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Abstract. In this paper, we consider several international companies with production facilities in different

countries that aim to sell a homogeneous product to different demand markets in different countries. The

importing countries set up a system of two-tiered tariff rate quotas: a lower tariff applies until the quantity

of the product to be purchased is below a prescribed threshold, and an upper tariff applies once the threshold

is exceeded. We assume that the threshold is a variable controlled by each importing country and that the

upper tariff is a function of it. We propose a generalized Nash game model in which the exporting companies

compete with each other and the importing countries. The game is investigated in the framework of varia-

tional inequalities and a monotonicity result is proved under mild assumptions. Finally, some preliminary

numerical experiments illustrate the proposed model.
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1 Introduction

The growing development of international trade has increased the world-wide circulation of any kind of

goods and commodities. Thus, countries where production of certain agricultural or industrial products

is insufficient, can import such products from companies whose production sites are located in different

countries. Importing countries aim at satisfying their needs at the most favorable market conditions, but

national political authorities also wish that the flows of imported goods do not cause damage to their domestic

markets. Moreover, they want to avoid that unregulated flows act as a brake on the autonomous development

of domestic production sites, when possible. As a consequence, national authorities and trade organizations

have put in place various policy instruments to control the quotas of imported goods in an effective manner.

For instance, the European Union established in 2021 a new detailed system of rules for the management of

autonomous tariff quotas of the Union for certain agricultural and industrial products [3], which has been

amended very recently [4]. Moreover, the Consolidated Tariff Schedules (CTS) Database contains the agreed

maximum tariffs that world trade organization (WTO) members can impose on imported products from

other WTO members [27].

At the time of revising this paper, in March 2025, the United States upset world trade by imposing a

series of extremely high tariffs, thus causing retaliation from major trading partners [1, 22, 23, 26]. These

actions have escalated into what can be safely described as the most impressive “tariff war” of the last
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decades. Among the economic sectors affected by the new protectionist policies we mention: the automobile

sector, the steel and aluminum industry, and the industry of the derivatives of metal products. Specifically,

on March 27, 2025, President Donald Trump announced a 25% tariff on all imported vehicles, that will take

effect on April 2. In retaliation the EU announced a 50% tariff on U.S. bourbon, and President Trump

further responded with a 200% tariff on all EU wines and alcoholic products. On March 12, 2025, the U.S.

reintroduced and expanded a 25% tariff on steel and aluminum imports. The EU and Canada retaliated

immediately: The EU imposed countermeasures on U.S. goods worth approximately $28 billion. Canada

responded with retaliatory tariffs on American goods worth $20.7 billion, targeting imports like computers

and sports equipment. Let us notice that the U.S. protectionist policy includes derivative metal products

such as: stainless steel sinks, air conditioner coils and Bulldozer blades. These extended measures affect

around $150 billion worth of goods. Notably, Canada’s steel and aluminum products now face a doubled

tariff rate of 50%.

A widely used policy instrument aimed at effectively controlling the imports from foreign countries is

that of tariff rate quotas (TRQs) in which a certain lower tariff is applied to imports until a threshold (quota)

is reached and then a higher tariff is applied to all subsequent imports. In a stronger (highly protectionist)

version, when the quota is overcome the higher tariff can be applied to the entire imports. The ubiquitous

presence of tariff rate quotas in international trade has thus called for new mathematical approaches which

include this instrument in international supply chain models. In the following, we mention some relatively

recent research papers. In the framework of spatial price equilibrium models see, for instance, [2]. A more

complex model can be found in [25], where the author considers a linear model describing the oligopolistic

behavior of producers, subject to TRQs. In the related papers [14] and [15] the authors further generalize

the model in [25], but consider a single production site per country, with separable cost functions and fixed

transportation costs. A far more general model has been proposed in [19] where the authors consider the

case of multiple companies with multiple production sites and multiple demand markets in each country.

Moreover, their transportation costs are flow-dependent and the production and demand price functions can

depend on vectors of production and consumption volumes, respectively. They use the variational inequality

approach to investigate the theoretical properties of their model and to perform numerical experiments. A

similar methodology has been utilized in [20] which deals with a supply chain network equilibrium model

with differentiated products, in which firms compete on product quantities and quality, under a strict quota

or tariff regime.

While our approach was inspired by the last two papers mentioned above, in relation to them we differ

in a number of aspects. First of all, we consider a two-tiered tariff system in which the quota, that is

the threshold which separates the two taxation regimes, is not fixed, but is a variable controlled by the

importing countries. A fixed under-quota tariff is applied to the imports until the quota is reached, while

an over-quota tariff is applied to the exceeding quantity. The over-quota tariff is a function of the quota.

We thus provide a new and more flexible trade policy instrument for the importing country. Let us mention

that, even in the fixed quota case, our model differs from the one in [19] which entails that once the (fixed)

quota has been overcome, the over-quota tariff is applied to the overall imported quantity (i.e. including

the under-quota imports), which would correspond to a very strong protectionist policy. On the other hand,

we can control the degree of protectionism by adjusting the parameters in the over-quota tariff function, or

even varying its functional form. With respect to [20], we mention here that our model encompasses two

models put forward therein as special cases, as it will be specified in the subsequent section (the authors

of [20] consider, however, an additional decision vector related to the quality of the product). There is

another methodological difference in our approach with respect to [19], where the global supply chain is

described by a Nash equilibrium problem where the players are the profit-maximizing companies, and their

utility functions include, as an exogenous parameter, an equilibrium Lagrange multiplier whose meaning is

clarified after the model is built and solved. Instead, we consider a generalized Nash equilibrium problem
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(GNEP) with shared constraints, where the exporting companies compete with each other and also with

the importing countries, which entails that the equilibrium flows, the equilibrium quotas, and the associated

over-tariffs, can be explained as the consequence of a (simulated or actual) bargaining procedure.

