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1 Introduction

Mediation analysis investigates the role of the mediator in the relationship between an exposure (equiv-

alently, treatment) and an outcome. Rather than solely examining the total effect between the exposure

and the outcome, it aims to determine whether part of the effect passes through a mediator; in other

words, whether the exposure variable causes the mediator variable, which in turn causes the outcome

variable.

The classical approach to mediation analysis, introduced by Baron and Kenny (1986), focuses on linear

models with three continuous variables: the exposure A, the mediator M, and the outcome Y. The

direct effect from the exposure to the mediator is referred to as path a, from the mediator to the

outcome as path b, and from the exposure to the outcome as path c. According to this approach, the

direct effect is represented by path c while the indirect effect is given by the product of paths a ∗ b.

The total effect, denoted by c′, is given by the sum of the direct effect, path c, and the indirect effect,

path a ∗ b. The indirect effect can also be calculated as the difference between the total effect c′ and

the direct effect c.

In the classical approach the estimate of the direct effect c is the coefficient of the exposure A in the

linear regression model of the outcome Y on both the exposure A and the mediator M. The estimate of

the indirect effect a∗ b is the product of two regression coefficients: the coefficient of the exposure A in

the linear regression model of the mediator M on the exposure A, and the coefficient of the mediator

M in the linear regression model of the outcome Y on both the exposure A and the mediator M.

This approach is subject to two important limitations: it excludes exposure-mediator interaction and

non-linearity. More recent literature (Robins and Greenland, 1992; Pearl, 2001) clarifies the assump-

tions required for mediation analysis in the counterfactual framework and provides definitions of direct

and indirect effects based on the counterfactual means that could be used even in the presence of

interaction and nonlinearities.

Identifying causal effects is challenging in observational studies. In mediation analysis, one of the ma-

jor hurdles is the assumption that the mediator is observable and measured without error. However,

these assumptions result particularly strong in observational settings.

For the mismeasured mediator, Le Cessie et al. (2012) proposed a correction for causal effects for

different types of measurement error in the mediator when the outcome is modeled using either linear

or logistic regression, but in the absence of interaction between exposure and mediator. Valeri et al.

(2014) extending this by proposing a correction for measurement error even in the presence of inter-
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action in various statistical models; however, specific assumptions regarding the error are necessary,

some of these impossible to verify.

In this thesis, we extended the proximal causal inference framework (Miao et al., 2018; Tchetgen

Tchetgen et al., 2020) to address both issues: the case where the mediator is unobservable and the

case where it has been measured with measurement error, while providing a unique method that does

not require assumptions about the type of measurement error. This approach is initially designed

to enable the identification of causal effects in the presence of unobservable confounders, contingent

upon having data on two proxy variables for the confounder that satisfy certain conditional indepen-

dence conditions. Specifically, we extended the proximal causal inference framework to the field of

causal mediation analysis for cases where the mediator is either unobservable or cannot be measured

accurately. This allows for the identification of natural direct and indirect effects of the exposure on

the outcome, even with a hidden mediator. Similar to the case of an unobservable confounder, this

approach requires data on two proxy variables for the hidden mediator.

This thesis introduces an innovative approach for identifying the causal effects with a hidden or mis-

measured mediator, using generalized linear models (GLM). The primary contribution lies in offering

a straightforward and readily applicable method that facilitates the identification and the estimation

of causal effects. In the case of measurement error in the mediator, its versatility is noteworthy, as it

does not require specific assumptions about the nature of the measurement error. With access to two

mediator proxies, the approach ensures unbiased estimates of causal effects, regardless of the type of

measurement error present.

We developed a methodology for cases where the treatment is dichotomous, the mediator is contin-

uous, and the outcome variable can be continuous (with a linear link), count, binary, or polytomous

(with a logarithmic link). Additionally, we explore scenarios involving interaction between exposure

and mediator.

Furthermore, we quantify the bias that would arise when using one of the two proxies instead of the

unmeasured mediator in the analysis.

The thesis is structured as follows: Section 2 introduces the notation, classic assumptions, and reviews

the direct and indirect causal effects in mediation analysis when the mediator is observed without

measurement error, for the linear and the logarithmic cases. Section 3 presents the GLM-based proxi-

mal approach for identifying causal effects in the presence of mediator measurement error or a hidden

mediator. In Section 4, we show the performances of the method through a simulation study. In

Section 5, we quantify the bias that results from using one proxy in place of the mediator. Section 6
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applies the proposed method to real data, followed by a discussion in Section 7.

2 Mediation analysis with observable mediator in the absence

of measurement error

A denotes the dichotomous treatment variable, where A = a = 1 signifies treatment received (treated

group), and A = a’ = 0 otherwise (untreated group).Y denotes the outcome of interest, which can be

continuous, count, binary, or polytomous. M denotes the continuous mediator and X denotes one or

more possible observable confounders.

To express the possible causal effects among the introduced variables, the graphical tool of DAGs (Di-

rected Acyclic Graphs) is utilized. The absence of arrows in the DAG is used to indicate the absence

of a direct causal effect from one variable to another.

The pertinent scenarios are illustrated in Figure 1.

Figure 1: Mediation analysis with observable mediator. The graphs represent the case with an observ-
able mediator without measurement error, without a) and with b) observable confounder respectively.

The exposure has an effect on the outcome both through the mediator, which in turn is causally related

to the outcome, and by directly influencing the level of the outcome.

Y(a, M(a)) denotes the potential outcome (equivalently, counterfactual outcome) when the treatment

A is set to the value A = a and the mediator assumed the value M(a) it has under treatment A =

a. Obviously, not all the considered counterfactuals have corresponding observed values; for instance,

the value of the counterfactual variable M(a) differs from the value of the observed variable M if the

patient did not receive the treatment A = a.

We posit the following hypotheses, which are standard in causal mediation analysis and essential for a

causal interpretation of the effects.
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Assumption 1: Positivity (Rosenbaum and Rubin 1983)

p(A | X) > 0 and p(M | A,X) > 0 for all possible values of A, M and X;

This assumption ensures that, within each level of the confounder covariate X, no units have an impos-

sible probability of receiving both treatment versions. Similarly, all units have a nonzero probability

of attaining any possible value of the mediator, given the confounder level and under each treatment

condition.

Assumption 2: Consistency (Robins 1986)

M(a) =M if A = a; Y (a,M(a)) = Y if A = a and M = m;

This assumption states that if a patient has actually received a certain version of the treatment A = a

the counterfactual mediator M(a) is equal to the observed mediator M. Furthermore, the counterfac-

tual outcome Y(a, M(a)) is equal to the observed outcome Y only if the patient receives the treatment

A = a and has the value M = M(a) = m.

Furthermore, Imai, Keele and Yamamoto (2010) introduced an additional assumption specifically for

the causal mediation analysis.

Assumption 3: Sequential Ignorability:

1. Y (a,M(a)) ⊥⊥ A | X;

2. M(a) ⊥⊥ A | X;

3. Y (a,M(a)) ⊥⊥M(a′) | X (Cross-world independence assumption)

With the first two points of assumption 3, the aim is to express the independence of the potential

outcome Y(a, M(a)) and the potential mediator M(a) from the treatment assignment A, conditioning

on the observable pre-treatment covariates. In other words, this part excludes the presence of un-

observable confounders in the relationship between potential outcome or mediator and the treatment

assignment.

The third part of Assumption 3 (the cross-world independence assumption) expresses the indepen-

dence between two counterfactuals under different versions of the treatment. Specifically, it assumes

independence between the potential outcome when the treatment is set to A = a, i.e., Y(a, M(a)),

and the potential mediator when the treatment is set to A = a’, i.e., M(a’). Thus, it does not merely

posit conditional independence between the potential outcome and the potential mediator, but rather

assumes this independence across two distinct treatment regimes. In other words, we assume the

absence of a mediator-outcome confounder affected by exposure. The presence of this ”intermediate

confounder” would prevent the identification of causal effects.
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Now, we introduced the two main estimands in the causal mediation framework: the Natural Indirect

Effect (NIEs) and the Natural Direct Effect (NDEs).

The NIEs (Pearl, 2001) expresses the change that would occur in the outcome if the mediator value

changes, with a fixed treatment. It represents the indirect effect of the treatment on the outcome

through the mediator, when the treatment is constant.

The NDEs (Pearl 2001) expresses the change that would occur to the outcome if the treatment value

changes, with a fixed mediator. It represents the direct effect of the treatment on the outcome when

the mediator is constant.

2.1 Y continuous (Identity link)

Assuming no confounder X, for simplicity, we can define two types of NIEs: one evaluated the indirect

effect in the treated group, when A = a = 1, and the other in the control group, when A = a’ = 0.

NIEa = E[Y (a,M(a))]− E[Y (a,M(a′))] (1)

NIEa′
= E[Y (a′,M(a))]− E[Y (a′,M(a′))] (2)

Imai (2010) called this effects Average Causal Mediation Effect (ACME), while Robins (2003) used

total indirect effect for NIEa.

Even the NDEs effect can be considered in the two groups:

NDEa = E[Y (a,M(a))]− E[Y (a′,M(a))] (3)

NDEa′
= E[Y (a,M(a′))]− E[Y (a′,M(a′))] (4)

Imai (2010) called this effects Average Direct Effect (ADE), while Robins (2003) used pure direct effect

for NDEa′
.

The Average Causal Effect (ATE) (equivalently, total effect) of the treatment in terms of potential

outcomes can be defined as:

ATE = E[Y (a)− Y (a′)] = E[Y (a,M(a))]− E[Y (a′,M(a′))] (5)

When treatment A = a and the mediator M takes the value it would have under A = a, the counter-

factual outcome Y(a, M(a)) simplifies to Y(a). This implies that the counterfactual outcome can be

expressed without explicitly referencing the mediator.
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The ATE can be partitioned in the two different sums of two versions of NIEs and NDEs (Pearl, 2001)

as follow:

ATE = E[Y (a,M(a))]− E[Y (a,M(a′))] + E[Y (a,M(a′))]− E[Y (a′,M(a′))] = NIEa +NDEa′
(6)

ATE = E[Y (a,M(a))]− E[Y (a′,M(a))] + E[Y (a′,M(a))]− E[Y (a′,M(a′))] = NDEa +NIEa′
(7)

Under the assumptions 1-3 it is possible to identify the four effects as follow (Imai, Keele, and Ya-

mamoto (2010)):

NDEa =

∫
m

[E(Y | A = a,M)− E(Y | A = a′,M)] p(M | A = a) ∂m (8)

NDEa′
=

∫
m

[E(Y | A = a,M)− E(Y | A = a′,M)] p(M | A = a′) ∂m (9)

NIEa =

∫
m

E(Y | A = a,M) [p(M | A = a)− p(M | A = a′)] ∂m (10)

NIEa′
=

∫
m

E(Y | A = a′,M) [p(M | A = a)− p(M | A = a′)] ∂m (11)

Assuming no treatment-mediator interaction, we have the following data generation equations:

E[Y | A,M ] = θ0 + θaA+ θmM

E[M | A] = β0 + βaA

By using the formulas from 8 to 11, it is possible to identify the four causal effects just introduced,

expressed in terms of regression coefficients (Appendix A1.1).

