4ji
2gitr D

1 tr D? i P , ,
in— § : _ 2 ' J ol e D
trDRlc_ (trD + Aj> Id Aj(e ®ej—e' ®e;)+ Ei rie' ®e;.

(i,j)eA i,j)eA

Setting A; = and dividing by tr D, we can write

If P is a diagonal derivation, since tr(Ric ouP) = 0, we compute
0= —<1 + Z A;) trpuP — Z A;(Mj — i) +tr DuP.
(i.))eA (i.j)eA
O

Remark 3.2 A derivation D satisfying the conditions of Lemma 3.1 must necessarily
be diagonalizable. Indeed, suppose D is as in Lemma 3.1. Up to reordering indices,
we can assume that D is upper triangular; in particular, the diagonal elements A; are
the eigenvalues. If A = X ; is an eigenvalue, then the j-th row of D — Al consists of
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zeroes except possibly for the i-th entry, if (i, j) € A; in the latter case, however,
Ai —Aj =t D # 0, so the i-th row of D — A is zero everywhere except at the
i-th entry. This shows that the rank of D — A1 coincides with the number of diagonal
elements distinct from A. Thus, D is diagonalizable.

Remark 3.3 A similar construction as in Lemma 3.1 could be in principle considered
for tr D = 0; in that case, g xp R would be unimodular, and the derivation not
diagonalizable. We do not know whether this will produce new examples; we plan to
study this in future work.

Example 3.4 Consider the Lie algebra g = (0,0, e'?, 613); this notation, inspired

by [22], means that there is a fixed basis ey, . . ., e4 such that the dual basis el, ..., et

satisfies
de' :0:d62, de’ = ¢! Aez, de* =e' A&,

The generic diagonal derivation is
(—a+b,2a —b,a,b)P.
We consider A = {(1, 2)}, i.e. the derivation
D=(-a+b,2a—b,a, b)D + a21el ® es.
The condition tr D = 2a + b = A1 — Ay gives
2a+b=—-a+b— (2a-b),;

together with the Eq. 8, this gives a linear system in a, b, A% with solution

7 . 11 35
= —, = -, b = -,
75 2T 51
i.e. .
e
_ a1 —17
b 0 0 %0
0 0 02
In addition, we have
2 _ 10881
2 867 g

By Eq. 5, we must solve

I, 23 2 11 1
—MAX) = (-2 -2 - 5 ).
2tr D 51 17 513

196 98
X=(—,=2).
867" 153

which gives
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Now we must solve eM2 (g) = X, i.e.

83 196 84 98

gig2 867 gigz 153

A particular solution is given by

4312 422576 7

289 84T Tz Ty

Therefore we see that the metric

4312 422576
P el FfRP R’

289 ¢ T 14739

el @e!l — 227 @ —

on the Lie algebra g = g X p Span {es}

28 15 7 25 7 15 7 35 12 35 45 13
=1 P - - y 1 s 1 70
(51e 7¢ Tl s e 5o e

is Einstein with

. 98
Ric=—-—1d.
289

In Lemma 3.1, the structure constants are fixed, the parameters {a;} must satisfy
linear conditions that make D a derivation, and the A’ linear conditions that follow
from tr(RicoD) = 0, but their relation to the metric is nonlinear. We now take a
differerent point of view: we do not fix the structure constants, but only the nice
diagram. The A"/ and the diagonal part of the derivations are determined linearly,
and then we impose conditions on the structure constants so that the Ricci operator
takes the required form and D is a derivation. Notice that since we allow the structure
constants to vary, we may assume that the nice basis is orthonormal, i.e. the g; equal
=+ 1. This leads to the following definition.

