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ERROR ESTIMATES FOR A HELICITY-PRESERVING FINITE ELEMENT
DISCRETISATION OF AN INCOMPRESSIBLE MAGNETOHYDRODYNAMICS
SYSTEM

LOURENCO BEIRAO DA VEIGAM, KAiBO HU? AND LORENZO MAscoTTO! 4+

Abstract. We derive error estimates of a finite element method for the approximation of solutions to
a seven-fields formulation of a magnetohydrodynamics model, which preserves the energy of the system,
and the magnetic and cross helicities on the discrete level.
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1. INTRODUCTION

State-of-the-art. The numerical discretisation of incompressible magnetohydrodynamics (MHD) systems has
drawn significant interest inspired by applications in plasma physics and fusion energy research. Finite element
methods provide one of the approaches for solving such coupled multiphysics problems. Examples of early works
can be found in [17,34]. In recent years, various discussions on finite element methods have been focused on
constructing schemes that precisely preserve certain quantities up to machine precision. A method preserving
the energy and the divergence-free condition of the magnetic field (magnetic Gauss law) was studied in [21].
Error estimates for such a method or its variants can be derived by adapting the proofs in the framework of the
virtual element method [2], or extending the proofs for stationary problems as in [20,22]. The method in [21] uses
the velocity u, the pressure p, the magnetic field B, and the electric field E as main variables from a de Rham
complex. We shall refer to this formulation as the four-field scheme. Another approach based on the magnetic
potential, as well as its convergence analysis, can be found in [19]. The convergence analysis for finite element
discretisations of incompressible MHD systems was also carried out in [14]. Another important aspect in the
derivation of error estimates of MHD systems is the robustness with respect to the physical parameters, an aspect
which is beyond the scopes of the present contribution; among others, we recall the related contributions [4,16]
for the stationary linearised case and [3] for the fully nonlinear dynamic equations.
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The helicity of divergence-free fields is a quantity encoding the topology of the fields [1,28]. In fluids, the
fluid helicity [u-w dz characterises the knots of the vorticity. In MHD systems, two kinds of helicity exist:
the magnetic helicity f B - A dx characterises knots of the magnetic field, where A is the magnetic potential
satisfying V x A = B; the cross helicity [ B-udz describes knots between the vorticity and the magnetic fields.

The helicity has a fundamental importance in various aspects of fluid mechanics and MHD, such as turbu-
lence [29] and magnetic relaxation [32], and is conserved in ideal flows. More precisely, the magnetic helicity is
conserved as long as the magnetic diffusion vanishes, the magnetic Reynolds number being infinity. The general
philosophy of structure-preserving and compatible discretisation suggests that preserving helicity is important
for physical fidelity. In many important examples, there are indeed concrete reasons. For example, a fundamental
question in plasma physics is how the system evolves with given initial data, which is related to open ques-
tions existing today such as Parker’s hypothesis [32]. Topological barriers, as encoded in helicity, constrain the
behaviour of the magnetic field under the relaxation. Establishing a corresponding mechanism on the discrete
level is important for correctly computing the dynamical behaviours of the plasma [18]. Along this direction,
the work [23] considered a seven-fields finite element scheme that preserves the energy, the magnetic Gauss
law, and the magnetic and cross helicities at once: additional mixed variables, i.e., the magnetic field H, the
vorticity w, and the current density j, which are actually natural physical variables in the original system, were
added to the variables in the four-field scheme [21]. A key idea in that construction was to use L? projections
into proper spaces from a de Rham sequence. This approach was also explored by Rebholz to derive a scheme
that preserves the fluid helicity for the Navier—Stokes equations [33]. The construction was extended to the Hall
MHD system [25]. Other recent works on preserving the helicity for the MHD or the Navier—Stokes equations
can be found in [15, 36].

Nevertheless, it is also important to understand the behaviour and limit of structure-preserving schemes.
The L? projections played an important role in the construction of the method proposed in [23]. Although
convergence was observed in the numerical tests [23], the convergence in general situations with various norms
is not completely clear. In fact, it is not difficult to imagine that structure-preserving methods must have a
limit. For example, for the Navier—Stokes equation, the Onsager conjecture [9,24,31] claims that under certain
conditions, the energy conservation does not hold on the continuous level technically because the regularity
required by the integration by parts is not valid for rough solutions. The issue concerned by the Onsager
conjecture is closely related to the mathematical properties of the Navier—Stokes equations and turbulence, and
is thus of both mathematical and physical importance. The original Onsager conjecture is concerned with the
energy conservation of fluids. However, various versions of theorems and conjectures in the same spirit exist
for the helicity preservation for both the Navier—Stokes and the MHD equations [35]. Despite the fact that
quantities may not be conserved on the continuous level, most finite element methods for the Navier—Stokes
equations preserve the energy by construction. Therefore, they cannot be used to compute certain classes of
rough solutions, and structure-preserving methods might play the opposite role by producing spurious solutions
in such scenarios. However, to the best of our knowledge, this issue was not extensively discussed in the literature,
with a few exceptions, see, e.g., [13]. The above motivation indicates that investigating convergence issues of
energy- and helicity-preserving schemes is a critical aspect for reliable MHD computations.

Contributions of this paper. Here, we provide the first error estimates for the recent families of energy-
helicity-preserving finite element schemes for incompressible MHD equations [23]. The analysis takes inspiration
from that in the virtual element method framework [2], here combined with the specific challenges of the 7-field
formulation. We focus on error estimates for the semi-discrete in space method. The fully discrete scheme in [23]
used a mid-point rule discretization in time, which is only an example of a larger family of time integrators
preserving quadratic invariants. The extension of the error bounds proposed in this work to the fully discrete
case may carry major or minor challenges depending on the particular choice of the time integrator.

Notation. Given v:R3 — R and v : R? — R3, we define

Vv := (0,v, 0yv, 8ZU)T, V-v i= 0y, + Oyva + 0,03,
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Vx v = (0yvs — 0,02, 0,01 — Ogv1, 002 — 8y1)1)T
Given D a Lipschitz domain in R3 with diameter hp, we introduce H*(V, D) as the usual Sobolev space of
positive order s. For s = 1, we omit the Sobolev order and write H(V, D). The Sobolev space of order s = 0 is
the usual Lebesgue space L?(D); its subspace of functions with zero average over D is L3(D).
We denote the Sobolev inner product, seminorm, and norm by

('7')S,D7 HgDa ||'||57D'

Henceforth, whenever clear, we shall omit the dependence on the domain D. We shall further omit the Sobolev
index s when s = 0.

