TIME DECAY OF SCALING INVARIANT ELECTROMAGNETIC
SCHRODINGER EQUATIONS ON THE PLANE

LUCA FANELLI, VERONICA FELLI, MARCO A. FONTELOS, AND ANA PRIMO

ABSTRACT. We prove the sharp L' — L time-decay estimate for the 2D -
Schrédinger equation with a general family of scaling critical electromagnetic
potentials.

1. INTRODUCTION
Let us consider an electromagnetic Schréodinger equation of the type
AGEY | alE)

ER

where N > 2, u = u(z,t) : RV = C, a € WH°(SV~1,R), S¥~! denotes the unit
circle, and A € W1>°(SN=1 RN) is a transversal vector field, namely

(1.2) AB)-6=0 forall§ecSN-1

We always denote by 7 := |z|, § = x/|z|, so that x = rf. Notice that the potentials
A/|z| and a/|z|? preserve the natural scaling uy(z,t) := u(z/\,t/\?) of the free
Schrédinger equation, and consequently they show a critical behavior with respect
to several phenomena.

In [16], we started a program based on the connection between the Schrodinger
flow e'*£a.e  generated by the hamiltonian

A(E
(1.3) Lag:=|—-iV+ + ,
|| ||

and the spectral properties of the spherical operator La q, defined by

(1.4) Laa=(—iVeva +A)° +a(0),

where Vg~ -1 is the spherical gradient on the unit sphere S¥~1. In order to describe

the project, let us start by reviewing some well known facts in classical spectral
theory.
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The spectrum of the operator La , is formed by a diverging sequence of real
eigenvalues with finite multiplicity p1(A,a) < p2(Aya) < -+ < pp(Aya) < -+
(see e.g. [19, Lemma A.5]), where each eigenvalue is repeated according to its
multiplicity. Moreover we have that limg_ oo ux(A,a) = 400. To each k > 1, we
can associate a L? (SN -1 (C)—normalized eigenfunction v, of the operator La , on
S¥=1 corresponding to the k-th eigenvalue (A, a), i.e. satisfying

{LA,awk = (A, a) Y (0), in SN
Jon1 [¥x(0)[2dS(8) = 1.

In particular, if N = 2, the functions 1 are one-variable 2w periodic functions,
i.e. 9¥r(0) = 95 (27). Since the eigenvalues py (A, a) are repeated according to their
multiplicity, exactly one eigenfunction 1y corresponds to each index £ > 1. We
can choose the functions v in such a way that they form an orthonormal basis of
L*(SN~1,C). We also introduce the numbers

(1.6) ay = ¥ - \/(N;Q)z + ue( Aya),  Bii= \/(]\,2_2)2 + k(A a),

(1.5)

so that B, = % — ag, for k=1,2,..., which will come into play in the sequel.
Under the condition
N -2V

the quadratic form associated to La o is positive definite (see [16, Section2] and
[19]); this implies that the hamiltonian L4 , is a symmetric semi-bounded operator
on L?(RY;C) which then admits a self-adjoint extension (the Friedrichs extension
which will be still denoted as L4 ,) with domain

(1.8) D(La.):={f€HRY): La,ue RV},
where H!(RY) is the completion of C> (RN \ {0}, C) with respect to the norm

1l mvy = (/RN (|V<z>(x)|2 + @) + |¢(:c)|2)) d:c>1/2.

]2

From the classical Hardy inequality (see e.g. [26, 29]), HL(RY) = HY(RY) with
equivalent norms if N > 3, while H!(RY) is strictly smaller than H*(RY) if N = 2.
Furthermore, from condition (1.7) and [19, Lemma 2.2], it follows that H}(RY)
coincides with the space obtained by completion of C2°(RY \ {0},C) with respect
to the norm naturally associated to the operator La o, i.e.

(L (o2 0

1/2

+ S )P + )| ar)
|z ||

We notice that L4 , could be not essentially self-adjoint. For example, in the case

A =0, from a theorem due to Kalf, Schmincke, Walter, and Wiist [31] and Simon

[43] (see also [39, Theorems X.11 and X.30], [20], and [21] for non constant a), it
is known that Lo, is essentially self-adjoint if and only if u;(0,a) > —(#)2 +1
and, consequently, admits a unique self-adjoint extension, which is given by the
Friedrichs extension; otherwise, i.e. if u1(0,a) < — (%)2—&—1, Lo, is not essentially

self-adjoint and admits many self-adjoint extensions, among which the Friedrichs
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extension is the only one whose domain is included in the domain of the associated
quadratic form (see also [15, Remark 2.5]).