Let A be a nice diagram with n nodes. We will identify nodes with numbers
{1,...,n}. Let A be a nonempty subset of N(A) x N(A). Let D: R* — R”" be
a linear map, A: A — R* a function; we will write Al for A(i, j). We say that
(D, A, A) is a nondiagonal triple if the following conditions hold:

(N1) whenever (i, j)isin A, i # J;
(N2) whenever (i, j), (i’, j') are distinct elements of A, then the elements i, j, i’, j’
are pairwise distinct;

(N3) if (i, j) is in A, then there is no arrow i LY Js
(N4) denoting by (A1, ..., A,) the diagonal elements of D, for every i € ker Ma,

Zkiui = <1 + Z A’,) Zm + Z A;(Mj = [i);
i (i,j)eA i (i,)eA

(N5) A1 +...+ A, =A; — Aj whenever (i, j) € A;

W Birkhauser
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(N6) D takes the form

D=Xe' Qel+...+ " Qey + Z ajiei®ej,
(i,j)eA

wherea?i = ‘ZAS. trD’ #0and (A1,..., Ay) isin ker M.

Remark 3.5 Conditions (N4) and (N5) always determine the A; completely, but not
necessarily the A’j. Indeed, let f;j(A) = A1 +---+ Ay — (A; — A;) and let

V={iekerMs| f;;(0) =0}, dimV =ns

be the space of diagonal derivations satisfying (N5). Then, for A in V, imposing (N4)
for any p in V yields ns independent equations

Z)»iui = Z,U«i,
i i

thus completely determining A € ker M.
On the other hand, consider W C ker M such that V. @ W = ker M a. Impos-
ing (N4) for v in W gives an equation of the form

D fii (WAL = () — tr(w). ©)

iJ

The matrix of this linear system in the unknowns Aé. has columns f;; (), where
each generator o of W determines a row.

The rows are independent because W intersects V trivially. Hence, the system
always admits a solution, which is unique precisely when dim W = |A4], i.e.

ns = dimker Ma — | A|.

This holds if and only if condition (N5) imposes exactly |.A]| linearly independent
equations.

Remark 3.6 Any Lie algebra admits a semisimple derivation N satisfying tr Nf =
tr f for every derivation f, unique up to automorphisms, known as a Nikolayevsky
derivation, or pre-Einstein derivation; it is known that for Riemannian solutions of Eq.
1 one must have D = N up to multiples and automorphisms (see [21, Theorem 1]). If
A is empty, condition (N4) implies that D is the Nikolayevsky derivation. In general,
however, the Nikolayevsky derivation will not satisfy (N5) (for instance, when its
eigenvalues are positive, as is the case for Riemannian nilsolitons). In addition, D may
only equal the Nikolayevsky derivation if the linear equations Eq. 9 are homogeneous.
A nontrivial solution in A only exists if the columns f;;(u) are linearly dependent,
ie. |[A] > dim W, which means that the equations of condition (N5) are linearly
dependent. In this paper we will focus on Lie algebras of dimension < 5, for which
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the Nikolayevsky derivation has positive eigenvalues, and those of higher dimension
for which the equations of condition (N5) are independent. Therefore, none of the
metrics we construct have D = N up to a multiple.

In the next theorem, we restate the construction of Lemma 3.1 using nice diagrams

and nondiagonal triples. We will use the notation [x] to represent the vector all of
whose entries equal x in R”, where 7 is to be deduced from the context.

Theorem 3.7 Let A be a nice diagram. Let (A, D, A) be a nondiagonal triple. Let X
be a vector such that

1 . _
m(’MAX)z[—l— > A’j}+ > Alei—ej)+ (.. d). (10)
(i,/)eA (i.))eA

Suppose € € {£1}" satisfies
M 2(logsign €) = logsign X, €/ej = sign(Ag tr D), (i,j) € A

Suppose g is a nice Lie algebra with diagram A such that the structure constants
satisfy c? = |x7| and D is a derivation. Then the diagonal metric €® satisfies Eq. 3.

Proof The hypotheses of Lemma 3.1 are satisfied. Thus, the Ricci operator is diagonal
and Eq. 3 is equivalent to

1 . 7P .
r—Rlc:|:—l— > A’j} + ) Allei —ep)P + (.. AP
(i,))eA (i,))eA

By Proposition 2.3, we must solve

eMae) = <x_;) = (signxl).
‘1
Taking log signs, this boils down to
Ma 2(logsign €) = logsign X.