NDEa = θa (12)

NDEa′
= θa (13)

NIEa = θmβa (14)

NIEa′
= θmβa (15)

As evidenced, in scenarios devoid of interaction between exposure and mediator, the identification of

direct and indirect effects across both groups aligns.

Therefore, the ATE can be rewritten using the four causal effects obtained:

ATE = NIEa +NDEa′
= θmβa + θa

ATE = NDEa +NIEa′
= θa + θmβa
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Considering instead the scenario with interaction between the exposure and the mediator, the data

generation equations for Y become:

E[Y | A,M ] = θ0 + θaA+ θmM + θamAM

Even in the presence of exposure-mediator interaction, it is possible to identify the four effects of

interest using formulas 8-11 (Appendix A1.2):

NDEa = θa + θam(β0 + βa) (16)

NDEa′
= θa + θamβ0 (17)

NIEa = βa(θm + θam) (18)

NIEa′
= θmβa (19)

It is noteworthy that in the presence of interaction, the direct and indirect effects diverge between the

treated and untreated groups, however, the ATE expressed in formulas 6-7 remained unchanged:

ATE = NIEa +NDEa′
= βa(θm + θam) + θa + θamβ0 = θa + θam(β0 + βa) + θmβa

ATE = NDEa +NIEa′
= θa + θam(β0 + βa) + θmβa

Thus, through formulas 8-11 and under the specified assumptions 1-3, it is feasible to identify the four

effects defined in the formulas 1-4, by expressing them in terms of regression coefficients.

As highlighted in definition 5, E[Y(a, M(a))] and E[Y(a’, M(a’))] can be expressed as E[Y(a)] and

E[Y(a’)]. Under assumptions 1-3, it is possible to identify E[Y(a)] and E[Y(a’)] using the observed

conditional means E(Y | A = a) and E(Y | A = a’), without necessarily observing the mediator and

without relying on the regression coefficients.

However, identifying the mean counterfactual outcomes E[Y(a, M(a’))] and E[Y(a’, M(a))], below

indicated as the cross-world counterfactual means, cannot be achieved simply as an expected value

over the observed data, but it is necessary to go through the calculation of the following integrals

(Pearl, 2001; Imai et al., 2010):

E[Y (a,M(a′))] =

∫
m

E[Y | A = a,M ] p(M | A = a′) ∂m (20)

E[Y (a′,M(a))] =

∫
m

E[Y | A = a′,M ] p(M | A = a) ∂m (21)
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2.2 Y count, binary or polytomous (Log link)

When the outcome is a count, binary, or polytomous variable, the ATE can be expressed as the ratio

of counterfactual means rather than their difference.

ATE =
E[Y (a)]

E[Y (a′)]
=

E[Y (a,M(a))]

E[Y (a′,M(a′))]
(22)

In this case, the structure of direct and indirect effects will also change.

NIEa =
E[Y (a,M(a))]

E[Y (a,M(a′))]
(23)

NIEa′
=

E[Y (a′,M(a′))]

E[Y (a′,M(a))]
(24)

NDEa =
E[Y (a,M(a))]

E[Y (a′,M(a))]
(25)

NDEa′
=

E[Y (a′,M(a′))]

E[Y (a,M(a′))]
(26)

The ATE can be rewritten using the counterfactual ratio, in two different versions:

ATE =

E[Y (a,M(a))]

E[Y (a,M(a′))]

E[Y (a′,M(a′))]

E[Y (a,M(a′))]

=
NIEa

NDEa′ (27)

ATE =

E[Y (a,M(a))]

E[Y (a′,M(a))]

E[Y (a′,M(a′))]

E[Y (a′,M(a))]

=
NDEa

NIEa′ (28)

We consider the case of a binary, count, or polytomous outcome, assuming no treatment-mediator

interaction and no confounder X for simplicity. The data generation process is described by the

following equations:

log(E[Y | A,M ]) = θ0 + θaA+ θmM (29)

E[M | A] = β0 + βaA (30)

M = E[M | A] + ϵM ; E[ϵM ] = 0; ϵM ⊥ A (31)

Again, under the assumptions 1-3, it is possible to identify both versions of NDEs and NIEs using

formulas 8-11 (Appendix A1.3):

NDEa = exp(θa) (32)

NDEa′
=

1

exp(θa)
(33)
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NIEa = exp(θmβa) (34)

NIEa′
=

1

exp(θmβa)
(35)

Therefore, the ATE can be rewritten using the four causal effects obtained.

ATE =
NIEa

NDEa′ = exp(θmβa) · exp(θa)

ATE =
NDEa

NIEa′ = exp(θa) · exp(θmβa)

Note that, in the absence of interaction, the NDEs and NIEs depend on the same combination of

regression coefficients. Thus, although they are derived from the same coefficients, one is the inverse

of the other for both treated and untreated groups.

Considering the other scenario with interaction, the data generation equations for Y become:

log(E[Y | A,M ]) = θ0 + θaA+ θmM + θamAM

Applying the formulas 8-11, under the assumptions 1-3, it is possible to identify the four effects of

interest (Appendix A1.4):

NDEa = exp(θa + θam(β0 + βa))
MϵM (θm + θam)

MϵM (θm)
(36)

NDEa′
=

1

exp(θa + θamβ0)

MεM (θm)

MεM (θm + θam)
(37)

NIEa = exp(βa(θm + θam)) (38)

NIEa′
=

1

exp(θmβa)
(39)

Therefore, the ATE can be rewritten using the four causal effects obtained:

ATE =
NIEa

NDEa′ = exp(βa(θm + θam)) exp(θa + θamβ0)
MεM (θm + θam)

MεM (θm)
=

= exp(βa(θm + θam) + θa + θamβ0)
MεM (θm + θam)

MεM (θm)

ATE =
NDEa

NIEa′ = exp(θa + θam(β0 + βa))
MϵM (θm + θam)

MϵM (θm)
exp(θmβa) =

= exp(βa(θm + θam) + θa + θamβ0)
MεM (θm + θam)

MεM (θm)

12



In this scenario with interaction and a logarithmic link, it can be noted that not only do NIEs and

NDEs differ between the treated and untreated groups, but also the direct effects are not expressed

solely in terms of regression coefficients: the moment generating function (MGF) MϵM (.) are also

present.

Thus, through formulas 8-11 and under the specified assumptions 1-3, it is feasible to identify the four

effects defined in formulas 23-26 by expressing them in terms of regression coefficients, and in the case

of exposure-mediator interaction, also through the identification of MGFs.

3 Mediation analysis with hidden mediator or in presence of

measurement error

In practice, we may encounter an unmeasured mediator or a mediator subject to measurement error.

We demonstrate that it is still possible to identify direct and indirect natural effects as long as we have

information on two proxies of the mediator with specific characteristics.

Figure 2: Mediation analysis with hidden mediator. The graphs illustrate the cases with a hidden or
mismeasured mediator (node in grey), without a) and with b) confounder respectively. The dashed
arrows can be present or absent in the DAG.

The necessary proxies in the proximal approach are two: Z and W. Z is caused by both treatment

A and mediator M. Thus, it is associated with outcome Y through mediator M and treatment A,

which are common causes of both Z and Y. W is caused only by mediator M and directly affects

outcome Y. Its association with treatment A is only through the mediator. These assumptions are

graphically represented in the DAGs in Figure 2, which considers both scenarios with and without

the observable confounder X. In this figure, the dashed edges may also be absent. More precisely, the

existing literature on the proximal causal framework (Tchetgen Tchetgen, Ying, Cui, 2020) formalizes

the concepts shown in the DAG in Figure 2b, adaptable even to the case without confounder X shown

in Figure 2a, by proposing the following assumption:
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Assumption 4: (Conditional independence):

Z ⊥ Y |A,M,X;

W ⊥ (A,Z) |M,X.

Figures 2a and 2b illustrates graphical models that satisfy the proxy variable conditional conditions

just introduced. We see in the following paragraphs that, under assumptions 1-4, even in the case of

a hidden or mismeasured mediator, it is still possible to identify the direct and indirect natural effects

in the two groups.

3.1 Y continuous (Identity link)

In the case of a continuous outcome, the identification of the four causal effects of interest can be

achieved in two distinct ways, both based on the proximal framework.

In the scenario presented in Section 3.1.1, the necessary regression coefficients are estimated to recon-

struct the various effects of interest. In the case described in Section 3.1.2, the cross-world counterfac-

tual means, E[Y(a, M(a’))] and E[Y(a’, M(a))], are identified, and the various causal effects are derived

as differences or sums of the other two counterfactual means, E[Y(a, M(a))] and E[Y(a’, M(a’))], which

are always estimable from the observed data.

3.1.1 Identification through regression coefficients

The causal relationship between the variables considered is represented in the DAG in Figure 2a,

where, for simplicity, the observable confounder X is excluded. We also assume no interaction between

the exposure A and the hidden mediator M. All variables are considered continuous except for the

treatment, which is dichotomous. The assumed data generation models for Y and W are as follows:

E[Y | A,Z,M ] = θ0 + θaA+ θmM

E[W | A,Z,M ] = α0 + αmM

If we could observe the mediator M without measurement error, the NDEa and NDEa′
would be rep-

resented by the regression coefficient θa, as shown in the formulas 12-13 from paragraph 2.1. However,

due to the inability to measure the variable M, the proximal framework based on a GLM approach is

employed to identify the NDEs.

To address this, we take the expectation of both sides of the data generation equations for M, condi-

tional on (A, Z), and obtain the following two regression equations:

E[Y | A,Z] = θ0 + θaA+ θmE[M | A,Z]

14



E[W | A,Z] = α0 + αmE[M | A,Z]

Note that E[M | A, Z] is a linear transformation of E[W | A, Z] and constants:

E[M | A,Z] = E[W | A,Z]− α0

αm

RESULT 1: Under the assumed data generation models one obtains:

E[Y | A,Z] = θ∗0 + θ∗aA+ θ∗mE[W | A,Z]

It is evident that the NDEs can be estimated by fitting two linear models: the first one is employed

to obtain the conditional expectation of W, while the second one, based on the results obtained in the

first stage, is utilized to derive the unbiased estimator for θa, more precisely:

1st stage: E[W | A,Z] = ω0 + ωaA+ ωzZ

2nd stage: E[Y | A,Z] = θ∗0 + θ∗aA+ θ∗mE[W | A,Z]

Where θ∗0 = θ0 − θm
αm

α0; θ∗a = θa; θ∗m = θm
αm

.

It is worth noting that the regression coefficient of the treatment, θa, remains the same as would have

been obtained if the mediator M could have been observed.