The Friedrichs extension L4 , naturally extends to a self adjoint operator on the
dual of D(La ) and the unitary group of isometries e~#£4.a generated by —iLa 4
extends to a group of isometries on the dual of D(La ,) which will be still denoted
as e~ £a.a (see [8], Section 1.6 for further details). Then for every ug € L2(RY),
u(-,t) = e~ £Aaaqq(+) is the unique solution to the problem

u € C(R,L*(RM))NCYR, (D(Laa))"),
Uy = [fA,au7
u(0) = up.

Now, by means of (1.5) and (1.6) define the following kernel:

(1.9) Klag) = 32 i ga (allylie () o ().

k=—o0
where
) _N-2
ju(’l“) =r 2 Ju+¥(7‘)
and J, denotes the usual Bessel function of the first kind

20=(5) ¥ roevori v (3)

k=0

In the main result of [16] we prove that, ifa € L=°(S¥~! R) and A € C*(SV—1, RY)
are such that (1.2) and (1.7) hold, then

ila|?

(110) e_itLA,auo(x) — L/ K i i ez%uo(y) dy
i(2)N/2 Jan T\ V2t V2L ’
for any ug € L*(RY).
Apart from the interest in itself, formula (1.10) provides a quite solid tool to
obtain quantitative informations for the flow e~#£4.ay(z) by the analytical study
of the kernel K(z,y). In particular, if

(1.11) sup |K(x,y)| < oo
z,yeERN

holds, one automatically obtains by (1.10) the time-decay estimate
—q o _N
(1.12) e 52w ug ()| oo S 1177 fluo ()]l 2

In [16], we are able to prove (1.11) (and consequently (1.12)) in two concrete situ-
ations:

e the Aharonov-Bohm potential: a =0, A(z) = « (—w—? ﬂ), for € R, in

EIRNE]
dimension N = 2;
e the positive inverse square potential: A =0,a € R, a > 0.

In both cases, the spectrum of La , is explicit, together with a complete set of
orthonormal eigenfunctions (spherical harmonics or phase transformations of them-
selves). These examples give a positive contribution to the recent literature about
the topic, which never included before potentials with the critical homogeneity as
the ones in (1.1) (see e.g. [3, 6, 7,9, 10, 11, 12, 13, 14, 22, 23, 24, 37, 38, 40, 41, 42,
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44, 45, 48, 49, 51, 52, 53, 54]). Moreover, it is well known that these potentials rep-
resent a threshold between the validity and the failure of global (in time) dispersive
estimates, as proved in [18, 25]. Recently, Grillo and Kovarik [27] gave a proof of
sharp time-decay estimates in the case of the Aharonov-Bohm potential, combined
with a compactly supported electric potential, in dimension 2, proving also an in-
teresting remark regarding the connection of diamagnetism with improvement of
decay, in suitable weighted spaces.

The aim of this paper is to prove that estimate (1.12) holds, in space dimension
N = 2, for a general family of potentials of the same kind as in (1.1). Our main
result is the following.

Theorem 1.1. Let N =2, a € WhH(SL R), A € WH(S!,R?) satisfying (1.2)
and (A, a) > 0, and La , be given by (1.3). Then, for anyug € L*(RV)NLY(RY),
the following estimate holds:

. C
(1.13) Je™ 52w ug ()] o < HHUO(')HU’

for some C' = C(A,a) > 0 which does not depend on t and uyg.

As remarked above, the proof of Theorem 1.1 consists in showing that the kernel
K(z,y) in (1.9) is uniformly bounded. The main difficulty is to obtain this infor-
mation for the queues of the series in (1.9). In order to do this, we need to obtain
the precise asymptotic behavior in k of the set of eigenvalues and eigenfunctions of
the problem (1.5): this is the topic of Section 2 below. Once this is done, the proof
of Theorem 1.1 will be obtained, in Section 3, by suitably comparing the kernel
K with the analogous in the case of an Aharonov-Bohm potential with the same
average as the potential A on the sphere S'.

Acknowledgements. The authors wish to thank Carlos Villegas-Blas for ad-
dressing them to several useful references about the topic of Section 2.