O

Every metric obtained with Theorem 3.7 determines a standard Einstein solvmani-
fold which is not of pseudo-Iwasawa type by applying Theorem 2.1. We will illustrate
this concretely in one example.

W Birkhauser
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Example 3.8 Consider the diagram with four nodes and arrows 1 2 3,1 3 4. Then
we have a nondiagonal triple given by

B 0 00

+5V3V22 -5 0 0 11

={(1,2 D=5 17 A= ——.
0 0 02

A solution of Eq. 10 is given by

(196 98
“\867 153 )"

giving rise to the Lie algebra

14 98
0,0, —~/867¢'2, .| —e'3 ).
867 153

It is easy to check that D is always a derivation. We have two choices of € that satisfy
the conditions of Theorem 3.7, namely

e=(-1,1,-1,1), e=(,—1,—1,-1).

The resulting 5-dimensional solvable Lie algebra is

(28 15+ \/_\/—625 _ 25’ 7 35 14@ 12 35 45+ 2613,0>.
51 51° 153

It will be convenient to give the following definition. Given a nondiagonal triple
(A, A, D), a nondiagonal solution is a pair ({c;}, €) such that the conditions of The-
orem 3.7 hold for some X. Notice that X is uniquely determined by the data.

A nondiagonal solution determines an Einstein solvmanifold applying Theorem 3.7
and Theorem 2.1. We conclude this section by discussing when two Einstein solvman-
ifolds obtained in this way should be regarded as equivalent.

In general, identifying whether two solvmanifolds are isometric as pseudo-
Riemannian manifolds is a difficult problem. There is a straightforward sufficient
condition that one can test, as explained in [1, Theorem 5.6], [9, Proposition 1.1]. The
observation is that if D is replaced with a different derivation D’ that commutes with
D and such that D — D’ is skew-symmetric relative to the metric, the resulting exten-
sions g X pr R and g X p R lead to isometric pseudo-Riemannian manifolds. However,
no two metrics obtained from Theorem 3.7 can be related in this way. Indeed, fix two
nondiagonal triples (A, A, D), (A’, A’, D’). The form of the metric implies that the
space of skew-symmetric endomorphisms is spanned by

e Rej —EiEjej Rei, [ #]J.
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The only possibility in order to have a pair (j, i) such that both (i, j) and (j, i)
are nonzero entries of D — D" isif (i, j) € A and (j, i) € A’ or viceversa. On the
other hand, ¢/ ® e j — €€ jej ® e; will not commute with D in this case, because
)\-i_)"j =t D #0.

A finer notion of equivalence we can consider is identifying two extensions g x p R
and g’ x p' R if they are related by a Lie algebra isomorphism which is also an isometry.
We observe that since in the construction tr D # 0, g is the nilradical of g xp R.
Therefore, an isomorphism g xp R — g xp R would induce an isomorphism of
the nilradicals g and g’. Since the nilradicals are nice Lie algebras, we consider two
nondiagonal solutions equivalent if denoting by g the nice Lie algebra determined
by A, {c;} and g the metric defined by €, with g/, g’ defined similarly, there is an
equivalence of nice Lie algebras g — g’ that maps g to ¢’ and D to D’.

Lemma 3.9 Given nice diagrams A, A', nondiagonal triples (A, A, D), (A', A’, D),
and nondiagonal solutions ({c;}, €), ({c/I}, €"), the nondiagonal solutions are equiva-
lent if and only if there is an isomorphism of nice diagrams f: A — A and§ € {£1}"
such that

Mgy =his  apaypiy = 8i8jaij. iy piyrao = 8i8jdkcijis €5y = €.

Proof Since the nice bases are assumed to be orthonormal, the isomorphism is essen-
tially obtained by a permutation of the indices {1, ..., n}, which corresponds to an
isomorphism of the diagrams, preceded by sign flips. O

If we fix A, (8, f) asin Lemma 3.9 is an element of the group Z5 »x Aut(A), acting
on the set of nondiagonal triples. Equivalence of nondiagonal triples amounts to being
in the same orbit for this action.