It is possible now formulate the proximal procedure to estimate the NDEs:

• Specify the linear function for E[W | A,Z];

• Run the first-stage linear regression to obtain the regression coefficients Ê[W | A,Z] = ω̂0 +

ω̂aA+ ω̂zZ;

• Calculate Ê[W | A,Z] using the estimated coefficients from the first-stage regression;

• Run the second-stage linear regression Ê[Y | A,Z] = θ̂∗0 + θ̂∗aA+ θ̂∗mÊ[W | A,Z] to obtain θ̂∗a.

In the context of the NIEs, they can be straightforwardly obtained by simply subtracting the estimated

NDEs just derived from the ATE. Indeed, an estimate of the ATE can be obtained using the observed

conditional means of the outcome Y in the two groups of treated and untreated individuals, even in

presence of hidden mediator.

Alternatively, the NIEs, which from the formulas 14-15 in paragraph 2.1 we know to be θmβa, can be

estimated by applying the proximal approach to estimate the regression coefficients.

In the following sections, we demonstrate that it is possible to identify the NDEs and NIEs even in

the presence of interaction between the exposure A and the hidden mediator M.
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In the data generation model for the outcome Y, the interaction term is now included; furthermore,

an additional model for the mediator M is required.

E[Y | A,Z,M ] = θ0 + θaA+ θmM + θamAM

E[M | A,Z] = β0 + βaA

M = E[M | A,Z] + ϵM ; E[ϵM ] = 0; ϵM ⊥ (A,Z)

Based on the formula 16 from the previous paragraph 2.1, if we could observe the mediator M without

measurement error, the NDEa would be expressed by the follow regression coefficients θa+θam(β0+βa).

However, the mediator M is unobservable in our case. Once again, it is necessary to use the proximal

approach.

Analogously to the scenario without interaction, we take the conditional expectation on both sides of

the data generation equations for Y and W.

E[Y | A,Z] = θ0 + θaA+ θmE[M | A,Z] + θamAE[M | A,Z]

E[W | A,Z] = α0 + αmE[M | A,Z]

Even in this case, E[M | A,Z] is a linear transformation of E[W | A,Z] and the constants α0 and αm.

RESULT 2: Under the assumed data generation models one obtains:

E[Y | A,Z] = θ∗0 + θ∗aA+ θ∗mE[W | A,Z] + θ∗amAE[W | A,Z]

E[ E[W | A,Z] | A,Z] = β∗
0 + β∗

aA

Even within this context, estimating the NDEa remains feasible by fitting various linear models. In

the first stage, we derive the conditional expectation of W. Subsequently, in the second stage, based

on the coefficients obtained from the first stage, we perform one regression on Y to derive the biased

estimators for θa and θam, and another regression of the treatment A on E[W | A, Z] from the first

stage to derive the biased estimators for β0 and βa, more precisely:

1st stage: E[W | A,Z] = ω0 + ωaA+ ωzZ

2nd stage: E[Y | A,Z] = θ∗0 + θ∗aA+ θ∗mE[W | A,Z] + θ∗amAE[W | A,Z]

E[ E[W | A,Z] | A,Z] = β∗
0 + β∗

aA

Where θ∗0 = θ0 − θm
αm

α0; θ∗a = θa − θam

αm
α0; θ∗m = θm

αm
; θ∗am = θam

αm
; β∗

0 = β0αm + α0; β∗
a = βaαm.
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The combination of these biased estimator results in an unbiased estimator for the NDEa.

NDEa = θ∗a + θ∗am(β∗
0 + β∗

a) =

(
θa −

θam
αm

α0

)
+

(
θam
αm

)
(β0αm + α0 + βaαm) = θa + θam(β0 + βa)

It is possible now formulate the proximal procedure to estimate the NDEa in presence of treatment-

mediator interaction:

• Specify the linear function for E[W | A,Z];

• Run the first-stage linear regression to obtain the regression coefficients Ê[W | A,Z] = ω̂0 +

ω̂aA+ ω̂zZ;

• Calculate Ê[W | A,Z] using the estimated coefficients from the first-stage regression;

• Run the second-stage linear regression: one on the outcome, Ê[Y | A,Z] = θ̂∗0 + θ̂∗aA+ θ̂∗m Ê[W |

A,Z] + θ̂∗amA Ê[W | A,Z], and the other one on Ê[ Ê[W | A,Z] | A] = β̂∗
0 + β̂∗

aA to obtain

θ̂∗a, θ̂
∗
am, β̂∗

0 and β̂∗
a.

• Calculate NDEa as θ∗a + θ∗am(β∗
0 + β∗

a)

To derive NIEa′
, as in the scenario without interaction, we calculate the difference between the ATE,

estimated using the observed conditional means, and the NDEa obtained through the proximal ap-

proach just described. Even in this case, estimating the NIEa′
is achievable alternatively by applying

the proximal approach to estimate the various regression coefficients that constitute the effect of in-

terest.

The same procedure is applicable for estimating the regression coefficients part of the causal effects

NDEa′
and NIEa.

3.1.2 Identification through cross-world counterfactual means

In the previous paragraph 3.1.1, we obtained the NDEs and NIEs by estimating the individual biased

regression coefficients that comprise the causal effects of interest. In this section, we identify the same

causal effects, still based on the proximal approach, but by estimating the four counterfactual means

members of the causal effects of interest (as shown in equations 1-4).

It is feasible to estimate E[Y(a, M(a))] and E[Y(a’, M(a’))] utilizing the observed conditional means

E(Y | A = a) and E(Y | A = a’), even in the presence of the hidden mediator.

Identification of the cross-world counterfactual means, E[Y(a, M (a’))] and E[Y(a’, M (a))], is also

possible with the available data, even when the mediator is unobservable, using the proximal approach.
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Consider the case where all variables are continuous except for the binary treatment, with an exposure-

mediator interaction and no observable confounder X.

To identify the cross-world counterfactual mean E[Y(a, M(a’))], which represents the average outcome

for individuals who receive the treatment A = a = 1, but with the mediator value corresponding to

not receiving the treatment, that is, when A = a’ = 0, we consider the two data generation equations

for Y and W in the treated group (Ghassami et al. 2024):

E[Y | A = 1, Z,M ] = θ0 + θa + θmM + θamM

E[W | A = 1, Z,M ] = α0 + αmM

Taking the conditional expectation on both sides of the data generation equations we have:

E[Y | A = 1, Z] = (θ0 + θa) + (θm + θam) E[M | A = 1, Z]

E[W | A = 1, Z] = α0 + αmE[M | A = 1, Z]

Note that, even in this case, E[M | A = 1, Z] is a linear transformation of E[W | A = 1, Z] and the

constants α0 and αm.

RESULT 3: Under the assumed data generation models one obtains:

E[Y | A = 1, Z] = θ∗0 + θ∗mE[W | A = 1, Z]

It is evident that it can be estimated by fitting two linear models: the first one to obtain the conditional

expectation of W in the treated group, and the second one, based on the results from the first stage,

to derive the regression coefficients θ∗0 and θ∗m, more precisely:

1st stage: E[W | A = 1, Z] = ω0 + ωzZ

2nd stage: E[Y | A = 1, Z] = θ∗0 + θ∗mE[W | A = 1, Z]

Where θ∗0 = θ0 + θa − θm+θam

αm
α0 and θ∗m = θm+θam

αm

Once the coefficients of the regression of E[W | A = 1, Z] on Y in the treated group are estimated,

they can be used, along with the observed expected value of W in the untreated group E[W | A = 0],

to estimate the desired conditional expected value (Ghassami et al. 2024):

E[Y (a,M(a′))] = θ∗0 + θ∗mE[W | A = 0]
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It is possible now formulate the procedure to estimate E[Y(a, M(a’))] and consequently NDEa′
:

• Specify the linear function for E[W | A = 1, Z];

• Run the first-stage linear regression to obtain the regression coefficients Ê[W | A = 1, Z] =

ω̂0 + ω̂zZ;

• Calculate Ê[W | A = 1, Z] using the estimated coefficients from the first-stage regression;

• Run the second-stage linear regression to obtain the regression coefficients Ê[Y | A = 1, Z] =

θ̂∗0 + θ̂∗m Ê[W | A = 1, Z];

• Estimate Ê[Y(a, M(a’))] as θ̂∗0 + θ̂∗m Ê[W | A = 0];

• Estimate Ê[Y(a’, M(a’))] as E[Y | A = 0];

• Calculate NDEa′
as the difference Ê[Y(a, M(a’))] - Ê[Y(a’, M(a’))].

Once E[Y(a, M(a’))] is estimated, it is possible to estimate the NIEa as the difference with E[Y(a,

M(a))].

Obviously, this approach is also applicable for estimating E[Y(a’, M(a))] and, consequently, NDEa and

NIEa′
. In this case, the two data generation equations for Y and W are considered in the untreated

group, that is A = a’ = 0, and the coefficients θ̂∗0 and θ̂∗m obtained are used to estimate the cross-world

counterfactual mean along with the expected value of W in the treated group Ê[W | A = 1].

Finally, it should be noted that this procedure correctly identify the desired causal effects whether or

not there is an interaction between the exposure and the mediator. Simply, if an interaction is present,

its effect will be contained in the coefficients of the regression on Y. More precisely:

θ∗0 = θ0 + θa −
(θm + θam)

αm
α0; θ∗m =

(θm + θam)

αm
(40)

Thus, the advantage of utilizing this approach is that it does not require assuming a priori the presence

or absence of the exposure-mediator interaction, as this interaction is appropriately accounted for in

the estimation of effects in both cases.

Furthermore, an additional advantage is that the distributional form of M does not affect the method,

allowing it to be employed regardless of the distributional characteristics of the unobserved mediator.

One drawback of this approach might be that it is ”less parametric” than the previous one based only

on the regression coefficients, as it considers the two observed means E[Y | A = 1] and E[Y | A = 0] in

the data as estimates of the counterfactual means. Non-parametric methods may sometimes exhibit
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lower efficiency compared to parametric methods, especially when the latter are well-specified and the

underlying data assumptions are satisfied, as in the simulation cases.

3.2 Y count, binary or polytomous (Log link)

Now we consider the case in which the outcome is binary, count or polytomous, with logarithmic link

function, and the other variables in the model are continuous, except for the binary treatment. For

simplicity, we exclude a potential observable confounder X and the interaction between exposure and

mediator. Again, the causal relationships among the variables are those represented in the DAG in

Figure 2a.

The assumed data generation models for Y and W are as follows:

log(E[Y | A,Z,M ]) = θ0 + θaA+ θmM

E[W | A,Z,M ] = α0 + αmM

If we could observe the mediator M without measurement error, the NDEa would be expressed as

exp(θa), as shown in formula 32 of Chapter 2.2. However, because observing the mediator M is not

feasible, we use the proximal approach to identify the NDEa.

Taking the conditional expectation on both sides of the data generation equations we have:

log(E[Y | A,Z]) = θ0 + θaA+ θmE[M | A,Z]

E[W | A,Z] = α0 + αmE[M | A,Z]

Again, E[M | A,Z] is a linear transformation of E[W | A,Z] and constants α0 and αm.