2. SPECTRAL PROPERTIES OF SPHERICAL LAPLACIANS

The fundamental tool which we need in order to prove Theorem 1.1 is the knowl-
edge of the spectral properties of the operator La , defined by (1.4). Roughly
speaking, we need to obtain informations concerning the asymptotic behavior of
the eigenvalues py and the eigenfunctions vy in the eigenvalue problem (1.5), as
k — oo.

An extensive literature has been devoted, in the recent years, to this kind of
problems (see e.g. [28, 46, 47, 50] and the references therein). Since we did not find
sufficiently explicit results regarding general electromagnetic Laplace operators on
the 1D-sphere S!, we need to show here Lemma 2.1 below, which is possibly of
independent interest.

Before starting to settle the eigenvalue problem, we find convenient to briefly
sketch the well known consequences which the introduction of lower order terms
produces on the spectrum of the spherical Laplacian.

Let us denote by Lo := —Ag:. Being the inverse of a compact operator on L?(S!),
with form domain H'(S!), Lq has purely discrete spectrum which accumulates at
positive infinity. The explicit form is

o(Lo) = {k*}r=01....
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The k*P-eigenvalue has multiplicity 2, and the eigenfunctions are combinations of
sines and cosines.

The introduction of a 0-order term produces a spectral shift, depending on the
average of the potentials, and the formation of clusters of eigenvalues around the free
ones (Stark’s effect), if the potential is not constant. More precisely, the eigenvalues
of the operator L, := —Ag: + a(f) are of the form

1 27

e = K24+ — a(s) ds + (rest),

2w Jo
where the rest, depending on k and on the potential a, decays with order 1/k as
k tends to infinity. For the eigenfunctions v a similar behavior occurs; for large
k, Yy looks more and more like a spherical harmonic plus a rest which decays as
k tends to +oo (see e.g. [5, 28, 31, 46, 47] and appendix B of the preprint version
[17] of the present paper).

On the other hand, for a purely magnetic potential, a splitting occurs on each
eigenvalue. The most famous (and descriptive) example is given by the Aharonov-

Bohm potential, namely a =0, A(z,y) = Ag(z,9) = a (7%’ éﬁ), with a € R:
in this case, the complete set of eigenvalues and eigenfunctions of problem (1.5) can
be computed explicitly, and reads as

(2.1) M= (k+a)?, keZ
1 .

2.2 eb(0) = —e*, ke
(22 0 =

It is hence quite natural to expect that, in the general case of the operator La ,,
the picture is a superposition of the two previously mentioned ones. We did not
find in the literature a result written in the generality of Lemma 2.1 below, so that
we found convenient to state and prove it in this manuscript.

We recall that, by classical spectral theory, the spectrum of La , is formed by a
countable family of real eigenvalues with finite multiplicity {py : k¥ > 1} enumerated
in such a way that

251 < K2 <. )
where each eigenvalue is repeated according to its multiplicity. Moreover we have
that limg_y oo g = +00.
Let A :[0,27] — R be defined as A(0) = A(cosb,sinf) - (—sin 6, cos ), so that,
by assumption (1.2)

(2.3) A(cosf,sinf) = A()(—sinb,cosf), 6 € |0,2n].

Furthermore, identifying functions defined on S! with 27-periodic functions, the
operator La , can be identified with the following operator £4 , acting on 27-
periodic functions

Laap(0) = —¢"(0) + [a(0) + A%(0) — iA'(9)]0(0) — 20 A(0)¢' (0).

The main result of this section is the following asymptotic expansion of eigenvalues
and eigenfunctions of the operator La , under the non-resonant assumption that
the magnetic potential does not have half-integer or integer circulation. The case of
half-integer or integer circulation can be reduced through suitable transformations
to the magnetic-free problem, for which analogous expansions hold, see Remark
2.2.
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s}

Lemma 2.1. Let a € WH2(SY), a = ﬁ 027T

2 1
/ A(s)ds & §Z.

0
Then there exist k*, £ € N such that {p, - k> k*} ={X\;: j€Z, |j| >},

VAT =) (A= [+ §]) + Ul + Ogh),  aslil = oo

a(s)ds, A€ WL>°(S!) such that

(2.4) A=

|~

and
~ ~ 2
(2.5) N=a+ (j+A-[A+1]) +0(%), asljl = +oo.

Furthermore, for all j € Z, |j| > ¢, there exists a L* (Sl,(C) -normalized eigenfunc-
tion ¢; of the operator La o on St corresponding to the eigenvalue A; such that

L —i((A+1/200+ [0 Ay dt) (i(A+5)0
2.6 () = ——— i ([A+1/20+[] A®) (e“ﬂ) +Rv0>,
O~ 5(6)
where ||Rj||poo(s1) = O(#) as |j| = oco. In the above formula |-| denotes the floor
function |x| = max{k € Z : k < z}.