4 Algorithm, Implementation and Results

The discussion of Section 3 leads naturally to an algorithm to classify nondiagonal
solutions up to equivalence, which we give explicitly in Algorithm 1. The algorithm
reflects the construction in a straightforward way; the only subtlety is that for efficiency
the quotient under the action of Z5 x Aut(A) is taken in two steps: in the outer iteration
through the possible index sets A, only one index set is taken in each orbit for the
natural action of Aut(A), and at the end of the iteration, the resulting nondiagonal
triples are factored by the action of Z7 x (Aut A)A, where (Aut A)A indicates the
stabilizer of A.

Example 4.1 Consider the nice diagram A with 5 nodes and arrows 1 i 3,1 i

4,1 2 5 (see Fig. 1). The only nontrivial automorphism of A is the involution
(12)(45). The sets A that satisfy (N1)-(N3) are reduced using the automorphism
of A, so (1,2) is in the same orbit as (2, 1); similarly, (5, 3) is in the same orbit as
(4,3). Since D = d;je; ® e/ in the nondiagonal triple (A, A, D) is a derivation of
a Lie algebra g with diagram A, and since the generic derivation of the Lie algebra
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Algorithm 1 Classification of nondiagonal solutions up to equivalence.

input : The dimension n

output: Nondiagonal solutions up to equivalence on nice Lie algebras of dimension n
for A nice diagram with n nodes (one in each isomorphism class) do

L0

derivation do

for A C N(A) x N(A) nonempty and satisfying (N1)—(N3) (one in each Aut(A)-orbit) do

Compute X so that Eq. 10 holds.

1

2

3

4 Compute (A1, ..., A,) € ker Ma and A: A — R* such that (N4) and (N5) hold.

5

6 for {c;} with c% = |x7| and D as in (N6) such that the Jacobi identity holds and D is a

7 for € such that Theorem 3.7 holds do
8 | add (A, A, D, {c},e)t0L
9 Add a section of L/(Zg X Aut(A)A) to output

Fig.1 Diagram of (0, 0, 612, 613, 623)

(0,0, cinze'?, crzae'3

dyz — dy dip
dyi  dn
d31  dn
dqyp  dap
ds

, 6‘235623) is given by

1

1 2
0 0 0
0 0 0
d; 0 0

Ly 2d33 —dyp Ldp

€123 €235

ds) —=F3d31  F2dy dy +ds3

€123 €13

the elements of D in position (2, 1) and (5, 4) are simultaneously zero or nonzero, and
similarly for: (1, 2) and (4, 5); (3, 2) and (4, 3); (3, 1) and (5, 3). In addition, d4> and
dsj are allowed to be nonzero; the remaining nondiagonal elements vanish. Taking all
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into account, the following are the allowed A up to the action of Aut(A):

Ar=1{1,9}, A ={1,5,24}, A3={(1,2),45)}

We see that
—-1-1100
Ma=|—-10 —-110},
0 —-1-101

so ker Mao = {(A3 — A2, A2, A3, 2A3 — A2, A2 + A3) | A2, A3 € R}. Conditions (N4)—
(N5) give the following constraints for each case:
Case A; = {(1,5)}.

20 4+ 5AL+5="T3

24 = A3 + Al :
SA3 = —=2X;
with solution Aé = —%, A3 = % and A = —%. Equation 10 gives

25 25 25
X= A oA’ or’ )
<63 84’ 84 )

solving cl.zjk = |x,~jk] we get

5 5 5

C123 = ——=, (134 = , €235 = ——3
37 24/21 2421

and by al.zj = ‘2A; tr D‘ we obtain

5[5
=42 /2
BI==3y3

However, Ma »(logsign €) = logsign X gives €1€263 = +1 = epezes, thus
€] = €1€2€3€5 = €5,

bute;/e; = sign(A;. tr D) gives €1€5 = —1, which is impossible.
Case A; ={(1,5), (2,4)}.