RESULT 4: Under the assumed data generation models one obtains:

log(E[Y | A,Z]) = θ∗0 + θ∗aA+ θ∗mE[W | A,Z]

Even in this context, estimating the NDEa is possible by fitting two regression models. In the first

stage, we derive the conditional expectation of W. In the second stage, based on the coefficients

obtained from the first stage, we perform one Poisson regression model on the outcome to derive the

estimator for θa, more precisely:

1st stage: E[W | A,Z] = ω0 + ωaA+ ωzZ

2nd stage: log(E[Y | A,Z]) = θ∗0 + θ∗aA+ θ∗mE[W | A,Z]
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Where θ∗0 = θ′0 − θm
αm

α0; θ
∗
a = θa; θ

∗
m = θm

αm
.

θ′0 is defined as θ0 + log(MεM (θm)) as described in the Appendix A2.4.

The regression coefficient of the treatment, θa, remains the same as would have been obtained if the

mediator M could have been measured accurately.

It is now possible to formulate the proximal procedure to estimate the NDEa:

• Specify the linear function for E[W | A,Z];

• Run the first-stage linear regression model to obtain the regression coefficients Ê[W | A,Z] =

ω̂0 + ω̂aA+ ω̂zZ;

• Calculate Ê[W | A,Z] using the estimated coefficients from the first-stage regression;

• Run the second-stage Poisson regression model on the outcome Y, log(Ê[Y | A,Z]) = θ̂∗0 + θ̂
∗
aA+

θ̂∗mÊ[W | A,Z] to obtain θ̂∗a.

The NIEa′
can be estimated simply by dividing the NDEa by the ATE, as derived from formula 28

in Chapter 2.2. Recall that the ATE can be estimated from the data using the observed conditional

means, even when the mediator is hidden. Alternatively, the NIEa′
can also be estimated by applying

the proximal procedure just described.

It is possible to identify the NDEs and NIEs even in the presence of interaction between the exposure

and the hidden mediator. In the data generation model for the outcome Y , the interaction term is

now included; furthermore, an additional model for the mediator M is required:

log(E[Y | A,Z,M ]) = θ0 + θaA+ θmM + θamMA

E[M | A,Z] = β0 + βaA

M = E[M | A,Z] + ϵM ; E[ϵM ] = 0; ϵM ⊥ (A,Z)

According to formulas 36 and 37, both NDEs are not only functions of regression coefficients but also of

moment-generating functions, which cannot be identify by the proximal approach. However, this does

not prevent us from identifying the direct effects, which can be obtained by dividing or multiplying

the indirect effects by the ATE as follows:

NDEa′
=

NIEa

ATE
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NDEa = ATE ·NIEa′

Indeed, both NIEs are estimable using the proximal approach, as they depend solely on regression

coefficients and do not require the estimation of moment-generating functions, as shown in formulas

38 and 39.

If we could observe the mediator M without measurement error, the NIEa′
would be expressed as

1
exp(θmβa)

, as derived from formula 39 in Chapter 2.2. However, due to the impossibility of observing

the mediator M, the proximal approach is used.

We take the conditional expectation on both sides of the data generation equations for Y and W.

log(E[Y | A,Z]) = θ0 + θaA+ θmE[M | A,Z] + θamAE[M | A,Z]

E[W | A,Z] = α0 + αmE[M | A,Z]

As in the other cases E[M | A, Z] is a linear transformation of E[W | A, Z] and the two constants α0

and αm.

RESULT 5: Under the assumed data generation equations one obtains:

log(E[Y | A,Z]) = θ∗0 + θ∗aA+ θ∗m E[W | A,Z] + θ∗amAE[W | A,Z]

E[ E[W | A,Z] | A,Z] = β∗
0 + β∗

aA

Estimating the NIEa′
is possible by fitting various models. In the first stage, we derive the conditional

expectation of W. Subsequently, in the second stage, based on the coefficients obtained from the first

stage, we perform a Poisson regression model on Y to derive the biased estimators for θm, and another

linear regression model of the treatment A on E[W | A,Z] from the first stage to derive the biased

estimators for βa, more precisely:

1st stage: E[W | A,Z] = ω0 + ωaA+ ωzZ

2nd stage: log(E[Y | A,Z]) = θ∗0 + θ∗aA+ θ∗m E[W | A,Z] + θ∗amAE[W | A,Z]

E[ E[W | A,Z] | A,Z] = β∗
0 + β∗

aA

Where θ∗0 = θ′′0 − θm
αm

α0, θ
∗
a = θa − θam

αm
α0, θ

∗
m = θm

αm
, θ∗am = θam

αm
, β∗

0 = β0αm + α0, and β
∗
a = βaαm.

θ′′0 is defined as θ0 + log(MϵM (θm + θam)) as described in the Appendix A2.5.
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The combination of these biased estimator results in an unbiased estimator for the NIEa′
.

NIEa′
= θ∗mβ

∗
a =

[
θm
αm

]
[βaαm] = θmβa

It is now possible to formulate the proximal procedure to estimate the NIEa′
:

• Specify the linear function for E[W | A, Z];

• Run the first-stage linear regression to obtain the regression coefficients Ê[W | A, Z] = ω̂0 +

ω̂aA+ ω̂zZ;

• Calculate Ê[W | A, Z] using the estimated coefficients from the first-stage regression;

• Run the second-stage regression models: one Poisson model for the outcome Y, log(Ê[Y | A, Z])

= θ̂∗0 + θ̂∗aA+ θ̂∗m Ê[W | A,Z] + θ̂∗amA Ê[W | A,Z], and one linear model on Ê[ Ê[W | A, Z] | A,

Z] = β̂∗
0 + β̂∗

aA to obtain θ̂∗m and β̂∗
a.

• Calculate NIEa′
as θ̂∗mβ̂

∗
a

The NDEa can be estimated simply by multiplying the ATE by the NIEa′
as shown in formula 28,

recalling that the ATE can be estimated from the data.

Alternatively, using the same proximal approach, it is possible to estimate the NIEa and consequently

the NDEa′
by dividing the NIEa by the ATE.

4 Simulations

To thoroughly evaluate the performance of the estimators proposed in the previous chapters, we con-

ducted extensive simulation studies. These simulations were designed to examine both linear and

logarithmic links, allowing us to assess the performance of the estimators across various scenarios.

We also considered cases with and without exposure-mediator interactions, providing a comprehensive

understanding of how these factors influence the estimation process.

For each scenario, we generated N i.i.d. observations of (Y, A, M, Z, W), where the sample size N took

values from (250, 500, 1000, 1500, 2000, 2500). For each value of N, we evaluated the performance of

each estimator through 1000 iterations.

To assess the estimators, we used graphical tools such as boxplots and tables showing the bias (calcu-

lated as the difference between the true parameter used in data generation and the estimated value),

standard errors (both empirical and those obtained via the Monte Carlo method), and the empirical

coverage of the true parameter by the empirical confidence intervals.
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4.1 Y continuous (Identity link)

Using the simulated data, we evaluate four estimators:

• The oracle estimator: we run the oracle linear regression model E[Y | A, M] when the mediator

M is observed, and we use the regression coefficients to obtain an estimator for NDEa.

• The proximal estimator: an estimator based on the proximal approach presented in Results 1

and 2 (Section 3.1.1) of this text.

• The naive estimator: we consider the proxy W as the mediator, disregarding M. We run a linear

regression model E[Y | A, W] and use the regression coefficients to obtain an estimator for NDEa.

• The cross-world estimator: an estimator based on the estimation of cross-world counterfactual

means presented in Result 3 (Section 3.1.2) of this text.

For the linear case without exposure-mediator interaction we have the following data generating models:

E[Y | A,Z,M ] = θ0 + θaA+ θmM

E[W | A,Z,M ] = α0 + αmM

N Bias Monte Carlo s.e. Empirical s.e. Coverage (%)

250 0.01 0.357 0.270 86.2
500 0.01 0.245 0.190 88.4
1000 0.00 0.175 0.135 87.0
1500 0.01 0.137 0.110 88.3
2000 0.00 0.124 0.095 86.5
2500 0.00 0.109 0.085 88.3

Table 1: Summary statistics for the cross-world estimator of NDEa in the linear case without exposure-
mediator interaction. The Bias column shows the average empirical bias of 1000 estimates for the
estimator. The Monte Carlo s.e. column presents the standard deviations of 1000 estimates for each
estimator. The Empirical s.e. column displays the average standard deviation of the 1000 estimates for
the estimator. The Coverage column indicates the empirical coverage rates of 95% confidence intervals
based on the empirical standard errors.

We consider the following data generation process with predetermined parameters:

• Generate the dichotomous treatment A independently from a Bernoulli distribution with a prob-

ability of success equal to p = 0.6;

• Generate the continuous mediator M | A, where E[M | A] = 1.5 + 2.5 A, and the error term

follows a Normal distribution with µ = 0 and σ = 1;

• Generate the continuous proxy Z | A, M, where E[Z | A, M] = 1 + 3.59 A + 2.55 M, and the

error term follows a Normal distribution with µ = 0 and σ = 2;
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• Generate the Bivariate Normal Y, W | A, M: First, we generate two standard normal variables z1

and z2; then, we generate E[W | M] = z1 + 0.48 + 0.6 M and E[Y | A, M, W] = ρ z1+
√
1− ρ2z2+

0.63 + 0.86 A + 1.54 M, where ρ is the correlation coefficient between Y and W, equal to 0.6.

N Bias Monte Carlo s.e. Empirical s.e. Coverage (%)

250 0.01 0.328 0.318 94.3
500 0.01 0.222 0.225 94.6
1000 0.00 0.162 0.159 94.9
1500 0.01 0.126 0.129 96.1
2000 0.00 0.116 0.112 94.9
2500 0.01 0.101 0.100 93.8

Table 2: Summary statistics for the proximal estimator of NDEa in the linear case without exposure-
mediator interaction. The Bias column shows the average empirical bias of 1000 estimates for the
estimator. The Monte Carlo s.e. column presents the standard deviations of 1000 estimates for each
estimator. The Empirical s.e. column displays the average standard deviation of the 1000 estimates for
the estimator. The Coverage column indicates the empirical coverage rates of 95% confidence intervals
based on the empirical standard errors.
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Figure 3: Simulation result for the linear case without exposure-mediator interaction. Each boxplot
shows the estimates of NDEa of the four estimators for N = 250, 500, 1000, 1500, 2000, 2500 respec-
tively.

The simulation results are illustrated in Figure 3. It shows that the naive estimator produces a biased

estimate of the effect of interest compared to the oracle estimator, across all sample sizes. In contrast,

our two estimators, proximal and cross-world, remain unbiased, although they exhibit higher variabil-
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ity than the oracle estimator. This increased variability is due to the greater uncertainty stemming

from the fact that we do not use the mediator M in the analysis but rather estimates based on the two

proxies.