The paper is organized as follows. In the following Section 2, after introducing some notation, we describe

the generalized Nash equilibrium problem and provide its variational inequality formulation. In Section 3

we investigate the monotonicity properties of the operator of the variational inequality, while in Section 4

we illustrate our model by means of some numerical experiments. A small concluding section summarizes

our results and outlines possible research developments.

2 The model

Our model deals with a set I of companies which produce or transform a given homogeneous product, with

i ∈ I denoting the index of the generic company and |I| = n, and a set J of countries, with |J | = m. The

product is requested by various demand markets located in different countries. The companies may also have

production sites in different countries. We denote with j the generic index of an exporting country and with

k the generic index of an importing country, while Sij denotes the set of the production sites of company i in

country j, with ni
j = |Sij |, and s being the generic index of a production site. The set of all the production

sites of company i is denoted with Si =
⋃

j∈J Sij . The demand markets of each country k are collected

in the set Dk, with nk = |Dk|, where the generic demand market is indexed by l ∈ Dk, and subsequently

collected in the set D =
⋃

k∈J Dk of all the demand markets. In a two-tiered tariff quotas system, if the

quantity of product requested from country k and produced in country j does not exceed a certain quota,

then country k will charge the company with production site in country j a fixed, under-quota, tariff τujk.

In our model, this quota is not fixed but is a decision variable of the importing country and the over-quota

tariff will depend on it.

We now explain the notation used to describe the variables controlled by the companies. Specifically, we

denote with qijskl the quantity that the company i produces in its production site s ∈ Sij of country j ∈ J

and ships to the demand market l ∈ Dk of country k ∈ J . We split qijskl into two parts: xijskl denotes

the part of qijskl on which the company pays a sub-quota tariff, while yijskl denotes the part of qijskl on

which the company pays an over-quota tariff. For each company i ∈ I these variables are grouped into the

following vectors:

qi = (qijskl)j,s,k,l, xi = (xijskl)j,s,k,l, yi = (yijskl)j,s,k,l ∈ R(
∑m

j=1 ni
j)(

∑m
k=1 nk).

These vectors are, in turn, grouped into the overall vectors:

q = (q1, . . . , qn), x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ RN ,

where N =
∑n

i=1(
∑m

j=1 n
i
j)(
∑m

k=1 nk).

Country k controls the variables zjk for any j ∈ J \ {k}, which represent the quotas which have to be

overcome by all production sites in country j to be charged an extra tariff. For each country k ∈ J we group

these variables into the vector

zk = (z1k, . . . , zk−1,k, zk+1,k, . . . , zmk).

We assume that all the monetary amounts of this model are expressed in a common currency (e.g. US

dollars).

The production site s of any company i, located in country j, faces a production cost given by:

fijs = fijs(q), ∀j ∈ J, s ∈ Sij . (1)
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Furthermore, the transportation cost faced by the company i for shipping the product from its production

site s in country j to the demand market l located in country k is denoted with:

cijskl = cijskl(q), ∀j, k ∈ J, s ∈ Sij , l ∈ Dk. (2)

For each pair (j, k) of exporting and importing countries, with j ̸= k, the government of the importing

country k establishes the over-quota tariff to apply when importing from country according to a function

tjk = tjk(zjk). (3)

The demand of each market l ∈ Dk is denoted with dl and must satisfy the conservation of flow equation

dl =

n∑
i=1

m∑
j=1

∑
s∈Sij

qijskl. (4)

The demand markets purchase the good according to the demand price function:

ρ̃l(d) = ρl(q), ∀l ∈ Dk, (5)

where we have used the conservation law to express the price as a function of the flows.

We now describe the optimization problem faced by each company i ∈ I which wishes to maximize its

net gain:

max
(qi,xi,yi)

Ui(q, x, y, z) =
∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

ρl(q)qijskl −
∑
j∈J

∑
s∈Sij

fijs(q)

−
∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

cijskl(q)−
∑
j∈J

∑
k∈J
k ̸=j

τujk
∑
s∈Sij

∑
l∈Dk

xijskl

−
∑
j∈J

∑
k∈J
k ̸=j

tjk(zjk)
∑
s∈Sij

∑
l∈Dk

yijskl

(6)

subject to ∑
k∈J

∑
l∈Dk

qijskl ≤ Qijs, j ∈ J, s ∈ Sij , (7)

qijskl = xijskl + yijskl, j ∈ J, s ∈ Sij , k ∈ J, l ∈ Dk, (8)∑
i′∈I

∑
s∈Si′j

∑
l∈Dk

xi′jskl ≤ zjk, j, k ∈ J, j ̸= k, (9)

xijskl, yijskl ≥ 0, j ∈ J, s ∈ Sij , k ∈ J, l ∈ Dk. (10)

The objective function (6) represents the profit of company i, and is given by the difference between the

revenue due to selling the product in all demand markets (first term), the production costs (second term),

the transportation costs (third term), the under-quota tariffs (fourth term), and the over-quota tariffs (last

term). In constraints (7), Qijs represents the production capacity of production site s located in country j.

Notice that (9) is a constraint shared by all the companies which ship the product from country j to country

k.