24 +TAZ+5A +5 =713
20 + A7 =23+ Al

SA3 = =2\
20 = TA3
with solution A; = —15—2, Aﬁ = —15—2, A3 = 0 and X, = 0. This does not give a

nondiagonal triple because tr D is zero.
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Case Az ={(1,2), 4,5)}.

20 +4AL +4A2+5 =13
203 4+ 241 + 242 = 41y :

M +213=0
with solution A% = —A;—‘ 31 s A3 = 31 and Ay = —37 9 Equation 10 gives
100 150 Al 31 11 A4 31 14
, X134, —Xx , =——x —Xx
961° " ge1 TP T2 T gt T g A5 T 50t T g
solving Cizjk = |xl~jk| we get
10 | | 150
c123 = c134 = VIx13al, ¢35 = /| — — x134];
123 =37 134 134 235 961 134

and by al.zj = ‘ZAi. tr D‘ we obtain

+5,/ 2 |A} b5 |2 |_al -2
az) = — , as4 = — |—A) — —|.
2 31172 > 31| 72731

Since D is a derivation, we obtain assc134 = cp34a21. Taking the square and
substituting the previous equation we get the following

31 14 150

%x134 - ﬁ = 9? — X134

31 11

—ZnX134 —

[x134] 50 i

which gives three solutions for xi34, namely 9%,% (3—5\/§> and

961 (5\/_ + 3) However, M »(logsigne) = logsign X and
€/€j = sign(A’j tr D) have solutions only for x134 = %, hence we get
75 | 25 A4 25 " 25 " 25
X = —, = ——, = ——Q, a = -, a = -,
P4 T 9610 2T Ty T T T TRl YT I

and the metrics are

—el®e1+e2®e2—e3®e3+e4®e4—es®e5,

(11)
€1®€1—€2®€2—€3®e3—e4®€4+€5®€5.

Finally, we observe that changing the sign of e1, e3 and e5 amounts to switching
the sign of a7 and a4s, and by Lemma 3.9 we only need to consider the case
ar; > 0.
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So we conclude that up to equivalence the only solution is given by the Lie algebra

0,0, ;(1) 12, Sglf 13, 5“[ %3) with metrics Eq. 11 and derivation

15 10 5 20 5 D+251® LBy
= D T S R =€ (%) e 4 4
317 31°31°31° 31 31 31 >

Applying Algorithm 1 poses several problems. We illustrate the issues and how we

addressed them in our implementation (https://github.com/diego-conti/jormungandr),
based on the C ++ library GiNaC [2].

1. At line 2 of Algorithm 1, a classification of nice diagrams up to automorphisms
is needed. An algorithm to this effect was introduced in [5] and implemented
in (https://github.com/diego-conti/  DEMONbLAST); thus, we resorted to the same
code.

2. For a fixed nice diagram, the set of possible .4 is generally quite large; however,
as observed in Example 4.1, at line 2 it is not necessary to consider all possible
A, but only those such that for some nice Lie algebra with diagram A there exist
derivations whose nondiagonal entries are exactly parameterized by .A. In general,
the nice diagram does not determine the nice Lie algebra uniquely; however, it is
always possible to write down a linear space that contains the space of derivations
of all Lie algebras with a given nice diagram. This optimization also has the effect
of eliminating nice diagrams which are not associated to any nice Lie algebra.

3. At lines 4-5, computing Ay, ..., A,, A and X are linear computations. These
may result in solutions depending on parameters: as observed in Remark 3.5,
if (N5) does not determine Aq, ..., A,, then the A’j are not uniquely determined.

Additionally, it may be the case that Eq. 10 does not determine X if ‘M is not
injective, i.e. the root matrix M is not surjective.

4. Atline 6, nonlinear computations take place: X determines the structure constants,
but square roots appear in the expression. Simple equations such as those of Exam-
ple 4.1, case Az can be solved automatically by rationalizing and solving a second
degree equation in one variable, and we implemented this in (https://github.com/
diego-conti/jormungandr), but this becomes hopeless as free parameters increase
or when equations contain the sum of three square roots.