Tables 1 and 2 present numerical summaries for both estimators. Inference for these estimators is

performed by considering both empirical standard errors and those obtained through the Monte Carlo

method, where the standard deviation of 1000 estimates is calculated for each sample size. As the

sample size N increases, both the empirical and Monte Carlo standard errors decrease. Additionally,

we evaluate the empirical coverage of the 95% confidence intervals, to determine the percentage of

intervals that contain the true value of NDEa used in the data generation process.

The coverage of both estimators is satisfactory, although the coverage of the proximal estimator is

better than that of the cross-world estimator.

N Bias Monte Carlo s.e. Empirical s.e. Coverage (%)

250 0.004 0.489 0.140 42.1
500 0.005 0.350 0.100 43.3
1000 -0.002 0.246 0.070 42.5
1500 0.003 0.196 0.057 41.7
2000 0.002 0.172 0.049 41.7
2500 0.006 0.156 0.044 43.1

Table 3: Summary statistics for the cross-world estimator of NDEa in the linear case with exposure-
mediator interaction. The Bias column shows the average empirical bias of 1000 estimates for the
estimator. The Monte Carlo s.e. column presents the standard deviations of 1000 estimates for each
estimator. The Empirical s.e. column displays the average standard deviation of the 1000 estimates for
the estimator. The Coverage column indicates the empirical coverage rates of 95% confidence intervals
based on the empirical standard errors.

N Bias Monte Carlo s.e. Empirical s.e. Coverage (%)

250 0.004 0.529 0.516 94.7
500 0.001 0.364 0.366 94.7
1000 0.004 0.253 0.258 95.4
1500 0.003 0.206 0.211 95.6
2000 0.004 0.181 0.183 95.5
2500 0.003 0.167 0.163 93.8

Table 4: Summary statistics for the proximal estimator of NDEa in the linear case with exposure-
mediator interaction. The Bias column shows the average empirical bias of 1000 estimates for the
estimator. The Monte Carlo s.e. column presents the standard deviations of 1000 estimates for each
estimator. The Empirical s.e. column displays the average standard deviation of the 1000 estimates for
the estimator. The Coverage column indicates the empirical coverage rates of 95% confidence intervals
based on the empirical standard errors.

A similar procedure was also applied in the case with exposure-mediator interaction. Only the as-
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sumption regarding E[Y | A, Z, M] is different; it actually includes the coefficient for the interaction:

E[Y | A,Z,M ] = θ0 + θaA+ θmM + θamAM
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Figure 4: Simulation result for the linear case with exposure-mediator interaction. Each boxplot shows
the estimates of NDEa of the four estimators for N = 250, 500, 1000, 1500, 2000, 2500 respectively.

We consider the following data generation process:

• Generate the dichotomous treatment A independently from a Bernoulli distribution with a prob-

ability of success equal to p = 0.6;

• Generate the continuous mediator M | A, where E[M | A] = 1.66 + 2.25 A, and the error term

follows a Normal distribution with µ = 0 and σ = 1;

• Generate the continuous proxy Z | A, M, where E[Z | A, M] = 1 + 2 A + 1.5 M, and the error

term follows a Normal distribution with µ = 0 and σ = 2;

• Generate the Bivariate Normal Y, W | A, M: First, we generate two standard normal variables z1

and z2; then, we generate E[W | M] = z1 + 1.98 + 1.5 M and E[Y | A, M, W] = ρz1+
√

1− ρ2z2

+ 0.63 + 0.86 A + 1.54 M + 2.54 A M, where ρ is the correlation coefficient between Y and W,

equal to 0.6.
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The results are presented in Tables 3 and 4, as well as in Figure 4. In particular, Figure 4 displays the

estimates of NDEa when the interaction term is present: the naive estimator is biased for every sample

size, further illustrating that using a proxy instead of the mediator is not an effective solution. The

proximal and cross-world estimators are not biased, but they exhibit greater uncertainty compared to

the oracle estimator, as they are derived without utilizing the mediator M.

From Tables 3 and 4, it is clear that even in the presence of exposure-mediator interaction, the standard

errors naturally decrease as the sample size increases. The standard errors of the proximal estimator are

larger than those of the cross-world estimator; however, its coverage is significantly more satisfactory.

As anticipated at the end of section 3.1.2, it was expected that, in cases of correct model specification

(as is the case in these simulations), the performance of the ”less parametric” estimator, the cross-world

estimator, might be less satisfactory compared to that of the estimator fully based on GLMs.

4.2 Y count, binary or polytomous (Log link)

For the case with a binary Y and logarithmic link, both with and without exposure-mediator in-

teraction, simulations were conducted to evaluate the performance of the three estimators: Oracle,

Proximal, and Naive. For the logarithmic case the Cross-world estimator is not applicable.

We have the following data generating models:

log(E[Y | A,Z,M ]) = θ0 + θaA+ θmM

E[W | A,Z,M ] = α0 + αmM

We consider the following data generation process with predetermined parameters:

• Generate the dichotomous treatment A independently from a Bernoulli distribution with a prob-

ability of success equal to p = 0.6.

• Generate the continuous mediator M | A, where E[M | A] = 2.8 + 0.8 A and the error term has

a uniform distribution in the interval [-1, 1].

• Generate the continuous proxy Z | A, M, where E[Z | A, M] = 0.9 + 3.59 A + 2.55 M and the

error term has a normal distribution with µ = 0 and σ = 2.1.

• Generate the continuous proxy W | M, where E[W | M] = - 0.49 - 0.9 W and the error term has

a uniform distribution in the interval [-1, 1].

• Generate the dichotomous outcome Y | A, M, W, where log(E[Y | A, M, W]) = - 0.55 + 0.6 A -

0.65 M - 0.3 W.
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The simulation results are illustrated in Figure 5 and summarized in Table 5. It can be observed

that the coverage rate is satisfactory for all sample sizes. Additionally, the estimates of NDEa are

biased when using the proxy instead of the mediator, while the proximal estimator is unbiased, despite

exhibiting greater variability compared to the oracle estimator.

Sample size Bias MC s.e. Empirical s.e. Coverage (%)

250 -0.044 0.560 0.522 93.9
500 -0.006 0.359 0.346 94.0
1000 -0.003 0.243 0.238 92.8
1500 0.007 0.194 0.194 92.9
2000 -0.000 0.170 0.164 91.4
2500 -0.001 0.153 0.147 92.1

Table 5: Summary statistics for the proximal estimator of NDEa in the logarithmic case without
exposure-mediator interaction. The Bias column shows the average empirical bias of 1000 estimates
for the estimator. The Monte Carlo s.e. column presents the standard deviations of 1000 estimates
for each estimator. The Empirical s.e. column displays the average standard deviation of the 1000
estimates for the estimator. The Coverage column indicates the empirical coverage rates of 95%
confidence intervals based on the empirical standard errors.
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Figure 5: Simulation result for the log case without exposure-mediator interaction. Each boxplot shows
the estimates of NDEa of the three estimators for N = 250, 500, 1000, 1500, 2000, 2500 respectively.
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In the logarithmic case with exposure-mediator interaction, the assumption regarding log(E[Y | A, Z,

M]) differs as it includes the coefficient for the interaction:

log(E[Y | A,Z,M ]) = θ0 + θaA+ θmM + θamAM

Sample size Bias MC s.e. Empirical s.e. Coverage (%)

250 -0.138 0.311 0.233 87.5
500 -0.004 0.212 0.156 90.9
1000 0.013 0.131 0.104 90.1
1500 0.001 0.106 0.085 89.2
2000 -0.005 0.088 0.072 90.9
2500 -0.003 0.080 0.065 90.1

Table 6: Summary statistics for the proximal estimator of NDEa in the logarithmic case with exposure-
mediator interaction. The Bias column shows the average empirical bias of 1000 estimates for the
estimator. The Monte Carlo s.e. column presents the standard deviations of 1000 estimates for each
estimator. The Empirical s.e. column displays the average standard deviation of the 1000 estimates for
the estimator. The Coverage column indicates the empirical coverage rates of 95% confidence intervals
based on the empirical standard errors.

We consider the following data generation process:

• Generate the dichotomous treatment A independently from a Bernoulli distribution with a prob-

ability of success equal to p = 0.6.

• Generate the continuous mediator M | A, where E[M | A] = 2.8 + 0.8 A and the error term has

a uniform distribution in the interval [-1, 1].

• Generate the continuous proxy Z | A, M, where E[Z | A, M] = 0.9 + 3.59 A + 2.55 M and the

error term has a normal distribution with µ = 0 and s = 2.1.

• Generate the continuous proxy W | M, where E[W | M] = - 0.49 - 0.9 W and the error term has

a uniform distribution in the interval [-1, 1].

• Generate the dichotomous outcome Y | A, M, W, where log(E[Y | A, M, W]) = - 0.1 + 0.7 A -

0.6 M - 0.3 A M - 0.3 W.

The simulation results are illustrated in Figure 6 and summarized in Table 6. In the logarithmic

case with interaction, it is not possible to directly estimate the NDEs due to the moment generating

functions ratio. Therefore, only the NIEs can be estimated directly using the regression coefficients,

and the NDEs are derived by multiplying the ATE.

In this scenario, the estimates obtained for NDEa using the proximal estimator remain unbiased, in

contrast to those obtained by replacing the mediator with the proxy, that is the naive estimator. While
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the standard errors decrease as the sample size increases, the coverage rates remains satisfactory for

all sample sizes.
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Figure 6: Simulation result for the log case with exposure-mediator interaction. Each boxplot shows
the estimates of NDEa of the three estimators for N = 250, 500, 1000, 1500, 2000, 2500 respectively.

5 Measurement error arising from the use of a proxy in place

of the mediator

As observed in the previous chapter, the bias resulting from using a proxy instead of the mediator

does not appear to follow a specific direction; in fact, it may either underestimate (e.g., Figure 5) or

overestimate (e.g., Figure 3) the causal effects that would be obtained using the mediator M. For this

reason, it is important to identify the components that contribute to the bias arising from the use of

the proxy.

We explore in detail the scenario where, instead of applying methods based on the proximal framework,

we opt to use one proxy variable, in this case W, in place of the unobserved mediator M.

In this chapter, the proxy W will be considered as a mismeasured version of the unobservable mediator

M. It is particularly relevant to investigate the implications of measurement error in situations where

the methods presented in this thesis are not applied. It is expected that the use of W, a mediator
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measured with error, would result in biased estimates.

Notably, the magnitude of the bias is expected to diminish as the characteristics of the proxy variable

W more closely resemble those of the mediator M.

5.1 Measurement error in linear models and attenuation

The simplest case of measurement error is represented by the classical additive nondifferential mea-

surement error model (Carroll et. al, 2006). We have the following outcome generating equation:

Y = θ0 + θmM + ϵmy

but instead of observing M, we observe W:

W =M + U

It is measured with additive error U with constant variance σ2
u:

U ∼ N(0, σ2
u), U ⊥M

So, we have:

Y = θ∗0 + θ∗mW + ϵwy

Furthermore, in this context, the measurement error is non-differential, meaning that Cor(ϵmy , U) = 0.