On the other hand, the optimization problem faced by any country k ∈ J is

max
zk

Vk(q, x, y, z
k) =

∑
j∈J
j ̸=k

τujk
∑
i∈I

∑
s∈Sij

∑
l∈Dk

xijskl

+
∑
j∈J
j ̸=k

tjk(zjk)
∑
i∈I

∑
s∈Sij

∑
l∈Dk

yijskl,
(11)
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subject to ∑
i∈I

∑
s∈Sij

∑
l∈Dk

xijskl ≤ zjk, j ∈ J, j ̸= k, (12)

zujk ≤ zjk ≤ zojk, j ∈ J, j ̸= k, (13)

where constraints (12) are the same as (9), but we have rewritten them again for clarity, since the optimization

variable is now z.

Remark 2.1. We remark that our model encompasses the models in subsections 3.2.1 and 3.2.2 of [20] as

special cases. Indeed, if we set tjk(zjk) = τujk for any j, k ∈ J , we obtain the case of a single tariff in 3.2.2,

while if y = 0, z is fixed and τujk = 0, we obtain the strict quota model in 3.2.1.

In order to formalize the optimization problems above as a noncooperative game, we now specify the

strategy set of players, starting with that of company i, for each i ∈ I. Notice that this set depends not

only on the vectors controlled by the other companies, but also on the vector z controlled by the importing

countries:

Ki(q
−i, x−i, y−i, z) =

{
(qi, xi, yi) : xi, yi ≥ 0, qi = xi + yi,∑

k∈J

∑
l∈Dk

qijskl ≤ Qijs, ∀j ∈ J, ∀s ∈ Sij ,

∑
i′ ̸=i

∑
s∈Si′j

∑
l∈Dk

xi′jskl +
∑
s∈Sij

∑
l∈Dk

xijskl ≤ zjk, ∀j, k ∈ J, j ̸= k

 .

(14)

Each country k ∈ J chooses its strategy zk in the set

Ck(x) =
{
zk ∈ Rm−1 :

∑
i∈I

∑
s∈Sij

∑
l∈Dk

xijskl ≤ zjk, ∀j ∈ J, j ̸= k

zujk ≤ zjk ≤ zojk, ∀j ∈ J, j ̸= k
}
.

(15)

We are now in position to formalize our game as a generalized Nash equilibrium problem with shared

constraints.

Definition 2.2. A vector (q∗, x∗, y∗, z∗) ∈ R3N+m(m−1) is a generalized Nash equilibrium of the considered

game if for any company i ∈ I and country k ∈ J the conditions

Ui(q
i∗, xi∗, yi∗, q−i∗, x−i∗, y−i∗, z∗) ≥ Ui(q

i, xi, yi, q−i∗, x−i∗, y−i∗, z∗),

Vk(q
∗, x∗, y∗, zk∗) ≥ Vk(q

∗, x∗, y∗, zk)
(16)

hold for any (qi, xi, yi) ∈ Ki(q
−i∗, x−i∗, y−i∗, z∗) and zk ∈ Ck(x

∗).

This kind of game was introduced a long time ago by Rosen in his influential paper [24] and has been

investigated in more recent times within the context of quasivariational and variational inequalities (see,

e.g., [5, 6, 7, 8, 10, 16, 17]).

In order to find a class of solutions (called variational solutions) of the game above, we will investigate

the variational inequality V I(F,K), where the map F : R3N+m(m−1) → R3N+m(m−1) is the pseudogradient

of the game, i.e.,

F (w) = −
(
∇q1U1(w), . . . ,∇qnUn(w),∇x1U1(w), . . . ,∇xnUn(w),

∇y1U1(w), . . . ,∇ynUn(w),∇z1V1(w), . . . ,∇zmVm(w)
)
,

(17)
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with w = (q, x, y, z), and the set K is given by

K =
{
(q, x, y, z) ∈ R3N+m(m−1)

+ : qi = xi + yi, ∀i ∈ I∑
k∈J

∑
l∈Dk

qijskl ≤ Qijs, ∀i ∈ I, ∀j ∈ J, ∀s ∈ Sij ,∑
i∈I

∑
s∈Sij

∑
l∈Dk

xijskl ≤ zjk, ∀j, k ∈ J, j ̸= k

zujk ≤ zjk ≤ zojk, ∀j, k ∈ J, j ̸= k
}
.

(18)

The reader interested in the theory of variational inequalities can refer to [11, 12, 18]. Here we only mention

that in the case where K is convex, closed and bounded, and F is continuous, the problem V I(F,K) has

solutions.

For the sake of clarity, we show below the components of the pseudogradient F . We first compute the

derivatives due to the companies:

∂Ui(q, x, y, z)

∂qijskl
= ρl(q) +

∑
j′∈J

∑
s′∈Sij′

∑
k′∈J

∑
l′∈Dk′

∂ρl′(q)

∂qijskl
qij′s′k′l′

−
∑
j′∈J

∑
s′∈Sij′

∂fij′s′(q)

∂qijskl
−
∑
j′∈J

∑
s′∈Sij′

∑
k′∈J

∑
l′∈Dk′

∂cij′s′k′l′(q)

∂qijskl
,

∂Ui(q, x, y, z)

∂xijskl
= −τujk,

∂Ui(q, x, y, z)

∂yijskl
= −tjk(zjk).

Moreover, for any h, k ∈ J , with h ̸= k, we have

∂Vk(q, x, y, z
k)

∂zhk
=

∂

∂zhk

∑
j∈J
j ̸=k

tjk(zjk)
∑
i∈I

∑
s∈Sij

∑
l∈Dk

yijskl

= t′hk(zhk)
∑
i∈I

∑
s∈Sih

∑
l∈Dk

yihskl.