Lemma 2.1 can be interpreted as follows: asymptotically in k, eigenvalues and
eigenfunctions of (1.5) for La , are comparable with the ones in the Aharonov-
Bohm case (see (2.1), (2.2) above), by means of (2.5), (2.6).

The proof of Lemma 2.1 is based on the idea of reducing the eigenvalue problem
(1.5) to another magnetic-free problem, with different boundary conditions, by
gauge transformation; this is in fact possible, since A(cos,sinf) just depends on
the 1D-variable 6. More precisely, we observe that the gauge transformation

$(8) — e~ o AL dsy(p)

transforms the eigenvalue problem (1.5) into the new problem

2
-4% + a(0)y = e
(2.7) ¥(0) = e~ 24y (2m)
¥/(0) = e 27y (2m)
with non-periodic boundary conditions, where A is defined in (2.4), which will be
analyzed by a usual WKB-strategy.

Remark 2.2. As mentioned above, in the purely electric case A = 0, (2.5) is a well
known information about the cluster distribution of the eigenvalues (see e.g. [28]
and the references therein). More in general, if dist(g7 Z) = 0, then the eigenvalue
problem (2.7) reduces to

(2.8) ¥r(0) = Yk

i.e. the magnetic-free case. For the proof of Lemma 2.1 in the case dist(A,Z) = 0
we mention a classical result by Borg [5] (see also [28]) as a standard reference;
in appendix B of the preprint version [17] of the present paper a detailed proof
of asymptotics of eigenvalues and eigenfunctions in the purely electric case can be
found.
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We propose here a proof in the case dist(g, Z) # 0, %, since we did not find in

the literature neither the analogous to [5] for A # 0 nor the asymptotic formula
for eigenfunctions (2.6), which plays a fundamental role in the proof of our main
theorem (see section 3 below). We propose a proof which is based on a usual
WKB-strategy.

2.1. Proof of Lemma 2.1. Let us denote

(2.9) A:Z—FqL;J,

so that A € [~1/2,1/2); we notice that A € 17 if and only if A € {-1/2,0}.
Hence, under assumption (2.4), we have that

(2.10) Ae (— % %) \ {0}.

Lemma 2.3. Let a, A € Wh*(0,27), A = = 0% A(s)ds, and A as in (2.9), i.e.

A=A- Lﬁ—i— 3|. Then, letting A as in (2.3), we have that
o(Laa) =0(Laa) = 0(L£4,0)

Furthermore, ¢ is an eigenfunction of £4 , associated to the eigenvalue p if and
only if $(t) = e~ Atel Js A dso(t) is an eigenfunction of £3 , associated to .

PROOF. The proof follows by direct calculations. We notice that, since A-Ac€ Z,

function G(t) = e At Jo A 455(t) is 2n-periodic if and only if ¢(t) is 27-periodic.
O

Lemma 2.4. Let a € WhH®(S), @ = 5 o

5= Jo al(s)ds, § >0, and

Is={AeR: dist(VA—a,3Z) > d}.

There exist \s > 0 and Cs > 0 such that for every X\ € Is, X > s, there exists
Wy € C°(S!) such that

(2.11) [Wallcosty <

and

Tx(Wy) = Wiy,
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where Ty : CO(SY) — CO(SY) is defined as

T\(W)(6) = WQ;\;A@

+ 7:672\/E(0+f7r)-i 2 62\/)\59'2'( a,(6/)~' _ W2(0/)>d0/
1 — e 4vA-ami Jq 2V A —ai
6
+ ,L'e—Q\/)\—(LQi/ e?mQIi I:’d’ _ a(e/) _ W2(9/)] de/
0

_ 672\/,\7591'5 —a(0)
2V A —a

je—2VA—a(0+2m)i 27 2 /\EG'i< a/(e/) B W2(6/)>d0/
1 — e~ 4VA=armi [ 2VA — ai
B a(9) _ 6—2\/>\—69ia(0) N a— e—%/A—EGz‘a
2VA—a 2V —a
4 e 2VATabi /0 2V { a' (') Wz(af)} 40
7 —_— — .
0 2\ —ai

Moreover the map X — Wy, is continuous as a map from Is to C°(S').