Additionally, we consider W as a surrogate for M. In other words, the conditional distribution of Y

given (M,W) depends only on M; W provides no additional information about Y beyond what M

already provides.

In this simple case the biased coefficient obtained using W instead M is θ∗m:

θ∗m = θm
σ2
m

σ2
m + σ2

u

where σ2
m is the variance of the mediator variable.

Given that

σ2
m

σ2
m + σ2

u

< 1
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the magnitude of the regression coefficient is biased towards zero:

|θ∗m| < |θm|

and θ∗m −→ θm as σ2
u −→ 0.

This kind of bias is commonly referred to as ”attenuation” or ”attenuation to the null”. θ∗m underes-

timates the ”true” effect of the variable M. The measurement error tends to make it more difficult to

reject the null hypothesis of no effect (i.e., H0 : θm = 0).

In the case where the aim is to test for the presence of a non null effect, one might also consider to

ignore the bias: in fact, even without adjusting for measurement error, if the test yields a significant

result, it strongly suggests that there is an effect of the variable M. A significant result indicates that

the effect does exist, but it is likely underestimated.

This concept is not applicable if there are deviations from the classical additive non-differential error

model.

First, we have the following outcome generating equation, with another variable measured accurately,

the treatment A:

Y = θ0 + θaA+ θmM + ϵmy

Second, W is biased for M:

W = γ0 + γmM + U

U ∼ N(0, σ2
u), U ⊥ (A,M)

So, we have:

Y = θ∗0 + θ∗aA+ θ∗mW + ϵwy

Third, the error is differential, meaning there is some correlation between the outcome error term, ϵmy

and the error term for the proxy, U. In other words, the bias shows a structured pattern. Here, W

does not serve as a simple surrogate for M; rather, it acts as an independent proxy variable. This

implies that the conditional distribution of Y given (M, W) differs from the conditional distribution

of Y given M alone. Consequently, W is not merely a noisy version of M, but a distinct variable that

provides additional information about Y beyond what M offers

In this case we have:

Cor(ϵmy , U) = ρϵmy U ̸= 0
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Suppose we are interested in estimating θ∗a. If we use W in place of the mediator M, the coefficient θa

can be shown to be biased, even if A is measured correctly. The difference (θ∗a - θa) represents that

bias.

Based on Carroll (2006) results, we have:

θ∗a = θa + θm

(
1−

σ2
m|a

γ2mσ
2
m|a + σ2

u

)
δa

where σ2
m|a is the residual variances of the regression of M on A and δa is the coefficient of A in the

regression E(M |W,A) = δ0 + δwW + δaA.

It should be noted that, as shown in Appendix A4.3, deriving this bias required a stronger assumption

compare to the previous case: the joint normality distribution of M, W and A.

M | (W,A) ∼ N
(
µM |W,A, σ

2
M |W,A

)

Specifically, this assumption implies that the three variables involved, M, W, and A, must be continuous

and normally distributed and the joint distribution of M given W and A, is normally distributed,

ensuring that the relationship between these variables adheres to the properties of normality.

We can observe that if γm ̸= 1, meaning that W is a biased proxy for M, and both the effect of the

treatment on the mediator, δa, conditioning on W, and the effect of the mediator on the outcome, θm,

conditioning on the treatment, are positive, it is possible to have:

|θ∗a| > |θa|

In this context, the biased estimate θ∗a cannot be constrained within the range [0, θa]; rather, it may

exceed it or even assume negative values. It is not feasible to define a restricted interval within which

it may reside. Furthermore, ignoring the measurement error is inadmissible, even testing the null

hypothesis of no effect.

5.2 Bias quantification in NDEa in linear model without exposure-mediator

interaction

The linear case without treatment-mediator interaction considered in the first case of the chapters 2.1,

3.1.1 and 3.1.2 of this thesis, has two differences compared to the last linear case previously examined.

The first difference is that the treatment considered is a binary variable, not a continuous one, with a
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Bernoulli distribution.

A ∼ Bernoulli(p)

The second difference is that the variables W and Y are assumed to follow a bivariate normal distri-

bution: W
Y

 ∼ N


µw

µy

 ,

 σ2
w σwy

σwy σ2
y




where µw and µy are the means, and σ2
w and σ2

y are the variances of W and Y, respectively, while σwy

represents the non-zero covariance between the two variables.

The outcome data generating equation is:

Y = θ0 + θmM + θaA+ ϵmy

Since we are unable to observe the variable M or measure it without error, we use the biased proxy W

instead of M.

W = γ0 + γmM + U

U ∼ N(0, σ2
u), U ⊥ (A,M)

Thus, we have:

Y = θ∗0 + θ∗mW + θ∗aA+ ϵwy

In this specific scenario, an effort has been made to quantify the bias introduced in the NDEa, that is

θa, by using the mediator proxy W instead of the mediator itself. To achieve this, we need to introduce

the treatment data generation equation:

A = α0 + αwW +∆

E[∆] = 0; ∆ ⊥W

The two data generating models for A and Y can be rewritten as the moment conditions (Appendix

A4.5 Proof 1):

E




1

W

A

 (Y − θ∗0 − θ∗mW − θ∗aA)

 = 0 (41)

E


 1

W

 (A− α0 − αWW )

 = 0 (42)
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The one for Y can be rewrite as follow (Appendix A4.5 Proof 2):

E[∆(Y − θ∗a∆)] = 0

E[∆Y ] = θ∗aE[∆
2]

θ∗a = E[∆Y ] · E[∆2]−1

In the previous expression we replaced the outcome with Y = θ0 + θaA+ θmM + ϵmy :

θ∗a = E
[
(θ0 + θaA+ θmM + ϵmy )∆

]
E[∆2]−1

=
(
θ0E[∆] + θaE[A∆] + θmE[M∆] + E[ϵmy ∆]

)
E[∆2]−1

We replace E[A∆] with E [(A− α0 − αWW )∆] as proven in Appendix A4.5 Proof 3.

θ∗a =
(
θaE [(A− α0 − αWW )∆] + θmE[M∆] + E[ϵmy ∆]

)
E[∆2]−1

= θaE[∆
2]E[∆2]−1 + θmE[M∆]E[∆2]−1 + E[ϵmy ∆]E[∆2]−1

= θa + θm (Cov[M,∆] + E[M ]E[∆]) E[∆2]−1 +
(
Cov[∆, ϵmy ] + E[∆]E[ϵmy ]

)
E[∆2]−1

= θa + θmCov[M,∆]E[∆2]−1 +Cov[∆, ϵmy ]E[∆2]−1

The bias (θ∗a − θa) can be quantified as follows:

θ∗a − θa = θm
Cov[M,∆]

E[∆2]
+

Cov[∆, ϵmy ]

E[∆2]
(43)

First, we wrote the covariance Cov[M,∆] in term of A and M as follows:

θmCov[M,∆]

= θmCov[M, (A− α0 − αwW )]

= θmCov[M, (A− α0 − αw(γ0 + γmM + U))]

= θmCov[M, (A− α0 − αwγ0 − αwγmM − αwU)]

= θm (Cov[A,M ]− αwγmV(M))

Second, we write the covariance Cov[∆, ϵmy ] as follows.

Cov[∆, ϵmy ]

= Cov [(A− α0 − αwγ0 − αwγmM − αwU), (Y − θ0 − θaA− θmM)]

= Cov[Y,A] − αwγmCov[Y,M ] − αwCov[Y, U ] − θaV(A) + θaαwγmCov[A,M ] + θaαwCov[A,U ] −

θmCov[M,A] + θmαwγmV (M) + θmαwCov[M,U ]

= Cov[Y,A]− αwγmCov[Y,M ]− θaV(A) + θaαwγmCov[A,M ]− θmCov[M,A] + θmαwγmV(M)

= Cov[Y,A]− αwγmCov[Y,M ]− θaV(A) + (θaαwγm − θm)Cov[M,A] + θmαwγmV(M)

Finally, the expected value E[∆2] can be written as:
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E[∆2] = V(∆) + E[∆]2

= V(A− α0 − αwW )

= V(A) + α2
wV(W )− 2αwCov(A,W )

= V(A) + α2
wV(W )− 2αwCov(α0 + αwW +∆,W )

= V(A) + α2
wV(W )− 2α2

wV(W )

= V(A)− α2
wV(W )

Now it is possible to substitute the obtained results into the bias formula 43:

θ∗a − θa = θm
Cov[M,∆] + Cov[∆, ϵmy ]

E[∆2]

= θmCov[A,M ]−θmαwγmV(M)+Cov[Y,A]−αwγmCov[Y,M ]−θaV(A)+(θaαwγm−θm)Cov[M,A]+θmαwγmV(M)
V(A)−α2

wV(W )

=
Cov[Y,A]− αwγmCov[Y,M ]− θaV(A) + θaαwγmCov[M,A]

V(A)− α2
wV(W )

Given that:

Cov[Y,A] = θaV(A) + θmCov[A,M ];

(−αwγm) Cov[Y,M ] = (−αwγm) θaCov[A,M ] + (−αwγm) θmV(M).

We have:

θ∗a−θa =
θaV(A) + θmCov[A,M ]− θaαwγmCov[A,M ]− αwγmθmV(M)− θaV(A) + θaαwγmCov[M,A]

V(A)− α2
wV(W )

=
θm(Cov[A,M ]− αwγmV(M))

V(A)− α2
wV(W )

Given that :

αw =
Cov[A,W ]

V(W )

γm =
Cov[W,M ]

V(M)

We have:

θ∗a − θa = θm
Cov[A,M ]−

(
Cov[A,W ]

V(W )

)(
Cov[W,M ]

V(M)

)
V(M)

V(A)−
(

Cov[A,W ]
V(W )

)2
V(W )

(44)

Therefore, the extent of the bias in θa depends mainly on the covariances between the treatment A,

the mediator M and the proxy W.

Thus, the bias does not only depend on the relationship between the mediator M and the proxy W,

but also on the association of the treatment A with these two variables.
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From the formula 44, it can be observed that it is not sufficient for the mediator M to be independent

of the treatment A in order to eliminate the bias in θa. Indeed, even if Cov[A,M ] = 0, the bias remains

non-zero. Furthermore, even if the association between the proxy and the treatment or between the

proxy and the mediator is absent (i.e., Cov[W,A] = 0 or Cov[W,M ] = 0), the bias is still non-zero if

an association between the treatment A and the mediator M exists, that is Cov[A,M ] ̸= 0.

In conclusion, for the bias to be null, one of the following two conditions must hold: either W and M

are identical variables, or the proxy W is independent of both A and M, and M is also independent of A.
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Figure 7: Simulation result for the quantification of bias in the linear case without exposure-mediator
interaction. Each boxplot shows the estimates of bias = θ∗a − θa of the four estimators for N = 250,
500, 1000, 1500, 2000, 2500 respectively.

The first case, the one in which the proxy W simulates the hidden mediator M perfectly, the bias

is null. In this case M = W, then Cov[A,W ] = Cov[A,M ], Cov[W,M ] = Cov[M,M ] = V(M) and

V(W ) = V(M).