We are now in position to write down the variational inequality V I(F,K): find (q∗, x∗, y∗, z∗) ∈ K such

that: ∑
i∈I

∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

[
−
∑
j′∈J

∑
s′∈Sij′

∑
k′∈J

∑
l′∈Dk′

∂ρl(q
∗)

∂qijskl
q∗ij′s′k′l′ − ρl(q

∗)

+
∑
j′∈J

∑
s′∈Sij′

∂fij′s′(q
∗)

∂qijskl
+
∑
j′∈J

∑
s′∈Sij′

∑
k′∈J

∑
l′∈Dk′

∂cij′s′k′l′(q
∗)

∂qijskl

]
(qijskl − q∗ijskl)

+
∑
i∈I

∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

τujk (xijskl − x∗
ijskl)

+
∑
i∈I

∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

tjk(z
∗
jk) (yijskl − y∗ijskl)

−
∑
k∈J

∑
j∈J
k ̸=j

∑
i∈I

∑
s∈Sij

∑
l∈Dk

t′jk(z
∗
jk)y

∗
ijskl(zjk − z∗jk) ≥ 0, ∀(q, x, y, z) ∈ K.

(19)
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We recall that any solution of V I(F,K) is a generalized Nash equilibrium of the proposed game provided

that the utility function Ui of any company i ∈ I is concave with respect to the variables (qi, xi, yi) and the

utility function Vk of any country k ∈ J is concave with respect to the variables zk.

3 Monotonicity properties

It is well-known that suitable monotonicity properties of the map F are important for the convergence of

solution methods (see, e.g., [12, 18]). This section gives some sufficient conditions on the problem data for

the map F to be monotone on R3N+m(m−1)
+ , that is

[F (v)− F (w)]⊤(v − w) ≥ 0, ∀v, w ∈ R3N+m(m−1)
+ .

Theorem 3.1. Assume that n ≥ 4, for any k ∈ J and l ∈ Dk the demand price function ρ̃l = ρ̃l(dl) is twice

continuously differentiable, decreasing, concave and the condition

2 ρ̃′l(dl) ≤ (n− 3) dl ρ̃
′′
l (dl) (20)

holds for any dl ≥ 0; the production cost function is

fijs(q) = ϕijs

(∑
k′∈J

∑
l′∈Dk

qijsk′l′

)
,

where ϕijs : R → R is a continuously differentiable convex function, for any i ∈ I, j ∈ J and s ∈ Sij; the

transportation cost function is

cijskl(q) = γijskl(qijskl),

where γijskl : R → R is a continuously differentiable convex function, for any i ∈ I, j ∈ J , s ∈ Sij, k ∈ J

and l ∈ Dk; the tariff function tjk : R → R is twice continuously differentiable concave function for any

j, k ∈ J with j ̸= k.

Then, the map F defined in (17) is monotone on R3N+m(m−1)
+ .

Proof. First, we prove that the utility functions of all companies and countries are concave with respect to

their own variables, so that every solution of V I(F,K) is a generalized Nash equilibrium of the game. For

any i ∈ I, k ∈ J and l ∈ Dk, we denote pikl =
∑

j∈J

∑
s∈Sij

qijskl the total quantity that company i ships

to the demand market l of country k, and pkl = (p1kl, . . . , pnkl). Then the first term of function Ui is∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

ρl(q)qijskl =
∑
k∈J

∑
l∈Dk

Rikl(pkl),

where the function Rikl(pkl) = ρ̃l(dl)pikl is concave with respect to pikl since

∂2Rikl

∂p2ikl
(pkl) = ρ̃′′l (dl)pikl + 2ρ̃′l(dl) < 0.

Hence, the first term of Ui is concave with respect to qi. Moreover, the convexity of fijs and cijskl guarantees

that Ui is concave with respect to the variables (qi, xi, yi) for any i ∈ I. Moreover, the function Vk is concave

with respect to zk since tjk is concave for any j ̸= k.

It follows from the assumptions that

∂Ui

∂qijskl
(w) = ρ̃l(dl) + ρ̃′l(dl)

∑
j′∈J

∑
s′∈Sij′

qij′s′kl − ϕ′
ijs

(∑
k′∈J

∑
l′∈Dk

qijsk′l′

)
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− γ′
ijskl(qijskl)

= ρ̃l(dl) + ρ̃′l(dl)pikl − ϕ′
ijs

(∑
k′∈J

∑
l′∈Dk

qijsk′l′

)
− γ′

ijskl(qijskl),

∂Ui

∂xijskl
(w) =

{
−τujk if j ̸= k,

0 otherwise,

∂Ui

∂yijskl
(w) =

{
−tjk(zjk) if j ̸= k,

0 otherwise,

∂Vk

∂zjk
(w) =


t′jk(zjk)

∑
i∈I

∑
s∈Sij

∑
l∈Dk

yijskl if j ̸= k,

0 otherwise,

hold for any i ∈ I, j ∈ J , s ∈ Sij , k ∈ J , l ∈ Dk and w ∈ R3N+m(m−1).

The map F can be decomposed as F = F 1 + F 2, where

F 1(w) = −
(
∇q1U1(w), . . . ,∇qnUn(w), 0, . . . , 0

)
,

F 2(w) = −
(
0, . . . , 0,∇x1U1(w), . . . ,∇xnUn(w),∇y1U1(w), . . . ,∇ynUn(w),

∇z1V1(w), . . . ,∇zmVm(w)) .

We now prove that F 1 is monotone. We consider the map Gkl : Rn → Rn defined as follows:

Gkl(pkl) = (−ρ̃′l(dl)p1kl, . . . ,−ρ̃′l(dl)pnkl) .