5. At line 9, we need to extract a section. For this, we used the explicit form of
the group action given in Lemma 3.9 and a simple scheme where the set L is
progressively reduced by an iteration that eliminates elements that are in the orbit
of preceding elements.

For the reasons outlined above, in dimension 6 and higher, our software is not able
to solve all cases. With this in mind, we have restricted our classifications ton < 5,
and 6 < n < 9 with surjective root matrix and A chosen so that (N5) consists of
|A| independent equations. Notice that in dimension 5 the root matrix is automatically
surjective. The resulting solutions of Eq. 3, each giving rise to an Einstein solvmanifold
in one dimension higher, are given in Tables 1, 2, A, B, C and D (see the ancillary
files). Each table row contains a Lie algebra g, a derivation D, and then the list of
compatible metrics. The derivation D is expressed as asum v+ ) a;j¢’ ® e, where v
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Table 1 Solutions of Eq. 3 obtained with Algorithm 1 withn = 3, 4

Name A g D S
6 _2 4
31:1 0.0, 3e'? (7g 17’7) (13,23}
+7€ ®€2
3:1 0,0,0 (1 5 9 {1,13,2,23}
+ el ®62
7 35
21:1 0, 4./3.12, 1 /33,13 (51’ ol T 51) 13,234
51 51 +51\/>e Qe { }
6 8
41:1 0.0,0, &+/22¢1? (13~ 17’ 7 17) {134, 14, 234, 24}
+17e ®
. WAL (0,0,1,0)
41:1 0.0,0, 3v/6e Zfe3®e4 {123, 14,3}
41:1 0,0,0, L/6e12 (3’ =59 {12, 14, 234, 3}
- +3 2./3¢! ®e3
0)
411 0,0,0, 2/6e!2 G -3 %’ 14,24
261®62+ fe R ey { )
_ a.-+ i h {1, 13, 134,
4:1 0,0,0,0 4ol @ e 2,23,234)
33 1 _1
4:1 0,0,0,0 4(f’5’ 5 25) {12, 14, 34)
+3¢ ®e3+ 3" Qey

is a vector representing the diagonal derivation vP. Since the nice basis is orthonormal,
the metric is specified by giving the indices of the timelike vectors in the basis; thus,
for instance, 12 represents the metric diag(—1, —1, 1, ..., 1). The set of admissible
signatures is denoted by S. We obtain:

Theorem 4.2 Every solution of Eq. 3 arising from a nondiagonal triple on a nice
diagram with n < 5 is equivalent to exactly one entry in Tables 1 or 2.

Theorem 4.3 Every solution of Eq. 3 arising from a nondiagonal triple on a nice
diagram with 6 < n <9, a surjective root matrix and A chosen so that (N5) consists
of |A| independent equations is equivalent to exactly one entry in Tables A, B, C, D
(see ancillary files).

In order to show that the construction of this paper yields new metrics, we compare
the Einstein solvmanifolds we obtain to the known Einstein metrics of pseudo-Iwasawa
type. Specifically, we compare with the Einstein solvmanifolds obtained by extending
a nilsoliton of dimension < 4 that admits an orthonormal nice basis.

Proposition 4.4 The Einstein solvmanifolds obtained from the metrics of Table 1 are
not isometric to any pseudo-Iwasawa Einstein solvmanifolds obtained by extending a
nilsoliton admitting a nice orthonormal basis.

Proof Diagonal nilsoliton metrics on irreducible nice Lie algebras of dimension 3 and
4 are classified in [8]. Using the same methods, the classification can be extended
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to include the reducible nice Lie algebra (0, 0, 0, elz). For each nilsoliton obtained
in this way, we can write down explicitly the resulting Einstein solvmanifold g and
compute the curvature tensor. The metric is determined only up to a multiple; we will
fix a normalization, so the statement must be proved up to isometry and rescaling.