θ∗a − θa = θm
Cov[A,M ]−

(
Cov[A,W ]

V(W )

)(
Cov[W,M ]

V(M)

)
V(M)

V(A)−
(

Cov[A,W ]
V(W )

)2
V(W )
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= θm
Cov[A,M ]−

(
Cov[A,M ]

V(M)

)(
Cov[M,M ]

V(M)

)
V(M)

V(A)−
(

Cov[A,M ]
V(M)

)2
V(M)

= θm
Cov[A,M ]− Cov[A,M ]

V(A)− Cov[A,M ]2

V(M)

= 0

To show the accuracy of the quantification obtained in formula 44, a simulation was performed. We

created 1000 independent and identically distributed samples of the variables (Y, A, M, Z, W), with

the sample size N varying among the values 250, 500, 1000, 1500, 2000, 2500. In Figure 7, boxplots

are shown depicting the distribution of the true bias and the estimated bias, as previously specified.

It can be observed that the bias can be perfectly expressed as a function of the quantities specified in

the formula 44.

Similar results are obtained using Z instead of W:

θ∗a − θa = θm
Cov[M, (A− τ0 − τzZ)]

E[(A− τ0 − τzZ)2]
+

Cov[(A− τ0 − τzZ), ϵ
m
y ]

E[(A− τ0 − τzZ)2]

Where τ0 and τZ are the regression coefficients of the regression of Z on A: E[A | Z] = τ0 + τzZ.

6 Application: Brader, Valentino, and Suhay’s Immigration

Experiment

To illustrate the proposed estimators in practice, we use the data from the immigration experiment

conducted by Brader, Valentino, and Suhay (2008).

Brader et al. hypothesized that U.S. public opinion on immigration is influenced by news content, so

they conducted an experiment with a nationally representative sample of 265 white, non-Latino adults.

Participants were told they would read one of several recent newspaper articles, randomly selected for

them. The study manipulated news content to emphasize either the benefits or the costs of immigra-

tion and varied the immigrant’s ethnicity, depicting either a white Russian immigrant or a Hispanic

Mexican immigrant. Thus, the treatment is a four-category variable: “News emphasizing benefits of

immigration, Russian immigrant”, “News emphasizing benefits of immigration, Hispanic immigrant”,

“News emphasizing costs of immigration, Russian immigrant” and “News emphasizing costs of immi-

gration, Hispanic immigrant”. The treatment is randomly assigned to the participants. All stories

reported that immigration to the United States is increasing.

The outcome of interest is ’Prefer to reduce immigration,’ where higher values indicate greater oppo-

sition to immigration. This outcome was considered both as a continuous and a binary variable by
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Brader and by us.

Brader et al. posited that respondents’ anxiety might be a mediator, altering their attitudes toward

immigration, independently of their beliefs about the severity of the issue. They also considered per-

ceived harm as another potential mediator of news influence on immigration opinions.

After reading the stories, participants answered questions about the potential negative financial and

social impacts of immigration, which were used to create a continuous perceived harm scale.

To measure anxiety, subjects were asked to complete a post-test consisting of six questions about their

feelings towards increased immigration—anxious, proud, angry, hopeful, worried, excited. Responses

related to anxiety, worry, and anger were combined into a single continuous scale of anxiety.

Brader et al. found that only one version of treatment, a negative immigration news story featuring a

Hispanic immigrant, significantly increased anxiety and reduced support for immigration. Based on the

original results, we use the recoded data from Imai et al. (2011), which transformed the four-category

treatment into a binary variable. In this recoding, the treatment condition consists of the negative

news story combined with the picture of the Hispanic immigrant, while the control condition includes

subjects from the other three conditions.

They also controlled for education, age, income, and gender.

In the first analysis, we considered the continuous outcome variable ”Prefer to reduce immigration,”

with values ranging from 1 to 4, where opposition to immigration increases as the score increases.

In the Naive estimator, we used the reported level of anxiety as the mediator. In the proximal and

cross-world estimators we used the two mediators from Brader analysis, “perceived harm” and the

“measured/reported level of anxiety through the survey”, as proxies for what we considered the unob-

served underlying true mediator: ”true level of anxiety toward immigration.”.

Our adjusted analyses also accounted for the same four confounding variables: education, age, income,

and gender. The results are presented in Table 7 and 8.

It can be observed that for the naive estimator, which uses self-reported anxiety (the proxy) as true

level of anxiety (the hidden mediator), both NDEs and NIEs of the article’s tone on the inclination to

reduce immigration are present (although the NDEs are not significant).

In contrast, using the proximal and cross-world estimators increases the NIEs (both adjusted and un-

adjusted), while the NDEs are nearly null.
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Naive Proximal
Without Interaction With Interaction Without Interaction With Interaction
Unadj. Adj. Unadj. Adj. Unadj. Adj. Unadj. Adj.

NDEa 0.16 0.18 0.14 0.17 0.01 0.04 -0.01 0.02

NDEa′
0.16 0.18 0.21 0.24∗ 0.01 0.04 0.07 0.10

NIEa 0.28∗∗∗ 0.23∗∗∗ 0.23∗∗∗ 0.18∗∗∗ 0.43∗∗∗ 0.38∗∗∗ 0.37∗∗∗ 0.32∗∗∗

NIEa′
0.28∗∗∗ 0.23∗∗∗ 0.30∗∗∗ 0.25∗∗∗ 0.43∗∗∗ 0.38∗∗∗ 0.45∗∗∗ 0.40∗∗∗

ATE 0.44 0.41 0.44 0.42 0.44 0.42 0.44 0.42

Table 7: Naive and Proximal estimators of causal effects for the linear case with and without exposure-
mediator interaction. (* p ≤ 0.05, ** p ≤ 0.01, *** p ≤ 0.001)

Cross-world
Unadj. Adj.

NDEa -0.01 0.16

NDEa′
0.07 -0.05

NIEa 0.37∗∗∗ 0.47∗∗∗

NIEa′
0.45∗∗∗ 0.25∗

ATE 0.44 0.42

Table 8: Cross-world estimators of causal effects for the linear case with and without exposure-mediator
interaction. (* p ≤ 0.05, ** p ≤ 0.01, *** p ≤ 0.001)

This demonstrates that the entire effect of reading news about the benefits or costs of immigration is

fully mediated by the presence of anxiety toward immigration in the reader.

The cross-world estimator does not differentiate between cases with or without exposure-mediator in-

teraction because it inherently accounts for the interaction coefficient if present. Given that the results

with the proximal estimator including interaction are so similar to those with the cross-world estimator

(in the unadjasted case trhey are exactly the same), it suggests the presence of interaction between

exposure and mediator.

In the case of a binary outcome, we used the same observable confounders as in the continuous case,

but we considered the outcome to be 0 if the propensity to reduce immigration was 1 or 2, and 1 if

the propensity was 3 or 4. The results of binary case are shown in Table 9.

The results differ when considering the binary outcome. In this case, both NDEs and NIEs are statis-

tically significant using both the naive and proximal estimators.

However, with the naive estimator, NDEa′
and NIEa′

for the untreated group, participants who read an

article highlighting either the benefits of immigration or the costs with a Russian immigrant, suggest

reduced opposition to immigration. In contrast, NDEa and NIEa for the treated group, participants

who read an article emphasizing the costs of immigration with a Hispanic protagonist, appear to in-

crease opposition to immigration.
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Näıve Proximal
Without Interaction With Interaction Without Interaction With Interaction
Unadj. Adj. Unadj. Adj. Unadj. Adj. Unadj. Adj.

NDEa 1.10∗∗∗ 1.12∗∗∗ 1.07∗∗∗ 1.09∗∗∗ 0.96∗∗∗ 0.98∗∗∗ 0.91∗∗∗ 0.93∗∗∗

NDEa′
0.91∗∗∗ 0.89∗∗∗ 0.85∗∗∗ 0.84∗∗∗ 1.05∗∗∗ 1.02∗∗∗ 0.93∗∗∗ 0.93∗∗∗

NIEa 1.17∗∗∗ 1.15∗∗∗ 1.09∗∗∗ 1.07∗∗∗ 1.34∗∗∗ 1.31∗∗∗ 1.19∗∗∗ 1.19∗∗∗

NIEa′
0.86∗∗∗ 0.87∗∗∗ 0.84∗∗∗ 0.85∗∗∗ 0.75∗∗∗ 0.76∗∗∗ 0.71∗∗∗ 0.73∗∗∗

ATE 1.28 1.29 1.27 1.27 1.28 1.28 1.28 1.28

Table 9: Naive and proximal estimators of causal effects considered for the logarithmic case with and
without exposure-mediator interaction. (* p ≤ 0.05, ** p ≤ 0.01, *** p ≤ 0.001)

With the proximal estimator, the results indicate that only NIEa for the treated group, participants

exposed to negative news about a Hispanic immigrant, increases the propensity to oppose immigration,

while the other causal effects show a slight reduction or no change in the inclination to oppose it.

Thus, using self-reported anxiety as a mediator suggests that reading news highlighting the costs of

Hispanic immigration directly and indirectly increases opposition to immigration. However, applying

the proximal estimator, which accounts for true hidden anxiety as mediator, reveals that opposition to

immigration is primarily driven by anxiety itself. Specifically, individuals who receive the treatment,

reading the negative news on Hispanic immigrant, oppose immigration only if they are subject to an

anxiety mechanism. The direct effect of the treatment remains negligible or may even slightly reduce

opposition in individuals without anxiety-related issues.

7 Discussion

The innovative proximal approach presented in this thesis allows for the derivation of NDEs and NIEs

in the context of mediation analysis, when the mediator is either hidden or mismeasured, and whether

or not there is an interaction between the exposure and the mediator, regardless of whether the out-

come is continuous, count, binary or polytomous.

We build upon the work of Tchetgen Tchetgen and Ghassami. Specifically, we have used the key con-

cepts from Tchetgen Tchetgen et al. (2023), where they propose the proximal G-computation formula

via a two-stage least-squares regression approach to address the presence of unobservable confounder.

Their method enables the identification of the causal effect of the treatment on the outcome when

hidden confounder is present, provided that two proxies for the unobserved confounder are available.

We extended this framework, initially developed for unobserved confounder, to causal mediation anal-

ysis when the mediator is hidden. A solution to identify NIEs and NDEs in the presence of a hidden

mediator was previously introduced by Ghassami et al. (2020). However, their method for handling
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hidden mediators with exposure-mediator interaction is not based on generalized linear models (GLM)

and involves solving certain linear integral equations, which can be computationally complex.

The advantage of the proximal methods introduced in this thesis is twofold: first, they provide unbi-

ased estimators for both the direct and indirect natural effects in the treated and untreated groups,

in the presence of a hidden mediator; second, these methods are straightforward to apply, relying on

commonly used GLMs. This makes them accessible for epidemiologists, who can apply these methods

using widely adopted models. The only requirement is the availability of data on two proxies for the

mediator, meeting specific conditional independence assumptions.