The Jacobian matrix of Gkl is

∇Gkl(pkl) =



−p1klρ̃
′′
l (dl)− ρ̃′l(dl) −p1klρ̃

′′
l (dl) . . . −p1klρ̃

′′
l (dl)

−p2klρ̃
′′
l (dl) −p2klρ̃

′′
l (dl)− ρ̃′l(dl) . . . −p2klρ̃

′′
l (dl)

...
...

. . .
...

−pnklρ̃
′′
l (dl) −pnklρ̃

′′
l (dl) . . . −pnklρ̃

′′
l (dl)− ρ̃′l(dl)


and its symmetric part is

∇Gkl(pkl) +∇Gkl(pkl)
⊤

2
=

−p1klρ̃
′′
l (dl)− ρ̃′l(dl) −ρ̃′′l (dl)(p1kl + p2kl)/2 . . . −ρ̃′′l (dl)(p1kl + pnkl)/2

−ρ̃′′l (dl)(p1kl + p2kl)/2 −p2klρ̃
′′
l (dl)− ρ̃′l(dl) . . . −ρ̃′′l (dl)(p2kl + pnkl)/2

...
...

. . .
...

−ρ̃′′l (dl)(p1kl + pnkl)/2 −ρ̃′′l (dl)(p2kl + pnkl)/2 . . . −pnklρ̃
′′
l (dl)− ρ̃′l(dl)


.

The assumptions on the demand price functions guarantees that ρ̃′l(dl) and ρ̃′′l (dl) are non-positive functions.

Moreover, condition (20) implies that the latter matrix is diagonally dominant. In fact, for any i ∈ I, the

following chain of equalities and inequalities holds:

−piklρ̃
′′
l (dl)− ρ̃′l(dl) ≥ −piklρ̃

′′
l (dl)−

(n− 3)

2
dl ρ̃

′′
l (dl)

=
−ρ̃′′l (dl)

2
[2pikl + (n− 3) dl]

8



≥ −ρ̃′′l (dl)

2

2pikl + (n− 3) pikl +
∑
i′ ̸=i

pikl


=

−ρ̃′′l (dl)

2

(n− 1) pikl +
∑
i′ ̸=i

pikl

 .

Hence, the matrix ∇Gkl(pkl) is positive semidefinite for any pkl ≥ 0 and the map Gkl is monotone on Rn
+.

Let us consider two any vectors w, w̃ ∈ R3N+m(m−1)
+ . Then, we have

[F 1(w)− F 1(w̃) ]⊤(w − w̃)

=
∑
i∈I

∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

[
− ∂Ui

∂qijskl
(w) +

∂Ui

∂qijskl
(w̃)

]
(qijskl − q̃ijskl)

=
∑
i∈I

∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

[
ϕ′
ijs

(∑
k′∈J

∑
l′∈Dk

qijsk′l′

)

−ϕ′
ijs

(∑
k′∈J

∑
l′∈Dk

q̃ijsk′l′

)]
(qijskl − q̃ijskl)

+
∑
i∈I

∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

[
γ′
ijskl(qijskl)− γ′

ijskl(q̃ijskl)
]
(qijskl − q̃ijskl)

+
∑
i∈I

∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

[
ρ̃l(d̃l)− ρ̃l(dl)

]
(qijskl − q̃ijskl)

+
∑
i∈I

∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

[
ρ̃′l(d̃l)p̃ikl − ρ̃′l(dl)pikl

]
(qijskl − q̃ijskl)

=
∑
i∈I

∑
j∈J

∑
s∈Sij

[
ϕ′
ijs

(∑
k′∈J

∑
l′∈Dk

qijsk′l′

)

−ϕ′
ijs

(∑
k′∈J

∑
l′∈Dk

q̃ijsk′l′

)][∑
k∈J

∑
l∈Dk

qijskl −
∑
k∈J

∑
l∈Dk

q̃ijskl

]
+
∑
i∈I

∑
j∈J

∑
s∈Sij

∑
k∈J

∑
l∈Dk

[
γ′
ijskl(qijskl)− γ′

ijskl(q̃ijskl)
]
(qijskl − q̃ijskl)

+
∑
k∈J

∑
l∈Dk

[
ρ̃l(d̃l)− ρ̃l(dl)

]
(dl − d̃l)

+
∑
i∈I

∑
k∈J

∑
l∈Dk

[
ρ̃′l(d̃l)p̃ikl − ρ̃′l(dl)pikl

]
(pikl − p̃ikl)

≥
∑
i∈I

∑
k∈J

∑
l∈Dk

[
ρ̃′l(d̃l)p̃ikl − ρ̃′l(dl)pikl

]
(pikl − p̃ikl)

=
∑
k∈J

∑
l∈Dk

[Gkl(pkl)−Gkl(p̃kl)]
⊤
[pkl − p̃kl]

≥ 0,

where the first inequality follows from the convexity of ϕijs, the convexity of γijskl and the assumption that

ρ̃l is decreasing, while the second inequality follows from the monotonicity of Gkl. Therefore, F
1 is monotone

on R3N+m(m−1)
+ .
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The map F 2 can be rewritten as

F 2(w) =
(
F 2
q (w), F 2

x (w), F 2
y (w), F 2

z (w)
)
,

where

F 2
q (w) = 0, F 2

x (w) = − (∇x1U1(w), . . . ,∇xnUn(w)) ,

F 2
y (w) = −

(
∇y1U1(w), . . . ,∇ynUn(w)

)
, F 2

z (w) = − (∇z1V1(w), . . . ,∇zmVm(w)) .