On the boundary 8D of D, we define the space H 2 (0D) as the image of H(V, D) through the standard trace
operator. The dual space of Hz(0D) is given by H~2 (0D).

The spaces of L?(D) functions with curl and divergence in L?(D) are H(Vx, D) and H(V-, D), which we
endow with the norms

2 —2y 12 2 2 —2) 12 2
I19%,0 = m5"Ilo.p + IVXOllops 155 = 05" llo.p + IV-Ollg p-

For any positive s, H*(Vx, D) and H*(V-, D) denote the subspaces of H(Vx,D) and H(V-,D) of H*(D)
functions with Vx and V- in H*(D).

There exist trace operators from H(Vx,D) and H(V-, D) into H~z(0D); see, e.g., [? 7 ]. We intro-
duce Hy(V, D), Hy(Vx, D), and Hy(V-, D) as the subspaces of functions in H(V, D), H(Vx, D), and H(V-, D)
with zero standard, tangential, and normal traces in H2 (D), H~2(8D), and H~2(dD), respectively.

For a given positive T, a nonnegative ¢, an integer s, and a Hilbert space H, we shall also use the Bochner
spaces H*(0,T; H) and W*°°(0,T; H). The latter is a Sobolev space with finite norm

[0llwe,o0 0,710y 7= €58SuPse 0,1y 050 (- )| -

Meshes. In what follows, {7}, } denotes a sequence of conforming tetrahedral tessellation of a given polyhedral
domain. We assume that {7} is uniformly shape-regular with shape-regularity parameter o. The sets of faces
and edges of 7, are Fj, and &,. Given K in 7;,, FX and £X are its sets of faces and edges; ng is its outward
unit normal vector; hy is its diameter. The maximum of all hy is denoted by h. With each face F' in Fj, we
fix once and for all ng as one of the two unit normal vectors; if F' belongs also to FX for a given element K,
we have ng|p = #np. The space of piecewise polynomials of maximum degree £ over 7}, is denoted by Py (7p).

The forthcoming analysis also works on tensor product meshes with minor modifications; we stick to the
simplicial case for the presentation’s sake.

Outline. We present the seven-fields formulation of the MHD model in Section 2; there, we also describe certain
quantities (energy, magnetic and cross helicities) that are preserved. In Section 3, we recall the FEM from [23]
for the approximation of solutions to the MHD model under consideration; we further show that the energy, and
the magnetic and cross helicities are preserved on the discrete level. We exhibit optimal a priori estimates for
the semi-discrete scheme under suitable regularity assumptions on the exact solution to the continuous problem
in Section 4. Appendix A is concerned with recalling the proof of the discrete helicity-preservation.

2. THE MODEL PROBLEM

Let Q be a contractible, Lipschitz polyhedral domain in R? with boundary I'; nr the unit outward unit vector
to I'; Re and Ry, the fluid and magnetic Reynolds numbers; ¢ the coupling number given by the ratio of the
Alven and fluid speeds; u the permeability of the medium in §2.

Consider the following MHD system of equations in £ x (0,77]: find (u,w, j, E,H, B, P) such that

hu—uxw+RIVXxVxu—cjxB+VP=f (1a)



1078 L. BEIRAO DA VEIGA ET AL.

j—-VxH=0 (1b)
dB+VXE=0 (1c)
Rylj—(E+uxB)=0 (1d)
V-u=0 (le)
w—Vxu=0 (1f)

B - uH = 0. (1g)

In words, we look for a current density j; electric and magnetic fields E and B that induce the Lorentz force ¢(j x
B) acting on a conductive fluid (plasma) with pointwise velocity field u and scalar total pressure P; a vorticity
of the plasma w; a magnetic induction H. Given p the pointwise pressure of the plasma, we define the total
pressure as
P:=p+ulx
The first five equations in (1) are standard in MHD formulations: the first one is a fluid momentum balance
equation where the last term on the left-hand side represents the Lorentz force generated by the electromagnetic
fields; the second is Ampére’s circuital law; the third is Faraday’s law; the fourth is Ohm’s law neglecting
the contributions of the Coulomb force; the fifth represents the mass conservation of the plasma, i.e., the
incompressibility of the plasma. In particular, model (1) is the MHD system in vorticity formulation with
explicit constitutive laws.
We endow the above system with the initial conditions

u’()) := u(-,0), BY(-) :=B(-,0) suchthat V-B°(:)=0 inQ, (2)
and the boundary conditions on I'
u x nr =0, P =0, B -nr=0, E xnr =0. (3)

Equation (1c) and the fact that B is divergence free in Q, see (2), also imply that B is divergence free for all
times.

The third and fourth conditions in (3) are “physical” boundary conditions for the magnetic and electric fields;
instead, the first and second ones are instrumental for the formulation of the motion fluid equation (1a) in Lamb
form [26].

We introduce the space

X = [Ho(Vx,Q)]® x Hy(V-,Q) x Hy(V,Q) (4)
and the bilinear form
a(u,v) = (Vxu,Vxv) Vu,v € Hy(Vx,Q).

A weak formulation of (1) reads: find (u,w,j, E,H,B, P) in X such that

(0w, v) — (ux w,v) + R a(u,v) — ¢(j x B,v) + (VP,v) = ( , V) (5a)
n(J, k) — (B, Vx k) = (5b)

(:B,C)+ (VX E,C) = (5¢)

(R, J—[E+uxB] G) = (5d)

(u,VQ) = (5e)

(w,p) = (u, Vx H) (5f)

(BvF) - (H7F) =0 (5g)

for all (v, u,k,F,G,C,Q) in X. Equation (5b) is derived from equations (1b) and (1g).

An existence result is given in Proposition 2.19 of [16] for specific choices of the initial and boundary condi-
tions. A uniqueness result can be found in Section 2.2.2.4 of [16] for small times under suitable assumptions on
the data.
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2.1. Preservation of the energy, and the magnetic and cross helicities

Preservation of the energy. The MHD system (5) preserves the energy as long as homogeneous boundary
conditions as in (3) are imposed; see, e.g., Theorem 1 of [23] for a proof.