+

PRrROOF. It is easy to verify that there exist A; and Cs > 0 such that for every
A€ Is, A = )5, T\ maps EC&/M = {u € C°%S'") : supg |u| < Cs/VX—a}
into itself and is a contraction there. The conclusion then follows from the Banach
contraction mapping theorem. (Il

For A € Is, A > )s, let W) be as in Lemma 2.4. Then it is easy to verify that Wy
satisfies

(2.12) —iW{(0) + 2V A =aWa(0) + WZ(0) = a—a(6), in [0,2n],
' Wa(0) = W (27).
Letting
6
(2.13) Sx(0) :=vVA—af+ / W (0') e,
0

we have that S satisfies

—1S5(0) + (S4(0))* = X — a(6), in [0, 27],
(2.14) $4(0) = S (2m),

Sx(0) = 0.
Lemma 2.5. If \ is sufficiently large, then f027r Wy (0)db € R.

PROOF. Let us define 1y () = RSx(0) and £, (0) = ISx(0). Then (2.14) implies
that

—ny +2n\& =0, in [0,27],
so that
(2.15) i (0) = Cxe®>@ - in [0, 27],
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where C\ = VA — a+RW,(0). We notice that (2.11) implies that, if A is sufficiently
large, then C'\ # 0. The condition S} (0) = S (27) implies that 1} (0) = 74 (27) and
hence from (2.15) it follows that

Ex(0) = &x(2m).
Since Sx(0) = 0, we have that £,(0) =0 and then
1 2m

5 | W= V3G o= (mr(2m) + i€ (27))

Y vy NCLVNSY
2w
O

Lemma 2.6. Let A € R such that A ¢ 37 and let 0 < § < dist(A, 3Z). Then
there exists k € N such that for all k € N, k > k, there exist )\Z, A, € Is such that
)\; > 5\5, )\; > 5\5 and

B 1 27
A —

2.16 A —a
( ) k a It o

A (0)do + k,

2w
(2.17) A —a=—A— S

2 ) W, (0)dO + k.

PROOF. Let g:[\s,+00) — R be a continuous function such that
1 2
g(A\) = — Wi(0)do for all A € I5
2 0
and [g(\)| < Cs/v/ A —a for all A > As. Then the function
f:[}g,—FOO)—)R, f()‘):VA_d_A+g()\)a

is continuous and limy 4« f(A) = +o00. Therefore there exists k sufficiently large
such that, for all k > k, there exists /\; > )5 such that f()\;) =k, i.e.

(2.18) VAE —a=k+A—g(\).

If k is sufficiently large, (2.18) implies that

dist (\//\,;*7—& %Z) = dist(4,2Z) — g(\{) > 6,

so that A, € I5 and (2.16) is proved. The proof of (2.17) is analogous. O

Lemma 2.7. Under the same assumptions as in Lemma 2.6, let, for all k > k,
)\;, Ap € Is as in Lemma 2.6. Then

27
(2.19) ; W)\If(e)dé’:O(k—lg)7 as k — 400
and
(2.20) VAF —a=A+k+0(), A, —a=—-A+k+0(&),
(2.21) AN =0+ (A4+k)?+0(%), A =a+(—A+k)?>+0(%),

as k — +o0.
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PrROOF. By integrating (2.12) between 0 and 27 and using estimate (2.11) we
have that

27 1 2

‘ 0 “2va—alo

Since from (2.16) and (2.17) it follows that A ~ k2 as k — +o00, we derive (2.19),
which yields (2.20) (and the (2.21) by squaring) in view of (2.16) and (2.17). O

7TC§

W(0)at| = | e

WZ(0) de‘ <

Lemma 2.8. Leta € Wh(S!) and A € R\ 3Z. If k > k, then
Ao A €0(€4.),
where £5 .0 = —(¢)" + [a(8) + A%]¢ — 2iAp. Moreover

5o iS4 (0 3, —iS__(0)
(2.22) ot (0) = e 40D om(g) = 140N D),

are eigenfunctions of £ , associated to )\z, A, respectively.
Proor. By direct calculations, we have that cpkj,t satisfy
—(GEY"(0) + [al6) + A%]oE (0) — 2iA(6E) (0) = NEGE(0)
in [0,27], i.e. i are non-trivial solutions to
Siapk =Apwei in[0,2a].
Furthermore (2.16) and (2.17) imply that
GEO0) = ¢E2m) and (¢E)(0) = (o) (27).
The lemma is thereby proved. O

We recall from [32] the following result, which is based on Kato’s Perturbation
Theory and which will be the key ingredient in the proof of Lemma 2.10 below.