The Jacobian matrix of F 2 is

∇F 2(w) =


0 0 0 0

0 0 0 0

0 0 0 ∇zF
2
y (w)

0 0 ∇yF
2
z (w) ∇zF

2
z (w)

 ,

where ∇zF
2
y (w) is the Jacobian matrix of F 2

y with respect to the variables z, i.e.,

(
∇zF

2
y (w)

)
ijskl, j′k′ =

{
t′jk(zjk) if j = j′, k = k′, j ̸= k,

0 otherwise,

∇yF
2
z (w) is the Jacobian matrix of F 2

z with respect to the variables y, i.e.,

(
∇yF

2
z (w)

)
jk, i′j′s′k′l′

=

{
−t′jk(zjk) if j = j′, k = k′, j ̸= k,

0 otherwise,

and ∇zF
2
z (w) is the Jacobian matrix of F 2

z with respect to the variables z, i.e.,

(
∇zF

2
z (w)

)
jk, j′k′ =

−t′′jk(zjk)
∑
i∈I

∑
s∈Sij

∑
l∈Dk

yijskl if j = j′, k = k′, j ̸= k,

0 otherwise.

Notice that
(
∇zF

2
y (w)

)⊤
= −∇yF

2
z (w) and ∇zF

2
z (w) is a diagonal matrix with non-negative elements since

tjk are concave functions. Hence, the symmetric part of ∇F 2(w) is diagonal and positive semidefinite for

any w ≥ 0, thus F 2 is monotone on R3N+m(m−1)
+ .

Finally, the monotonicity of F 1 and F 2 guarantees that F is monotone on R3N+m(m−1)
+ .

Remark 3.2. To provide an economic interpretation of condition (20), we consider, for the sake of clarity,

the case of an economy with one demand market. Notice that the elasticity of price with respect to demand

can be defined as

E1(d) =
d ρ̃′(d)

ρ̃(d)
,

which measures the percentage change in price relative to a percentage change in demand (see, e.g., [21]).

On the other hand, we deal with the quantity

E2(d) =
d ρ̃′′(d)

ρ̃′(d)
,

which can be interpreted as a measure of how the marginal effect of demand on price (i.e., ρ̃′(d)) changes

relative to the second derivative ρ̃′′(d), scaled by demand. Thus, it can be interpreted as the elasticity of

10



marginal price sensitivity or elasticity of marginal price response. Hence, condition (20) can be equivalently

written as

E2(d) =
d ρ̃′′(d)

ρ̃′(d)
≤ 2

n− 3
.

Notice that the ratio E2(d) is non-negative since ρ̃ is decreasing (ρ̃′(d) < 0) and concave (ρ̃′′(d) ≤ 0), i.e.,

the price decreases as demand rises but at a diminishing rate. Therefore, condition (20) ensures that the

rate at which the price response flattens is not too large.

Finally, we remark that the assumptions of Theorem 3.1 on the demand price functions are satisfied by a quite

large class of functions. For instance, any decreasing affine function is concave and satisfies condition (20).

Moreover, any quadratic function of the form

ρ̃(d) = −1

2
ad2 − bd+ c, (21)

with a, b > 0, is concave, decreasing for any d ≥ 0, and satisfies (20) provided that b/a ≥ (n − 5)dmax/2,

where dmax is an upper bound of the demand d.

4 Numerical experiments

We now illustrate the model described above with some numerical experiments. We consider four different

scenarios: a first baseline scenario without tariffs, a second scenario with low under-quota tariffs, a third

scenario with high under-quota tariffs and a last scenario with high under-quota tariffs and strict quotas.

Example 4.1 (without tariff rate quotas). We have four companies (I = {1, 2, 3, 4}) and three countries

(J = {A,B,C}). Company 1 has two production sites located in country A (S1A = {1, 2}), company 2

has one production site in country A and one in country B (S2A = {3}, S2B = {4}), company 3 has only

one production site in country B (S3B = {5}), and company 4 has only one production site in country C

(S4C = {6}) Moreover, each country has a single demand market, which is denoted for simplicity by the

same letter as the country (DA = {A}, DB = {B}, DC = {C}). Figure 1 illustrates the considered supply

chain network.

We assume that the production capacity Qijs = 50 for any i ∈ I, j ∈ J and s ∈ Sij , and the production

cost faced by each company at any production site is a quadratic function of the total quantity produced at

that site:

f1A1 = 0.01(q1A1AA + q1A1BB + q1A1CC)
2 + q1A1AA + q1A1BB + q1A1CC ,

f1A2 = 0.02(q1A2AA + q1A2BB + q1A2CC)
2 + 1.1(q1A2AA + q1A2BB + q1A2CC),

f2A3 = 0.03(q2A3AA + q2A3BB + q2A3CC)
2 + 1.2(q2A3AA + q2A3BB + q2A3CC),

f2B4 = 0.01(q2B4AA + q2B4BB + q2B4CC)
2 + 0.9(q2B4AA + q2B4BB + q2B4CC),

f3B5 = 0.02(q3B5AA + q3B5BB + q3B5CC)
2 + 0.8(q3B5AA + q3B5BB + q3B5CC),

f4C6 = 0.005(q4C6AA + q4C6BB + q4C6CC)
2 + 0.1(q4C6AA + q4C6BB + q4C6CC),

while the transportation costs are assumed to be quadratic separable functions:

c1A1AA = 0.1q21A1AA + 0.3q1A1AA c1A2AA = 0.1q21A2AA + 0.3q1A2AA,

c1A1BB = 0.2q21A1BB + 0.5q1A1BB c1A2BB = 0.2q21A2BB + 0.5q1A2BB ,

c1A1CC = 0.2q21A1CC + 0.5q1A1CC c1A2CC = 0.2q21A2CC + 0.5q1A2CC ,

c2A3AA = 0.2q22A3AA + 0.5q2A3AA c2B4AA = 0.1q22B4AA + 0.3q2B4AA,
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Figure 1: Supply chain network of Example 4.1.