Theorem 2.1. The following identity holds true:

-1
C — —1qs
o 0B + RV ul® + R = (£ w).

1
5 Ol +

Preservation of the magnetic and cross helicities. Given the magnetic field B, let A be an associated
magnetic potential, i.e.,
Vx A =B.

Given also the velocity field u, we define the magnetic and cross helicities as

Hm = (A, B), H. := (u,B).
We have the following noteworthy properties of the MHD system (5); see, e.g., Lemma 1 of [23] for a proof.
Theorem 2.2. The following identities hold true:

O Hm = —((0 A +2E) x A, nr),  — 2R, '~ (B, Vx B),
O He = ([ux Bl xu—PB—R,'(VxB) xuR;'w x B,nr), .+ (f,B) = (R;" + R, v ") (VX B, Vxu).

Remark 2.3. The right-hand sides in the identities of Theorem 2.2 above vanish if:

— suitable homogeneous boundary conditions are imposed;
— there is no source term f in the fluid motion equation;
— we consider the ideal MHD system, i.e., (5) imposing (formally) R = Ry, = oo.

A formulation with constant in time magnetic and cross helicities is called helicity-preserving.

3. THE METHOD

We introduce a finite element method for the approximation of solutions to (5), including a careful description
of the discrete version of the space X in (4), and discuss some important properties, including the energy, and
the magnetic and cross helicities preservation on the discrete level.

3.1. Discrete spaces, discrete operators and various approximants

In this section, we review known results from the literature and derive additional technical estimates, which
will be needed in the sequel. We consider finite element spaces H(V,Q), H}(Vx,Q), and H}(V-, ) that
retain the conformity of Hy(V,Q), Hyo(Vx,Q), and Hy(V-, ), respectively. Notably, for k in Ny, we take the
usual Lagrange, first kind Nédélec, and Raviart—Thomas elements of order k + 1, k, and k, respectively, over a
given mesh 7. On each element K, these spaces are endowed with the following degrees of freedom:

— (Lagrange elements) the point values at equally distributed Lagrangian points fixing a polynomial of de-
gree k + 1; such degrees of freedom are well defined for functions in H %“(K ) for any arbitrarily small and
positive ¢;

— (Nédélec elements) (scalar) edge moments of the tangential components up to order k, face moments of the
(2-vector) tangential components up to order k — 1, and (vector) elemental moments up to order k — 2; such
degrees of freedom are well defined (up to an edge-to-cell lifting of the degrees of freedom [12], Sect. 17.3)
for vector fields in [Hz+9(K)]? (§ arbitrarily small and positive) such that their Vx belongs to [L(K)]* (g
larger than 2), see equation (7) of [5];
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— (Raviart-Thomas elements) (scalar) face moments of the normal components up to order k and (vector)
elemental moments up to order k — 1; such degrees of freedom are well defined (up to a face-to-cell lifting of
the degrees of freedom [12], Sects. 17.1 and 17.2) for vector fields in H(V-, K) N [L9(K)]? (¢ larger than 2),
see Section 2.5.1 of [6].

The corresponding global spaces are constructed by H*, H(V x), and H(V-) conforming coupling of their local
counterparts [12]. Suitable zero traces over 9€) are naturally enforced in the above spaces. The corresponding
spaces with free traces are denoted by H"(Vx,Q), H*(V-,Q), and H"(V,), respectively.

Exact sequences. In what follows, we shall use the following continuous

Ho(V,Q) - Ho(Vx,Q) 5% Hy(V,Q) 2 12 -% o
and discrete
HNV,Q) L HNYx,Q) 5 HNV.,Q) L Pu(T)\R - 0 (6)

exact sequence structures (recall that Q2 is contractible).

An interpolation-type operator in H(V). The Lagrangian interpolant of order k + 1 of P in Ho(V,Q) N
H*(V,Q), s > 3/2, is defined as the unique function P; in H}(V,Q) satisfying

(P-Pp)v)=0 Vv Lagrangian nodes of order k + 1. (7)

Under extra regularity assumptions, local interpolation estimates are standard; see, e.g., [8].

Lemma 3.1. Let K be an element of a reqular simplicial tessellation Tp, of Q. Given P in H*2(V,K) N
Hy(V,K), let Py be its Lagrange interpolant. Then, there exists a positive constant C' independent of hx and P
but dependent on the shape-reqularity parameter o of the mesh and the polynomial degree k such that

||V(P - PI)”O,K < Ch];(+1|P|k+2,K7 ||P - PIHO,K < Ch];(+2|P|k+2,K'

Interpolation and commuting operators in H(V X ). First, we introduce the Nédélec interpolant E; of
a field E in [H219()]3 (8 positive arbitrarily small) with Vx E in [L9(Q)]3, ¢ larger than 2. We have standard
interpolation estimate results ([30], Thm. 5.41 and Rem. 5.42). We also include L estimates, which can be
derived from the L? bounds by standard arguments, exploiting the local nature of the interpolation operator
and its polynomial preservation property; they are needed in the proof of Proposition 3.4 below. Interpolation
estimates under lower regularity of E are also available in the literature [? 7 ]. We prefer sticking to the current
setting to keep the presentation as simple as possible.

Lemma 3.2. Let K be an element of a regular simplicial tessellation 7p, of Q. Given E sufficiently smooth,
let Ey be its Nédélec interpolant. Then, there ezists a positive constant C' independent of hx and E, but dependent
on the shape-regularity parameter o of the mesh and the polynomial degree k > 1 such that

IE —Eflly x < Chl;{Jrl'E'kJrl,Kv IVX(E = Ej)llo x < Chl;{+1|VXE|k+1,K' (8)

HE*EI”LOC(K) SCh’;(+1|E|Wk+LOO(K)7 ||V><(E*E1)HLOO(K) < Oh§<+l|VXE|Wk+l‘oo(K)- (9)

Estimates (8) and (9) are also valid for the case k = 0 except for the first one, which in that case reads ([12],
Eq. (16.17))

IE = Billg < C(hklEl i+ hk Bl i ).
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Additionally, we introduce a global operator HQ/ mapping Ho(Vx,Q) into HY(Vx,Q) as follows: for all E
in Hy(Vx,0Q), H{C\/E is the unique function in Hf(Vx, Q) such that

{a(E—HQ/E,F;L) =0 VF, € HNVx,Q) 10)

(E-IIVE,VQn) =0 YQue€ H}(V,Q).