Lemma 2.9. Let Lo, L : H — H be two self-adjoint operators on a Hilbert space
‘H. Denote by

Ro(\) := (Lo —AXI)™'  R(\):= (L - XI)"".

Then:
(1) if Ro(X), R(X) € L(H), then X is not an eigenvalue (neither for Ry nor for
R(N));
(2) if the operator
1
T:=— —
e [ (RO) = Ro) ax

has operator norm ||T||z2) < 1, being T' a closed curve in the complex
plane, then the number of eigenvalues (counted with multiplicity) of Lo and
L contained in the region bounded by T' is the same.

As a consequence of Lemma 2.9 we can now describe how large eigenvalues
distribute aroud the free ones.
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Lemma 2.10. Leta € Wh°(S!) and A € (-2

1, 3\{0}. For every a > [la+A?|)3
and ¢ > 0, there exist A > 0 and ko > k such that

1
2
at

0(€4,4) N[A, +00) C U B(K?,c+Va+4k242).
k=kq

Furthermore, if k > ko, each ball B(k27 va+ 4]4:2[12) contains exactly two eigen-
values of £5 , (counted with their own multiplicity).

Proor. We apply lemma 2.9 with

d? d2 i d
where a(6) = a(f) + A2. Let

Ro()\):( j; )J)_l, R(A)z( j; 21Ad9+a(0) /\I)_l.

Notice that, via Fourier we can write, for f =Y (o sin(kf) + By cos(kf)),

Nf=Y] ﬁ(ak sin(k6) + By, cos(k0)),

therefore we have the estimate
1
R < — .
I Rolle) dist(\, {k2 : k € Z})

Now notice that, formally, we can write

(2.23) R(\) = Ro(\) (I + WRo(MN) ™",

being W = —22'/_1% + a(f) a first order operator. Since % commutes with Ry (by
spectral theorem), we can write as follows:

(k) — By sin(k6))
k2 — M\

WRy(\)f = ~2iAY" g cos

0) ; ﬁ(ak sin(k) + B, cos(k0)).

We hence obtain the following: if R\ is large enough, & > ||a|?~, ¢ = 0, and
A= k2| > o+ (4k24% +a)?

then

(2.24) W Rol|£(z2y < 1.

Then, by (2.23) and (2.24), if k is large enough, outside of any ball with center in

- 1
k? and radius c + (4]4:2142 + Ev) 2 the operator R(\) is bounded for large A, hence
we do not have large eigenvalues outside that balls. We notice that, if k is large,

the balls with center in k2 and radius ¢+ (4]{:2[12 + 07) 2 are mutually disjoint, since
|A| < 3 implies that

2e+ (4k2A2 + @)% + (4(k+1)242 +8)% < (k+1)2 — k?
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provided that k is sufficiently large. On the other hand, if I' is the circle with center
1

in k% and radius (41@2[12 + 07) 2 with k large, we can easily estimate

(use the Born expansion (I +W Ry)~! = > (W Ry)™) which together with point (2)
of Lemma 2.9 gives the desired result.

Therefore, outside those balls there are no eigenvalues, and inside there are the
same number of eigenvalues both for Ly and L: this number is 2. (Il

L / (RO — Ro(A)f dA

211

< fllz2,
L2

Lemma 2.11. Let a € WY°(S') and A € (=1, 1)\ {0}. Let X be as in Lemma

272
2.6. Then there exist ¢ >0, @ >0, A > 0 and k such that

(i) for allk >k, AF Ay € B(k2,c+ Va Tt 4k2A2);
(i) o(L4,q) N[, +o0) = {N AL ok >k}
PROOF. From (2.21) we have that, if ¢,& > 0 are chosen sufficiently large,

INF— K| = ’5+A2+2M+0(,}2) <ectrVartdka

if k is large enough, thus proving (i) for A;. The proof of (i) for A, is analogous.
The statement (ii) follows by combining (i) and Lemma 2.10. O

Proof of Lemma 2.1. From Lemmas 2.3 and 2.11 it follows that there exist k* € N
and ¢ € Z such that {p, : k> k*} ={)\;: j€Z, |j| > {} where

A = )\G‘, if 7 <0,
AE‘, if j > 0.