By raising an index, we view the curvature tensor as an element of A%§* ® § ® §
rather than A%§* ® §* ® §, obtaining an endomorphism R: A%§ — A’§. We use the
conjugacy class of R as an invariant. More precisely, we determine the characteristic
polynomial and whether R is diagonalizable; notice that R is symmetric relative to
the scalar product induced by g on A2§, but the latter is not definite, so the spectral
theorem does not apply. It turns out that the trace of R is nonzero in each case; in order
to account for rescalings, we consider the characteristic polynomial of the normalized
operator R= ﬁR'

We illustrate the computation comparing the metrics obtained by extending the
Heisenberg Lie algebra. Extending the diagonal nilsoliton metric, we obtain the
Lie algebra (%\/5614, l\/ge%, lﬁel2 + %ﬁe“, 0) with metric el@el —?2 @
2 — & ® e + e* ® e*; the Riemann operator R: A% — A? in the basis
{elz, el3, e14 23 024 634} is given by the matrix

1 1
510008
12 12
oo?ﬁoo’
ol BE g
1102001021
6 3

which is diagonalizable. On the other hand, the extension of the Heisenberg Lie algebra
corresponding to the first entry of Table 1 yields the Einstein Lie algebra (ge”, %eM -
%324, ‘7‘612 + %634) with metrice! @ e! — 2 @ €2 — &3 ® €3 + ¢* ® ¢*; the Riemann
operator R is then given by the matrix

20 0 0 0 %
0 20 8 _16 4 g
90 A9, TP D
0o -%-% & o
0 l_é ﬁ_ﬁ_ﬁo ’
9, 49074 I
0 -4 _1l6 8" 200
g 497 5 4o
s 0 0 0 0 g

which is not diagonalizable. Thus, the metrics are not isometric. Notice that the char-
acteristic polynomial is not sufficient to distinguish these two particular metrics, since

in both cases one obtains det(A Id —I§) =20 -4+ % — % + 4)‘722.

To compare the rest of the metrics, we use both diagonalizability and the charac-
teristic polynomial of R, which due to the normalization takes the form AV — AN ~1 4
a)A¥ =2 4+ .. Tt turns out that the coefficient a5 is sufficient to distinguish metrics

obtained from diagonal nilsolitons from those obtained by nondiagonal triples.
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In Table 3, we list Einstein solvmanifolds obtained by extending a diagonal nice
nilsoliton, the signature and the corresponding value of a»; a check mark v in the last
column indicates that R is diagonalizable over C. We do not include positive-definite
metrics, since the purpose is a comparison with the metrics obtained from Table 1,
which are indefinite by design. Table 4 contains analogous data, starting with the
metrics of Table 1.

In both tables, only one entry is given up to equivalence in the sense of Lemma 3.9.
Notice that when more than one signature arises, the signatures are related by an
element of ker M 2. The corresponding metrics are then related by a so-called Wick
rotation, so it is not surprising that the Riemann tensor is the same ([8, 13]). Metrics
related in this way appear in the same row in the table.

Since ay is an invariant up to isometry and rescaling, the statement follows by
comparing the rows of the two tables. O

Remark 4.5 In the Riemannian case, an Einstein solvmanifold is determined by the
nilradical: two Einstein solvmanifolds with isomorphic nilradicals are isometric (see
[12, 19]). In the indefinite case this is not true: indeed, there exist nilpotent Lie alge-
bras with two nonisometric nilsoliton metrics, and this implies that the corresponding
Einstein standard extensions are nonisometric (see [7, Remark 2.6]).

The construction of this paper shows in addition that even if one fixes the metric on
the nilradical, the standard Einstein extension is not unique. For instance, consider the
two extensions of the Heisenberg Lie algebra given explicitly in the proof of Proposi-
tion 4.4. The metrics induced on the nilradical are diagonal metrics on the Heisenberg
Lie algebra, so they coincide up to a change of basis and rescaling. However, the
extensions are not isometric.

Moreover, we easily see that the pseudo-Iwasawa extension is isomorphic to M 12
of [11], whilst the other is isomorphic to M %3: thus, they are neither isometric nor

7

isomorphic.
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org/10.1007/s00031-024-09864-1.
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