The operator H{C\/ E is well-posed and possesses certain approximation properties as detailed in the next result.

Proposition 3.3. For all E in H*T1(Vx,Q), let E; be its Nédélec interpolant as in Lemma 3.2. Then, there
exist positive constants C and Cy independent of hx and E but dependent on the shape-regularity parameter o
of the mesh and the polynomial degree k such that

HE - H{C\/EHVXQ < ClHE - EIHVX,Q < CQhk+1|E|H’C+1(V><,Q)' (11)

Proof. Problem (10) can be rewritten as follows: find I E and Py, in H}(Vx,Q) x HE(V,Q) such that

{a(HQ/E,Fh) + (VP Fp) =a(E,Fy) VF, € H(Vx,Q) (12

(IIYE,VQu) = (E,V Qu) vQu € HN(V,9Q).

Indeed, testing with F;, = V Py, we obtain Py, = 0.

The bilinear form a(-, -) is coercive over the space of functions in H%(V x, ) with zero divergence; see Corol-
lary 3.51 of [30]. Due to the discrete exact sequence structure (6), the bilinear form (V-,-) is inf-sup stable
over

HMV,Q) x VHE(V,Q) € HN(V, Q) x H (Vx,Q).

The two bilinear forms and the two functionals on the right-hand side of (12) are continuous. Therefore, the
standard inf-sup theory for mixed problems [6] implies that the above problem is well-posed with continuous
dependence on E. Moreover, given E; the Nédélec interpolant of HQ/ E as in Lemma 3.2, there exists a positive
constant ¢ depending on the shape of € such that

|IYVE - E; = |IVE - E; + VPl o < cl|lE—-Eflgy -

HVX,Q HVX,Q

The assertion follows using the triangle inequality and the estimates in (8). (I
The estimates in (8) provide us with a local bound, whereas the approximation estimates (11) only give a
global bound.

In what follows, we shall need the following technical result stating the stability of the operator H{C\/ in the
L°° norm, under additional regularity on E.

Proposition 3.4. Let E be in H2(Vx,Q) N [L=(Q)]® and IINE be as in (10). Then, there exists a positive
constant C' independent of h but dependent on the shape-reqularity parameter o of T, and the polynomial degree k
such that

3
-3
N : 3
Yl oy < € iy ) 02 (1Bl 3, ) + CIBli (13)
Proof. Let Ej be the Nédélec interpolant of E as in Lemma 3.2. A polynomial inverse estimate entails
N N
HHk EHLoo(Q) S ||E — I EHLoo(Q) + ”EHLOO(Q)

N
<|E - Ef|poq) + glea}i“EI — 1Ly EHLoo(K) + |El| e ()
_3
< HE - EIHLN(Q) + Cinth2 HEI - HJIC\/EHLQ(K) =+ ||E||L<>°(Q)

_3
< B = Bt ) + conohic? (B = TE] ooy + 1B = Bl o ) + I Ell o
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The assertion follows using (8), (9), and (11), and the fact that

)
||EI||L°°(Q) S ”E”LOO(Q)'
O

An approximation, commuting operator in H(V-). We introduce the space of L? Raviart-Thomas
functions with zero divergence:

HYN V-, Q) = {B, € H!(V.,Q) | V-B), =0} (14)
and a projection operator mapping [L2(€2)]? into H}(V-, Q) as follows:
(B —TIORTB, Ch> =0  VC,e HMNV-Q). (15)
The operator ﬁg’RT satisfies a crucial commuting property with ch\/ defined in (16); see display (18) below.
Let E in Ho(Vx,Q). Using (15) entails
MORT(Ux E),Ch) = (VXE,C,)  VE € Hy(Vx,Q), C, € H(V-,Q). (16)

We have the following approximation result, which is an immediate consequence of Theorem 5.25 and Re-
mark 5.26 of [30], and the fact that the Raviart—-Thomas interpolation preserves the divergence free property.

Proposition 3.5. For all B in H*T1(K) such that V-B = 0, there exists a positive constant C independent
of hi and B but dependent on the shape-reqularity parameter o of the mesh and the polynomial degree K such
that
~0,RT
|B-*"B| < CnF Bl (17)

For a given E in Hy(Vx, ), the fact that V-(Vx F}) = 0 implies

(10) (15)

o(THVE, F)) =2 a(E,F)) ‘= (ﬁ%m(w E), Vx Fh> VF), € HIN(Vx,Q).

Therefore, we have the commuting property

YR (Vx E) = Vx IIYE. (18)

A discrete curl operator and an L? projection. Define the discrete curl operator Vy,x : H (V- Q) —
H}Vx,Q) as

(Vux By, vi) = (B, Vxvy) Vv, € HY(Vx,Q). (19)
Also define the operator Qp, : [L3(Q)]? — H}(Vx,Q) as
(v—Quv,Ey) =0 VE, € HY(Vx,Q). (20)

The operator Qp acts as the identity on Hé”(VX,Q), i.e., is a projector. Using Lemma 3.2, we deduce the
following result.

Proposition 3.6. For all v in H*1(Q), there exists a positive C independent of h but dependent on the
shape-regularity parameter o of the mesh and the polynomial degree k such that

IV = Quvllgq < CHM vl o (21)

Fix p in [1,00]. Being Q; an L? projection operator and using that the mesh is shape-regular, Theorem 1 of
[10] guarantees the existence of a positive constant C' only depending on the shape-regularity parameter o of
the mesh, the polynomial degree k, and the Lebesgue index p such that

1Qnvll o) < ClVILo(e) vy e [LP(Q)). (22)
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3.2. The discrete problem, preservation properties and well-posedness

Consider the following discrete counterpart of the space X in (4):
Xy = [HN VX, Q)] x HN(V-,Q) x H}(V, Q).