Then, in view of Lemma 2.7

VA —a = (sgnj)A+ |j] + O(#), as |j| — +oo.
From (2.22), (2.13), (2.19), and (2.20), it follows that

90?(9) — o—iAf (ez‘(Aﬂ‘)e + O(ﬁ)>7 as j — 400,

w; (0) = e iA0 (ei(Afj)e + O(ﬁ)), as j — +o0.
Therefore, letting, for j € Z such that |j| > ¢,

__fu <o,

bi = lepsiliz2 o,2m)
J o e
if 7 >0,

—
H‘/’|,-|HL2(0,2W)7

we have that, for |j| > ¢, (Ej is a L2((0,27),C)-normalized eigenfunction of the
operator £ , corresponding to the eigenvalue \; and

05(0) = —=e A (A9 1 Rry(0) )

1
V2T
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where || R;|[ Lo QW) = O( mg) as j — oo. Hence, in view of Lemma 2.3 we have that

¢;(cos,sinf) = 4 e=ilg AG) d5¢ (0) is a L?(S', C)-normalized eigenfunction of
the operator La , on Sl corresponding to the eigenvalue \; and
. L —i(lA+1/200+ [0 At dt) ( i(A+4)0
i(cosf,sinf) = —e ™' 0 (ez( 99 L R;(0 )
¢J( ) \/% J( )
The proof is thereby complete. O

By means of the previous result, we immediately obtain the following Corollary.

Corollary 2.12. Let k*,¢ as in Lemma 2.1 and K be given by (1.9), with ¢y, being
any L? (Sl,(C) -normalized eigenfunctions of La o, on S* if k < k* and ¢y = ¢; if
k> k* and pr = Aj, with A\j, ¢; being as in Lemma 2.1. Then, we have that

o

(225) K(z,y) =Y i 7o, (rr u(0)yn(0')

k=1

Lo 1 AG) ds il 3)0-0)
2w

X 3P () (A 4 Ry (0)) (e A L Ry (07,

l71>¢

if © = (rcosf,rsinf) and y = (r' cos ', r' sinb’), where

(2.26) a(Nj) = —=VA5, BO) = VA

and R; is as in Lemma 2.1.

3. PROOF OF THE MAIN RESULT

We can now perform the proof of Theorem 1.1. Let us first assume that condition
(2.4) holds, so that the asymptotic expansion of eigenvalues and eigenfunctions
stated in Lemma 2.1 holds. Let K be defined by (1.9); by formula (1.10), it is
sufficient to show that

sup |K(z,y)| < oo.
z,yER?

In particular, the study of the boundedness of K is reduced, thanks to Corollary
2.12, to the study of the boundedness of the two series

o
(3.1) Skake = 3G, (17 )i (0)104 (67),
k=1
and
(3.2) E\JDZ Z i ] a(); )(r'r )(ei(g-ﬁ-j)@ + R](e))( —i(A+35)6 -|— R (0/))
l71=€

uniformly with respect to r, 7, 6,6’. Since p1(A,a) > 0, all the indices oy, in (1.6)
are negative. Therefore, the Bessel functions j_,, are bounded functions, for any k.
In addition, the functions ¢ are obviously bounded, for any k: as a consequence,
we obtain that

(3.3) sup |Sggp-(r,17,0,0)] < oo.

' >0
0,0’ st



14 LUCA FANELLI, VERONICA FELLI, MARCO A. FONTELOS, AND ANA PRIMO

In order to prove that ¥;>, is uniformly bounded, we compare it with the analo-
gous kernel K, associated to the Aharonov-Bohm potential A, := a( — ﬁ%, Iiﬁ)’
with o € R, given by
Kap(a,y) = > i j_aor(llyDes® ()2 (),
kez

where 1#? are the eigenfunctions defined in (2.2) of La,, o associated to the eigen-
value p$® = (k + «)?, and a?, 2 are given by (1.6) with sy replaced by ub. We
have explicitly

aff = —\Jup = —lk+al, B = \Jugt =k +al.