c2A3BB = 0.1q22A3BB + 0.3q2A3BB c2B4BB = 0.2q22B4BB + 0.5q2B4BB ,

c2A3CC = 0.2q22A3CC + 0.5q2A3CC c2B4CC = 0.2q22B4CC + 0.5q2B4CC ,

c3B5AA = 0.1q23B5AA + 0.3q3B5AA c4C6AA = 0.1q24C6AA + 0.3q4C6AA,

c3B5BB = 0.2q23B5BB + 0.4q3B5BB c4C6BB = 0.1q24C6BB + 0.3q4C6BB ,

c3B5CC = 0.1q23B5CC + 0.5q3B5CC c4C6CC = 0.05q24C6CC + 0.3q4C6CC .

The price functions of the demand markets are assumed to be of the form (21), i.e., quadratic, concave and

decreasing functions of the demand:

ρ̃A(dA) = −0.001d2A − 0.03dA + 9,

ρ̃B(dB) = −0.001d2B − 0.02dB + 10,

ρ̃C(dC) = −0.001d2C − 0.01dC + 5,

where

dA = q1A1AA + q1A2AA + q2A3AA + q2B4AA + q3B5AA + q4C6AA,

dB = q1A1BB + q1A2BB + q2A3BB + q2B4BB + q3B5BB + q4C6BB ,

dC = q1A1CC + q1A2CC + q2A3CC + q2B4CC + q3B5CC + q4C6CC .

In this first example we assume that there are no tariff rate quotas, that is we set the under-quota tariffs

τujk = 0 and the over-quota tariff functions tjk ≡ 0 for any j, k ∈ J with j ̸= k. The choice of parameters

was partially inspired by [19].
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Table 1: Equilibrium flows, utility of companies, tariff payments collected by countries and equilibrium prices

in the scenario without tariff rate quotas (Example 4.1).

Company 1 Company 2 Company 3 Company 4

Country Site 1 Site 2 Site 3 Site 4 Site 5 Site 6

A 8.02 6.37 2.53 9.74 9.48 12.98

Variables q B 6.80 5.98 9.51 6.10 7.78 16.40

C 3.34 2.51 1.77 3.61 5.24 15.82

A 8.02 6.37 2.53 9.74 9.48 12.98

Variables x B 6.80 5.98 9.51 6.10 7.78 16.40

C 3.34 2.51 1.77 3.61 5.24 15.82

A 0.00 0.00 0.00 0.00 0.00 0.00

Variables y B 0.00 0.00 0.00 0.00 0.00 0.00

C 0.00 0.00 0.00 0.00 0.00 0.00

Utility Equilibrium price

Country A 0.00 5.11

Country B 0.00 6.18

Country C 0.00 3.63

Company 1 87.64

Company 2 91.99

Company 3 55.09

Company 4 64.88

Notice that the above functions satisfy the assumptions of Theorem 3.1, thus the map F defined in (17) is

monotone. In order to solve the variational inequality V I(F,K), we implemented the extragradient method

by Korpelevich [13]. Computations were implemented in MATLAB R2024b and tested on an Apple M1 Max

running under macOS 15.3. Table 1 shows the equilibrium solution found together with the equilibrium

prices at the demand markets and the utilities of companies and countries.

Example 4.2 (with low under-quota tariffs). This example has the same data as Example 4.1 except that

the tariff rates are not zero. Specifically, for any pair j, k ∈ J , with j ̸= k we assume that the under-quota

tariffs are τujk = 0.1 and the over-quota tariff functions are tjk(zjk) = 0.1 + 0.01zjk − 0.001z2jk, where any

variable zjk ∈ [0, 10]. Table 2 shows the equilibrium flows and quotas, the equilibrium prices at the demand

markets, the profit of each company and tariff payments collected by countries. Notice that the equilibrium

flows between countries decrease slightly compared to the equilibrium solution in Example 4.1, while flows

within countries increase. Furthermore, all companies are willing to pay the over-quota tariffs to export the

product to countries A and B which are more profitable than C. On the contrary, the quantity exported by

companies 1, 2 and 3 to country C is slightly above the threshold because the demand market of C is the least

profitable. Finally, we remark that the companies’ utilities decrease slightly compared to the equilibrium

solution in Example 4.1, while equilibrium prices increase slightly in all demand markets.

Example 4.3 (with high under-quota tariffs). This example has the same data as Example 4.1 except that

the tariff rates: for any pair j, k ∈ J , with j ̸= k we assume that the under-quota tariffs are τujk = 0.9 and the
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Table 2: Equilibrium flows and quotas, utility of companies, tariff payments collected by countries and

equilibrium prices in the scenario with low under-quota tariffs (Example 4.2).