We are now in a position to introduce the semi-discrete formulation of (5) given by:
find (uh,wh,jh, Eh, Hh,Bh,Ph) in Xh such that, for all time ¢ in (O,T],

(s un, va) = (up X wp, vi) + R a(up, vi) = c(in x (#HR), va) + (V Py, vi) = (f,vh) (23a)
1(n, k) — (Bn, Vxkp) = (23b)

(0B, Ch) + (VX Ep, Cp) = (23c)

(Rin'in — [En +up x (uHy)], Gp) = (23d)

(up, VQu) =0 (23e)

(wn, pn) = (an, VX pp) = (23f)

(Bn, Fr) — n(Hp, Fp) = (23g)

for all (V}“ Hh, kha Fha Gh7 Cha Qh) in X}L'
System (23) is endowed with discrete initial conditions

u% = (uO)Ia BO = ﬁ%RTBOa

i.e., we interpolate the continuous initial conditions in H{(Vx,€) and HJ(V-,Q) in the sense of Lemma 3.2.
We are tacitly assuming that u® satisfies the regularity assumptions detailed in Section 3.1 and B belongs to
[L2(2)]3. A weaker regularity on u® is possible resorting to quasi-interpolation operators as in [11].

Relations and properties of discrete vector fields. From the semi-discrete formulation (23), and the
definition of Qp and Vi, x in (20) and (19), we deduce the following identities:

(20),(23d)

En Rp.'in — Qu(un x (pHy)), (24a)
20),(23f
wi N Qu(Vxwy), (24b)
. (19),(23b
Hin UL 7, % By, (24c)
JH,, (20),(238) 0,B). (24d)
Equation (23c) and the properties of the exact sequences imply
By, =VxE, = -06,V-B,=0. (25)
We deduce
V-Bj = V- IpRTBY M0 B veB =0 vie[07], (26)

Discrete energy preservation. We recall the following Poincaré-type inequality, see, e.g., Corollary 3.51 of
[30]:
(VI < ep||Vx V| Vv € Hy(Vx,Q) with V-v=0. (27)

The semi-discrete method (23) preserves the energy of the system. The following result is the discrete counterpart
of Theorem 2.1 and was proven in Theorem 4 of [23] for a specific full discretisation of (23).
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Theorem 3.7. The following identity holds true:

c;fl
2

1 .
gat\|uh||2+ 3|Brl” + RSV x wp))® + Ry inll” = (£, up). (28)

For all t in (0,T] and cp as in (27), we also have the following upper bound:
2 2 K 2 K 2
Jun (O + o B0+ R [ 9wt st [l ds
¢
2 _ 2
< )+ e B0+ Reer [ RG] s, (29)

Proof. We provide details of the proof for completeness since method (23) contains more physical parameters
than that in [23].
Standard properties of the cross product imply

(uxv,u)=0 Yu, v € [L*(Q)]?. (30)

Take v, = uy, in (23a) and Qp, = Py, in (23f). With this choice, the trilinear term involving the vorticity vanishes
due to (30). Therefore, using (24c) and (24d), we write

(8 up,up) + RV up|? = cp (Vax Br) x QuBp,up) = (F,uy). (31)
On the other hand, picking Cj, = By, in (23c), we arrive at
(23c) (24a)

(8: By, By) = —(VxEp,By) = —(Vx[Ryin — Qu(un x QuBy)], By)

19 1
=4 —R. (Grs Vix Bp) + (up x @By, Vi x By)

) R linl® + (un % QuBp, Vix By).
Exploiting the cross product’s properties, we deduce
e~ (0B, Bp) + RMnll? = e (un x QuBy, Vix By) = —cu™ (Vax Br) x QuBy, up).
Inserting this identity in (31) entails
(O wp,un) + R Vx wp|® + e~ (9 Ba, Ba) + Ry il = (£, un).
Inequality (28) follows.
Using (le) and (27), we deduce

Recp o2 Rot 2
(£, up)| < [[Ellep|Vxull < == [£]7 + =~ [[V>u]"
Inequality (29) follows inserting the above bound in (28) and performing standard manipulations. (]

Discrete magnetic and cross helicities-preservation. The finite element formulation (23) is helicity-
preserving in the ideal case. In fact, the following result was proven in Theorems 5 and 6 of [23] and is the
discrete counterpart of Theorem 2.2. We report here below the result explicitly and review also its proof in
Appendix A for completeness and since method (23) contains more physical parameters than that in [23].
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Theorem 3.8. Let Ay be any potential of the discrete magnetic field By, i.e.,
Ay, € H(Vx,Q) besuch that Vx A, = By,.

Then, the two following identities involving the discrete magnetic and cross helicities hold true:

0y(Bn, Ap) = —2R u(Hy,jn) = —2R 1 (QyBy, Vi x By), (32a)
o(up, By) = —Ro'w a(uy, Hy) — R (Vx ap, jn) + pu(f, Hy)
= —R.'a(u, QpBy) — Ry'ln ™ (Vx up, Viox By) + (£,Q,By). (32b)

A consequence of Theorem 3.8 is that the scheme is helicity-preserving under the assumptions in Remark 2.3.

Remark 3.9. The four fields formulation in [21] is not helicity-preserving; see Section 3.1 of [23]. The reason
is the presence of “spurious terms” appearing in the counterpart of the identities in (32) for the four fields
formulation. For instance, given I the identity operator, we have

8t(Bh, Ah) = 72R;1(QhBh, Vi % Bh) + Q(Uh X By, (Qh - H)Bh)

The first term on the right-hand sides resembles that in the first equation of (32); the second one is a pollution
term measuring the distance of By, from H(V x, (). Using instead the seven-fields formulation (23), the second
term vanishes due to the presence of extra projection terms in the formulation.

Well-posedness of the semi-discrete formulation. The semi-discrete method (23) is well-posed. We follow
the guidelines of Section 5.5 from [2]: we show that the semi-discrete method can be written as a first order
Cauchy problem with a quartic nonlinearity; then, the energy bounds in Theorem 3.7 imply that the nonlinear
term is Lipschitz, whence standard ODE results imply the well-posedness.