We choose a = A with A as in (2.9), denote

, L .
Z\?Ize(ﬂ Tlvevel) = § Z_|j+a|]|j+a\(rr/)e”ee_wg )
l71>¢
and write

(3.4) Yijize = (Emw — A0z, ) + e A0n

In the paper [16] it has been shown that

(3.5) sup |etAE-¢ )E‘ |>[(r,r’,9,0’)‘ = sup ’E\]\>€ (r,r",0,0")| < 0o
rr' >0 ' >0
0,6’ cs* 0,0’ st

To prove the uniform bound of 3>, is hence sufficient to prove the following
claim:
(3.6) sup ’Emw rr' 0,0 — A0 )Eb|>£(r,r’,9,9')‘ < o0
' >0
0,0’ es!
In view of the above considerations, we now pass to prove that (3.6) holds.
Let us write

(3.7) Byize = €A, = Ky + K,
where
K, = Z [i’ﬁ(’\f)J_a(,\j)(rr') - i_‘j+A|J‘j+A|(rr’)] i+ A8 o —i(i+A)’
l71=¢
Z l_ﬁ Jfa()\ )( )
l71>¢

N [(ei(A+j)9—1— Rj(g)) (e—i<A+j)9'+ Tj(g/)) _ i+ A0 =i+ A)Y

Here we used the fact that in dimension N = 2 we have js = J;, for any s € R.
Let us now recall the estimate
C

Pk

(3.8) | Ju(r)] <

(see e.g. [2, 35]), which holds for some C' > 0 independent of z and v. Moreover,
by (2.5) and (2.26) we have that

(3.9) —a(A) ~ il as [ = oo
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In addition by Lemma 2.1

i(A45)60 , —i(A4+)0' L ran ) _ Li(i+A)e ﬂ'(jm)e"
(3.10) H(e + R;(6)) (e + R (0)) e e .

~o(5m)

as |j| = +oo. Hence, by (3.8), (3.9) and (3.10) one easily gets

(3.11) sup |Ky(r,',0,6))] < C Y |j|7% < oo
byt 1>

In order to get the analogous estimate for K7, we now introduce another well known
representation formula for the Bessel functions. Let v C C be the positively oriented
contour represented in Figure 1.

VRN
%

FI1GURE 1. Integration oriented domain .

Then we have the representation

1 rr
= 7 (2-1) a(A;) _ li+A]] JiG+A)(0—6")
27 Z / z (ZZ) (22)” ] dz

)—|j+A\ [(iz)—\/fj+\j+ﬁ| _ 1} GAGH+A(0-0") g,

I
l\D
i
\
I \ —

\{

From (2.5) it follows that

(313) —\Ay+]j+ A = /G + A2—\fa+ G+ A2 +0(F) = |~|+0( 2.
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Therefore, a first-order Taylor expansion in the last term of (3.12) gives in turn

(3.14) Ky(r,7',0,0")

72/1 o (a=1)

Y

dlog(iz) eU+AO=0")
U2l (iz)litAl

where ||RJ(Z)||LOO(’Y) = O(]iQ) as |j| — +00.
We observe that it is possible to exchange the order of summation and integration
n (3.14), see the proof of Theorem 1.11 in [16] for details. We hence get

(3.15) Kq(r,7',0,0")

oL [ L Dat0gin Y [

21 5 2z -
l71>¢

1 eili+A) (60"

Ul Gayra * O (j2)] dz.

Finally, we notice that (if ¢ is large enough)

f: 1 eili+A)(0-0")
il (z)lital
> j ’L,Z |3 |

i A(—6") (i(6-6") i A(I—6") o—i(6-0")
ﬁ log 1-— " — - = log 1-— Ee—

iz iz (iz)=4 iz
| i+ A 00

* 1] (iz)lil+Asen s’

I<lil<e
which together with (3.15) leads to
Ki(r,r",0,0")

—i(6—06")

iA(0—0) o log (1— €20y og (1 — ¢
¢ /1ez(z—z)5log(iz)< s ( == )+ 8 ( == ))

2mi ), 22 (i2)3 (iz) A

+ bounded terms.

(1 B eii(e—e’)) - 7€ii(9—9’) as

1z

In conclusion, since |6%(2*%)
|z] = oo, we obtain the desired estimate
(3.16) sup |Ki(r,r',0,0")| < oo,

rr'>0
6,0’ cst

1z

which together with (3.7) and (3.11) proves claim (3.6). The proof now follows by
(3.3), (3.4), (3.5) and (3.6).

In the resonant case A € %Z, we can repeat exactly the same arguments as above,
using the classical estimates by Borg [5] and Gurarie [28] (see Remark 2.2) instead
of Lemma 2.1; for more details we refer to the preprint version [17, Lemmas B.9
and B.10] of the present paper where a complete proof of such estimates is given;
we observe that, although the control on the remainder terms of the asymptotic
expansion is in this case less strong than in the non-resonant case, it is easy to verify
that it is enough both for (3.13) and to estimate sup [ K| with C' 35, 7175 < o0
in order to ensure (3.11).
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