Company 1 Company 2 Company 3 Company 4

Country Site 1 Site 2 Site 3 Site 4 Site 5 Site 6

A 8.13 6.49 2.71 9.46 9.28 12.75

Variables q B 6.70 5.88 9.27 6.28 7.90 16.20

C 3.19 2.37 1.65 3.47 4.97 16.21

A 8.13 6.49 2.71 2.99 2.91 6.03

Variables x B 1.63 1.21 2.91 6.28 7.90 6.06

C 2.51 2.10 1.65 2.65 3.41 16.21

A 0.00 0.00 0.00 6.47 6.38 6.73

Variables y B 5.07 4.66 6.36 0.00 0.00 10.14

C 0.68 0.27 0.00 0.81 1.57 0.00

Country A B C

A – 5.75 6.25

Variables z B 5.90 – 6.06

C 6.02 6.06 –

Utility Equilibrium price

Country A 3.62 5.15

Country B 4.44 6.23

Country C 1.64 3.67

Company 1 86.83

Company 2 90.16

Company 3 54.11

Company 4 63.00
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Table 3: Equilibrium flows and quotas, utility of companies, tariff payments collected by countries and

equilibrium prices in the scenario with high under-quota tariffs (Example 4.3).

Company 1 Company 2 Company 3 Company 4

Country Site 1 Site 2 Site 3 Site 4 Site 5 Site 6

A 8.85 7.27 3.87 7.58 7.98 11.25

Variables q B 6.01 5.22 7.70 7.39 8.69 14.85

C 2.23 1.46 0.81 2.51 3.29 18.27

A 8.85 7.27 3.87 2.90 3.11 5.76

Variables x B 1.81 1.41 2.65 7.39 8.69 6.00

C 2.23 1.46 0.81 2.33 2.72 18.27

A 0.00 0.00 0.00 4.68 4.88 5.50

Variables y B 4.21 3.81 5.05 0.00 0.00 8.85

C 0.00 0.00 0.00 0.18 0.57 0.00

Country A B C

A – 5.87 4.50

Variables z B 6.00 – 5.05

C 5.76 6.00 –

Utility Equilibrium price

Country A 24.50 5.40

Country B 30.93 6.51

Country C 9.30 3.90

Company 1 82.30

Company 2 79.08

Company 3 48.30

Company 4 50.99

over-quota tariff functions are tjk(zjk) = 0.9 + 0.01zjk − 0.001z2jk, where any variable zjk ∈ [0, 10]. Table 3

reports the equilibrium flows and quotas, the equilibrium prices at the demand markets, the profit of each

company and tariff payments collected by countries. As tariffs increase, flows between countries decrease

compared to both the equilibrium solutions in Examples 4.1 and 4.2, while flows within countries increase.

All companies still find it profitable to export to countries A and B, but in smaller quantities than in the

solution of Example 4.2, similarly company 4’s exports to countries A and B still exceed the threshold, but

in smaller quantities than in the solution of Example 4.2. The tariffs collected by the countries increase

significantly compared to Example 4.2, the profits of the companies decrease, especially for company 4, and

the equilibrium prices increase in all demand markets.

Example 4.4 (with high under-quota tariffs and strict quotas). This example has the same data as Ex-

ample 4.1 except that the tariff rates. Here, we assume that there is a regime of strict quotas: we set

zujk = zojk = 5 for any pair j, k ∈ J , with j ̸= k, the under-quota tariffs τujk = 0.9 and the over-quota tariff

functions tjk(zjk) = 0.9 + 100zjk − 0.001z2jk, so that companies do not find it profitable to export beyond

the set threshold. Table 4 reports the equilibrium flows, the equilibrium prices at the demand markets, the
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Table 4: Equilibrium flows and quotas, utility of companies, tariff payments collected by countries and

equilibrium prices in the scenario with high under-quota tariffs and strict quotas (Example 4.4).

Company 1 Company 2 Company 3 Company 4

Country Site 1 Site 2 Site 3 Site 4 Site 5 Site 6

A 11.57 10.05 7.58 1.68 3.32 5.00

Variables q B 2.69 1.92 0.39 12.81 12.45 5.00

C 2.25 1.50 1.25 2.13 2.87 18.89

A 11.57 10.05 7.58 1.68 3.32 5.00

Variables x B 2.69 1.92 0.39 12.81 12.45 5.00

C 2.25 1.50 1.25 2.13 2.87 18.89

A 0.00 0.00 0.00 0.00 0.00 0.00

Variables y B 0.00 0.00 0.00 0.00 0.00 0.00

C 0.00 0.00 0.00 0.00 0.00 0.00

Utility Equilibrium price

Country A 9.00 6.29

Country B 9.00 8.05

Country C 8.97 3.88

Company 1 104.60

Company 2 83.02

Company 3 64.48

Company 4 52.54

profit of each company and tariff payments collected by countries. The results show that, for each country,

imports from other countries reach the threshold set. Compared to the solution in Example 4.3, flows be-

tween countries decrease, while flows within countries increase. Notice that the tariffs collected by countries

A and B fall sharply because their imports fall sharply, while the tariffs collected by country C fall slightly.

Finally, companies 1, 2, and 3 increase their profits because the equilibrium prices of market demands A and

B have increased, while company 4’s profit increases only slightly because its exports to countries A and B

decrease and the equilibrium price in market C is essentially unchanged.

5 Conclusions and further research perspectives

In this paper, we have proposed a new model of the international supply chain subject to tariff rate quotas. At

the time of writing, the tariff debate in the US, China and the EU is evolving, and we expect that new policy

instruments will be needed to address the growing complexity of global trade. In this regard, we believe our

model is flexible enough to accommodate future scenarios, but can also accommodate further developments.

For example, an importing country may decide to tax differently different companies with production facilities

in the same exporting country. Another interesting line of research could be a comparative analysis of the

performance of different production facilities of the same companies, especially if they are located in different

countries. Finally, it would be interesting to extend the analysis to stochastic contexts, e.g., where the

demand price and/or transportation cost functions contain uncertain terms. In such a case, the problem
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under consideration should be reformulated as a stochastic (or random) variational inequality, for which

several methodologies exist in the literature (see, e.g., [9]).
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