We begin by taking the time derivative in (23b):

w(Ojn, kn) — (0:By, Vx k) =0fv  Vkj, € HY(Vx,Q). (33)
From (24a) and (24d), we further have
Jn = Rm(Ep + Qp(up x QpBp)). (34)
We plug this identity in (33) and deduce
pRm (s Eny k) 4 1R (0, Qu(uy, x QuBy), ki) — (0. Br, Vx k) =0 Vk, € HY (Vx,Q). (35)
Next, we use (35) and (23c¢) with C, = Vx k;, and write
(1Rn (0 En, kp) + R (0s Qn(up, x QuBy), ki) + (VX Ey, Vx k) =0 Vky, € HY(Vx, Q).

We condense out the pressure Py, from the system by recalling (23e), and restricting test and trial velocity fields
to the space

—h
Hy(Vx,Q) = {v, € H(Vx,Q) | (v, VQn) =0 VYQu € H}(V,Q)}.
Introduce the reduced, discrete test and trial space
X = He(Vx,Q) x HN(Vx,Q) x HN(V-, Q).

With this information at hand, and recalling the strong identities in (24) and (34), up, By, and Ej, in X, are
the solutions to the following Cauchy problem: for all vj, kj, and Cj, in Xy,

(0y up, vi) — (up X Qu(Vxun),vi) + Ro ' a(un, vi) + c(jn x QuBn, vi) = (f,va)
R (0 Epy ki) + (VX Ep, VX ky) + pRm (05 Qn(up x QpBr), k) =0 (36)
(Bt By, Ch) + (VX Ey, Ch) =0.

Inverting the corresponding “mass” matrices, from the first, third, and second identities above, we deduce that
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— Oy uy, can be interpreted as a cubic function in terms of (up, By, Ep);
— 0y By, can be interpreted as a linear function in terms of Ey;
— (0 Qn(up x QpBy), ky,) can be interpreted as a quartic form in terms of (up, By, Ep); in fact, we can write

(0s Qn(up x QuBy), kn) = (s (un x QnB), kp)
= (Oyup, x QB kp) + (un x (0; QuBr), kn).
Resorting to the information above on J; u;, and 0; By, we can interpret 0y Ej as a quartic form in terms of
(un, Bp, Ep).

In other words, (up, B, Ep,) are the solutions to a first order Cauchy problem with quartic right-hand side.
On the other hand, Theorem 3.7 and (23d) state that the three fields above are bounded, thereby entailing
a uniform Lipschitz nonlinearity on the right-hand side. Standard ordinary differential equation theory results
imply the well-posedness of the method; see, e.g., [27].

The well-posedness of the full semi-discrete system (23) follows from the well-posedness of the reduced semi-
discrete system (36) and the identities in (24), in the sense that the four remaining unknowns are derived from
the three solutions to (36).

4. ERROR ESTIMATES FOR THE SEMI-DISCRETE SCHEME

Property (26) implies that in system (23) we seek discrete divergence free magnetic fields, whence we can
replace H(V-,Q) by H}(V-,9Q) in (14). In other words, the total test and trial space X}, is replaced by

X, := [HN V>, Q)]° x HE(V-,Q) x HN(V, Q).

This will be relevant in what follows, since the test field Cj are divergence free, which allows us to use the
properties of the operator in (15).

We prove a fundamental result, which will be instrumental in deriving the error estimates in Corollary 4.2
below. To this aim, given H%RTB and Py as in (15) and (7), we introduce

el :=u, — Y u, eP =B, -NV*"B, ef :=E,-II'E, ¢} :=P,-P. (37)

Given N
Xh(V, C) = Qh(v X QhC) Vv € HQ(VX,Q), VC € HO(V',Q)7

we further define _
el = el +xn(el,Bn), i1 :=Rum(IYE + xa(TT) u, By)). (38)

Theorem 4.1. Consider sequences {T;,} of shape-reqular, quasi-uniform meshes’. Let the solution to (5) be
sufficiently smooth. Then, there exists a positive constant C independent of h such that, for all t in (0,T],

t t . 2
eI + [leR ®)[|” + / [V ei(s)]* ds + / ehs)]|"as < (et )1 + B @) + 12:+V).

The constant C' includes regularity terms of the solution to (5), the shape-regularity parameter o of the mesh,
and the polynomial degree k.
Proof. Using standard properties of the cross and scalar products, and (24d), we rewrite (23a) as

(8t uh,vh)—(uh X wh,vh)—i—Rgla(uh,vh)—i—c(jh,vh X QhBh)—‘r(VP}th):(f, Vh) Vv € HSL(VX,Q) (39)

5The quasi-uniformity assumption is used in the estimates for the term 75 in order to apply Proposition 3.4.
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The reduced version of (23c) reads
(8, By, Cp) + (VX E,, CL) =0  VCj, € H} V-, Q). (40)
Adding and subtracting H’,gf E and ij\/ u in (34), we deduce
jn =R (Ep, — TINE + xu (up — 1Y u, By) + IYVE + x5, (I, By,)). (41)
We substitute (41) in (39), add and subtract ITY u and Py, use (24b), and get
Oy e, vi) — (el x wp,vi) + R talel,vy) + cRm(eE + xn(en,Bn), xn(vh, Bh)) + (Vehp,vh)

= (£,vi) — (0 T w, vi) + (I u x Qu(Vx wp)), va) — Rota(T u, vy,) (42)
— R (IVE + x5, (T w, By), X1 (v, Bi)) — (VPr,vi) Vv, € HY(Vx,Q).

Next, we combine (23b) and (34), add and subtract I E and ﬁg’RTB7 and get

,uRm(eE + Xh(e}LLla Bh)a kh) — (eE, V x kh)
= — R (ITE + x (T 0, By ) n) + (ﬁg’RTBv Vx kh) vk, € Hy (Vx,9).

Besides, we have

(VxIIVE, C;) & (ﬁg’RT(Vx E), Ch) © (VX E, Cp)
5¢c 15 ~ ~ ~
) _4,B,cp) 2 —(H%RT(atB), ch) - —((x (H%RTB),ch) VG, € HM(V-,Q),
whence we can write

(TYR7(0.B).Ch) + (VXTIE,C,) =0 VCy € HY(V-,9).

Subtracting this to (40) entails
(0ce),Ch) + (Vxef,Cp) = 0. (44)
Recalling (30), and taking v, = e}, kj, = eF, and Cj, = eP in (42), (43), and (44), we arrive at the following
set of equations:
(8t e;]w eg) + Rgla(eza e;'l) + CRH] (BE + Xh(e‘};v Bh)a Xh(e‘};v Bh)) + (veﬁa e;:)

= (f,e}) — (0 Y u, en) + ((H{C\/u x Qn(Vxuy)),ep) — Rgla(HQ/u,e};)

— cRon (IE + x0 (I, Ba). xa (e}, Br) — (VPr e), (45)

pRum (ef + xn (e}, Bp), ef) — (eB, Vx eF)
= —pRun (TVE + x5, (Y w, By, ), €F) + (ﬁ%’RTB, T 65)7 sh)
(O er,er) + (Vxef,ep) =0. (45¢)

Adding (45b) and (45c), we obtain
(R (€F + vn (e, B), eF) + (0; €2, eB) = — R (THVE + x5 (T u, By), eF) + (ﬁg’RTB, Vx ef). (46)

Multiplying (46) by cu~! and adding the resulting identity to (45a) yield
LHS = RHS, (47)
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where
LHS := (0, e}, e}!) + R 'ale}, e}l) + (Ver ,e}l)
+ R (e} + xn(e}l, Bu), e + xn(e}l,Br)) +cu” ' (0 ef  ep) (48)
= Loulel + R Vel + (Vefef) + R ek | + L o1 eB
and

RHS := (f,e}') — (9, Y u,e!) + (I u x Qu(Vx uy),e}) — R 'a(IY u,efl) — (VP ef)
— R (I E + x5 (I 1, B e + xn(ef, Br)) + o™ (ﬁg’RTB, Vx e?)

(49)
= (f,ef") — (8, T u,ef) + (I u x Qu(Vx up),ef) — Ry a (T u,ef) — (VP ef)
c(j;, eJ;L) +ept (ﬁ%RTB, V x eE).
The term involving ef’ in LHS, see (48), vanishes:
(37 ANy (236 N (5e)
(Vey, ,ep) (Ver ,up) — (Ve I u) =" —(Vey,, 1T ) —(Vej,u) = 0. (50)
To show an upper bound on RHS, we rewrite the term involving f using (5a) with v, = e}
(f.e}) = (B u,ef) + Ry a(u,eff) + (VP e}) — (ux (Vxu),ep) +c(j, e} x B). (51)
Observe that a5 50)
5 5b .
(HO RTB, Vx eh) (B,Vxep) =" uljer). (52)
Inserting (51) and (52) in (49) yields
RHS = (3, (u— I u),e}) + R a(u — I u,e}) + (V(P — Pp),e})
N u u : E u . j > (53)
+ [(IYu x Qu(Vxuy),eff) — (ux (Vxu),ep)] + c[(J,eh +ej xB) — (Jl,eh)} = ZTj'
j=1
We estimate the five terms on the right-hand side of (53) in separate steps.
Estimating T7. Using Cauchy—Schwarz’ inequality, Young’s inequality, and Lemma 3.2 yields
Ty < |0 (w =T u) ||l < Cih** V1, ully, + [lef]|* = CLh**HD 4 [left]*. (54)

Estimating T>. Using Cauchy—Schwarz’ inequality, Young’s inequality with parameter ¢ to be fixed in (66)
below, and Lemma 3.2 yields

Ty <R Vx (u— I u)|||Vx ep|| < Ca(e)h®F V[V ulf,, + RV el

2(k+1) 1 (55)
= Cy(e)h®F+D) 4 RV x eh||
Estimating T3. Using Cauchy—Schwarz’ inequality, Young’s inequality, and Lemma 3.1 yields
Ty < |V(P = Pp)llflefill < Cah®™ D[Py + llef]* < Cah>* Y + |leji]|”. (56)

Estimating T,. We have
Ty = (H{C\[u x Qu(Vxup),ef) — (ux (Vxu),ep).
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We write

Ty = (I u x [Qu(Vxup) — Vxul,ef) + ([ u—u] x Vxu,e})
< ] e ) IV @ = Qi (V) [l l] + [ — T u[ [V x ull < [le}].
Note that
[Vxu—Qn(Vxup)| < [[Vxu—Qun(Vxu)| 4+ [[Vx(u—u)|
<V u—Qu(Vxw) + [[Vx (u =T u) | + | Vx e}

CUE G v Vx e}
< 4 VXl e v o) T IIVX R

Combining the two bounds above, using Young’s inequality with parameter ¢ to be fixed in (66) below, and
recalling Propositions 3.3 and 3.4, we arrive at

Cy

Ty < Cat D 4 e O e+ (1) et (57)

A preliminary estimate for T5. We are interested in estimating ||j — jr||, where j; is defined in (38). The
triangle inequality implies

5 =3zl < |[B T[] + [Ju x B — Q4 (I} u x QuBy) |- (58)
We focus on the second term on the right-hand side:
[ux B —Qp (I ux Q,By)|| <|luxB—QuuxB)|+||Q(uxB-TIHuxQ,By)|. (59)

As for the second term on the right-hand side of (59), we exploit the continuity (with constant 1) of Qp in the
L?(Q) norm and get
Qn(ux B —THuxQ,By)| < [luxB -1 ux QB
< [[(u—1Yu) x B|| + I u x (B — QBy)||
< [fu = T | B e ) + [T 0] B — @B (60)

~O0RT
< [ = T ul| Bl ) + [T 0] o o) (IB — @B + |[B = TR B|| + e ).
Collecting (59) and (60) into (58), and using estimates (11), (13) (with the quasi-uniformity of the mesh),

and (21), we deduce the existence of a positive C; independent of h but dependent on the shape-regularity
parameter o of the mesh, the polynomial degree k, and the solution to (23) such that

.. 2
i —irll* < Cor* D 4 Oyl (61)

Estimating T5. We split
Ts = c(j,e]ff +el xB-— eJ;l) + c(j fjl,e%) =:T51 + T52. (62)

Cauchy—Schwarz’ inequality, estimate (61), and Young’s inequality with parameter € to be fixed in (66) below
entail

o . 12 )
Ts2 <cllj—irll HeJhH < Csa(e)h2*+D 4 aHeJhH + 6’572(5)”9}?“ ) (63)
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Next, we focus on the term 75 ;. We have

¢ 'T51 = (j.ej} x B~ Qu(e} x B)) + (j,Qn(e} x B — e}l x QBy))
< (0 — Qnjs el x B) + [lill g (o) [Qn (el x B — ey x QuB) |11

(22)
< (- Quj,ep xB) + CHJHLOC(Q)He‘ﬁ x B —ej x QhBh”Ll(Q)

< (= Qnj e X B) + Clljll oo () ller | B — @Bl

< 15— QuillleR 1Bl =y + Cllill e o ek | (| B~ T 7B|| + ]| + 1B - @B ).

We use Young’s inequality, estimates (17) and (21), and deduce the existence of positive constants 6571 and Cs 1
such that

~ . . ~ 2 a 2
T < G (1~ Qul? + 1B - uBI” + [B - 778+ fet* + o)

(64)
< Csa k24D 1 e + e
Inserting (64) and (63) in (62), we arrive at

2(k+1) uy2 B||2 i|I?
Ts < Cs(e) (h2H0 + Jleg > + [[ef ) +<||ed | - (65)

Collecting the estimates. We collect (54)—(57), and (65) in (53), and obtain

112

RHS < C() (n25F) + [lefI) + ClleR | + 2V x eI +<ed| - (66)

Inserting this inequality in (47), using (50), moving the last two terms on the right-hand side to the left-hand
side, and picking ¢ from Young’s inequalities above sufficiently small, for positive constants C'4 and Cp only
depending on the data and the shape-regularity parameter ¢ of the mesh, we write

1 21
SOl + RV Rl + Vel e) + ||el |+ S e < Cant®+V 4 Ca(Jleh* + [ )-

We integrate in time and get

.2
eJh(s)H ds

t t

eI + [l + [ 1veits)las+ |
t t

§|\ez<o)||2+y|e§(o>u2+/ CAh2<k+1>ds+/ Calef()I* + [leB(s)|*] as vt e (0,7,
0 0

Applying Gronwall’s inequality
t t 0
u(t) < a(t) —|—/ Bls)u(s)ds = wu(t) < alt) —|—/ a(s)B(s) exp (/ B(r) dr) ds,
0 0 s
the assertion follows. (]

A consequence of Theorem 4.1 is ancillary for proving error estimates for the semi-discrete scheme (23).
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Corollary 4.2. Consider sequences {Ty} of shape-regular, quasi-uniform meshes. Let the solution to (5) be
sufficiently smooth. Then, there exists a positive constant C independent of h such that, for all t in (0,T],

0w~ w)(®)] + (B~ By)(®) +(/ 19 (a — ) (s)] ds) (/ 1G - 3 ds)

< C(ller )]l +[|er ()| +n*).

The constant C' includes regularity terms of the solution to (5), the shape-regularity parameter o of the mesh,
and the polynomial degree k.

Proof. The triangle inequality implies

= w0+ 1B = B0 + [ 1950w ds) ([ 16-me ds)
<C|f(-mw@| +|[(B- 0 B)0)| + (/ HWu—Hﬁu)(s)Hst)z
([ —jl)(5)||2ds>; + e )] +[leB o]

+ (/Otnw«ez(s)nzdsf ([ S)Hstﬂ.

The assertion follows combining Theorem 4.1, and estimates (11), (17), and (61). O

Using estimates (11) and (17) to handle the initial data error implies convergence for the velocity, magnetic
field, vorticity, and electric density unknowns. Convergence for the other three variables can be deduced from
the relations in (24). Computational tests can be found in [23] and are in agreement with the theoretical findings
above.
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APPENDIX A. PROOF OF THEOREM 3.8

Proof of (32a). The fact that Vx Ap = By, the chain rule, and integrating by parts imply

6t(Bh,Ah) = (VX O A}HAh) + (85 Ah,Bh) = (8; Ay, VX Ah) + (8t Ah,Bh) = 2(8@ Ah,Bh).
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(A1)

From (25), we have 9y B, = — VX Ej,. Since 9y B, = Vx(9; A}) by definition, we deduce Vx(9; Ay, + E;) = 0. This

entails the existence of ®, in H(V, Q) such that

Oy Ap = —E;, — Vo,

Testing this identity with By, and using an integration by parts and the fact that V-Bj, = 0 for all times, see (26), we

can write
(0t An,Bp) = —(En + V&,,Br) = —(En, By).

On the other hand, we have
24a),(24d) _ _1,
L Qn(un x QnBp).
Consequently, we write
(En, Br) = Ri' (Bh,jn) — (Qu(un x QuBn),By)

(20) (20),(30) 1,1 (24d)

Plugging this into (A.2), then using the resulting identity in (A.1) yields (32a).
Proof of (32b). Observe that

(24c),(24d) (30)

—(jr x Hp, QpBy) /1/72((th Br) x QuBr, QrBg) = 0.

We take v, = QnBp in (23a), use (24b) and the properties of the cross product, and get

(8 un, Bp) + ((Qn(Vx un)) x un, QuBy) + Re 'a(un, QuBr) + (V Py, QuBy) = (£,QrBy).

Using (A.3), we deduce

25 A3 _ .
o By, (:) —Vx Ep ( = ) —Rm1 VXJh + VX Qh(uh X QhBh)
On the other hand, the exact sequence’s properties imply

—(V Py, QnBy) = —(VPp,Bp) = (Pn,V-By) @,

Ri' (Br,jn) — (un x QuBr, QuBr) = R (QuBn,jn) = R u(Hn,jn).

(A.2)

(A.3)


mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

1094 L. BEIRAO DA VEIGA ET AL.

We arrive at
O:(un,Bp) = (0 upn, Br) + (un, 0: Br)
(A.4),(A.5) 1
= —(Qh(Vx uh) X Up, QhBh) — Re a(uh,QhBh) +4 (f, QhBh)
— Ru' (wn, VX i) + (an, VX Qu(un x QuBy)).
The cross product’s properties entail

—(Qr(Vxup) x up, QpBr) + (un, VX Qun(ur x QrBp)) = 0.

Identity (32b) follows combining the two equations above.
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