Moreover, these methods are not limited to cases where the mediator is unmeasurable but can also be

applied when the mediator is measured with error. While various techniques exist to account for mea-

surement error, they often rely on assumptions about the nature of the error. Our approach, however,

addresses measurement error without making any assumptions about its characteristics. In fact, the

proximal approach does not simply adjust the causal effects obtained with a mismeasured mediator,

but instead directly provides unbiased causal effects.

There are several avenues for future research: the next step is to extend this proximal approach in

cases with a binary outcome and a logit link. Subsequently, I aim to explore the case of multiple or

time-dependent mediators. Finally, I would like to apply this approach to identify the ATE of the

exposure on the outcome, in the presence of an unobserved confounder U between the exposure and

the outcome, within the context of the Front-Door Criterion. This scenario involves a mediator in

the path from the exposure to the outcome, where the mediator is not caused by the unobservable

confounder U.
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Appendix

In Sections A1.1-A1.4, we provide the derivation of NDEs and NIEs when the mediator is observable,

using the identification results from Pearl 2001. We examined both dichotomous and continuous

outcomes, applying linear and logarithmic links respectively, without and with exposure-mediator

interaction, while adjusting for observable confounders X.

In Sections A2.1-A2.5, we present details on the proximal approach for identifying NDEs and NIEs

when the mediator is hidden. This analysis includes both continuous and dichotomous outcomes,

without and with interaction, and accounts for observable confounders X.

Section A3 addresses statistical inference based on standard M-estimator theory.

Finally, in Section A4.1 and A4.2, we assess the bias introduced by using a proxy for the mediator

instead of the mediator itself.

A1 Derivation of NDEs and NIEs with observable mediator

In this chapter, we show how the four causal effects considered are obtained in the case where the

mediator is observable. Specifically, we will derive the effects of interest in the four scenarios exam-

ined thus far, both with and without exposure-mediator interaction, and for continuous and binary

outcomes.

A1.1 NDE and NIE with continuous outcome Y (Identity link) with ob-

servable mediator without exposure-mediator interaction

Assuming data are generated from the following model:

Assumption 1A

E[Y | A,M ] = θ0 + θaA+ θmM + θxX

E[M | A] = β0 + βaA+ βxX

Now we prove the results in Section 2.1 under Assumption 1A, starting from formulas 8-11 (considering

the observable confounder X) to express the four counterfactual means E[Y(a, M(a))], E[Y(a’, M(a))],

E[Y(a, M(a’))], and E[Y(a’, M(a’))], in terms of regression coefficients.

NDEa =
∫
m,x

[E(Y | A = a,M,X)− E(Y | A = a′,M,X)] p[M | A = a,X] p[X] ∂m∂x

=
∫
m,x

E[Y |A = a,M,X]p[M |A = a,X] p[X] ∂m∂x−
∫
m,x

E[Y |A = a′,M,X]p[M |A = a,X] p[X] ∂m∂x

= E[Y (a,M(a))]− E[Y (a′,M(a))]
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NDEa′
=
∫
m,x

[E(Y | A = a,M,X)− E(Y | A = a′,M,X)] p[M | A = a′, X] p[X] ∂m∂x

=
∫
m,x

E[Y |A = a,M,X]p[M |A = a′, X] p[X] ∂m∂x −
∫
m,x

E[Y |A = a′,M,X]p[M |A =

a′, X] p[X] ∂m∂x

= E[Y (a,M(a′))]− E[Y (a′,M(a′))]

NIEa =
∫
m,x

E[Y | A = a,M,X] [p[M | A = a,X)− p[M | A = a′, X]] p[X] ∂m∂x

=
∫
m,x

E[Y |A = a,M,X]p[M |A = a,X] p[X] ∂m∂x−
∫
m,x

E[Y |A = a,M,X]p[M |A = a′, X] p[X] ∂m∂x

= E[Y (a,M(a))]− E[Y (a,M(a′))]

NIEa′
=
∫
m,x

E[Y | A = a′,M,X] [p[M | A = a,X]− p[M | A = a′, X]] p[X] ∂m∂x

=
∫
m,x

E[Y |A = a′,M,X]p[M |A = a,X] p[X] ∂m∂x−
∫
m,x

E[Y |A = a′,M,X]p[M |A = a′, X] p[X] ∂m∂x

= E[Y (a′,M(a))]− E[Y (a′,M(a′))]

E[Y(a, M(a))] =
∫
m,x

E[Y | A = a,M,X] p[M | A = a,X] p[X] ∂m∂x =∫
m,x

(θ0 + θa + θmM + θxX) p[M | A = a,X] p[X] ∂m∂x =

θ0 + θa + θm
∫
m,x

M p[M | A = a,X] p[X] ∂m∂x+ θx
∫
x
X p[X] ∂x =

θ0 + θa + θm
∫
x
E[M | A = a,X] p[X]∂x+ θxE[X] =

θ0 + θa + θm(β0 + βa + βx
∫
x
X p[X]∂x) + θxE[X] =

θ0 + θa + θm(β0 + βa + βxE[X]) + θxE[X] =

θ0 + θa + θmβ0 + θmβa + (θmβx + θx)E[X]

E[Y(a’, M(a))] =
∫
m,x

E[Y | A = a′,M,X] p[M | A = a,X] p[X] ∂m∂x =∫
m,x

(θ0 + θmM + θxX) p[M | A = a,X] p[X] ∂m∂x =

θ0 + θm
∫
m,x

M p[M | A = a,X] p[X] ∂m∂x+ θx
∫
x
X p[X]∂x =

θ0 + θm
∫
x
E[M | A = a,X] p[X]∂x+ θx

∫
x
X p[X]∂x =

θ0 + θm(β0 + βa + βx
∫
x
X p[X]∂x) + θxE[X] =

θ0 + θmβ0 + θmβa + (θmβx + θx)E[X]

E[Y(a, M(a’))] =
∫
m,x

E[Y | A = a,M,X] p[m | A = a′, X] p[X] ∂m∂x =∫
m,x

(θ0 + θa + θmM + θxX) p[M | A = a′, X] p[X] ∂m∂x =

θ0 + θa + θm
∫
m,x

p[M | A = a′, X] p[X] ∂m∂x+ θx
∫
x
X p[X]∂x =

θ0 + θa + θm
∫
x
E[M | A = a′, X] p[X]∂x+ θxE[X] =

θ0 + θa + θm(β0 + βx
∫
x
X p[X]∂x) + θxE[X] =

θ0 + θa + θmβ0 + θmβxE[X] + θxE[X] =

θ0 + θa + θmβ0 + (θmβx + θx)E[X]

E[Y(a’, M(a’))] =
∫
m,x

E[Y | A = a′,M,X] p[M | A = a′, X] p[X] ∂m∂x =∫
m,x

(θ0 + θmM + θxX) p[M | A = a′, X] p[X] ∂m∂x =
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θ0 + θm
∫
m,x

M p[M | A = a′, X] p[X] ∂m∂x+ θx
∫
x
X p[X]∂x =

θ0 + θm
∫
x
E[M | A = a′, X] p[X]∂x+ θx

∫
x
X p[X]∂x =

θ0 + θm(β0 + βx
∫
x
X p[X]∂x) + θxE[X] =

θ0 + θmβ0 + (θmβx + θx)E[X]

Utilizing the counterfactual means just identified, we can determine the four causal effects:

NDEa = E[Y (a,M(a))− Y (a′,M(a))] =

(θ0 + θa + θmβ0 + θmβa + (θmβx + θx)E[X])− (θ0 + θmβ0 + θmβa + (θmβx + θx)E[X]) = θa

NDEa′
= E[Y (a,M(a′))− Y (a′,M(a′))] =

(θ0 + θa + θmβ0 + (θmβx + θx)E[X])− (θ0 + θmβ0 + (θmβx + θx)E[X]) = θa

NIEa = E[Y (a,M(a))− Y (a,M(a′))] =

(θ0 + θa + θmβ0 + θmβa + (θmβx + θx)E[X])− (θ0 + θa + θmβ0 + (θmβx + θx)E[X]) = θmβa

NIEa′
= E[Y (a′,M(a))− Y (a′,M(a′))] =

(θ0 + θmβ0 + θmβa + (θmβx + θx)E[X])− (θ0 + θmβ0 + (θmβx + θx)E[X]) = θmβa

Note that, in the absence of a treatment-mediator interaction, the NDEs and NIEs for treated and

untreated groups are the same.

A1.2 NDE and NIE with continuous outcome Y (Identity link) with ob-

servable mediator with exposure-mediator interaction

Assuming data are generated from the following model:

Assumption 2A

E[Y |A,M ] = θ0 + θaA+ θmM + θamAM + θxX

E[M |A] = β0 + βaA+ βxX

Now we prove the results in Section 2.1 under Assumption 2A, starting from formulas 8-11 (considering

the observable confounder X) to express the four counterfactual means E[Y(a, M(a))], E[Y(a’, M(a))],

E[Y(a, M(a’))], and E[Y(a’, M(a’))], in terms of regression coefficients.

E[Y(a, M(a))] =
∫
m,x

E[Y |A = a,M,X] p[M |A = a,X] p[X] ∂m∂x =∫
m,x

(θ0 + θa + θmM + θamM + θxX) p[M |A = a,X] p[X] ∂m∂x =

θ0 + θa + (θm + θam)
∫
m,x

Mp[M |A = a,X] p[X] ∂m∂x+ θx
∫
x
X p[X]∂x =

θ0 + θa + (θm + θam)
∫
x
E[M |A = a,X] p[X]∂x+ θxE[X] =

θ0 + θa + (θm + θam)
(
β0 + βa + βx

∫
x
X p[X]∂x

)
+ θxE[X] =
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θ0 + θa + θmβ0 + θamβ0 + θmβa + θamβa + (θmβx + θamβx + θx) E[X]

E[Y(a’, M(a))] =
∫
m,x

E[Y |A = a′,M,X] p[M |A = a,X] p[X] ∂m∂x =∫
m,x

(θ0 + θmM + θxX) p[M |A = a,X] p[X] ∂m∂x =

θ0 + θm
∫
m,x

M p[M |A = a,X] p[X] ∂m∂x+ θx
∫
x
X p[X]∂x =

θ0 + θm +
∫
x
E[M |A = a,X] p[X]∂x+ θxE[X] =

θ0 + θm +
(
β0 + βa + βx

∫
x
X p[X]∂x

)
+ θxE[X] =

θ0 + θmβ0 + θmβa + θmβxE[X] + θxE[X] =

θ0 + θmβ0 + θmβa + (θmβx + θx)E[X]

E[Y(a, M(a’))] =
∫
m,x

E[Y |A = a,M,X] p[M |A = a′, X] p[X] ∂m∂x =∫
m,x

(θ0 + θa + θmM + θamM + θxX) p[M |A = a′, X] p[X] ∂m∂x =

θ0 + θa + (θm + θam)
∫
m,x

M p[M |A = a′, X] p[X] ∂m∂x+ θx
∫
x
X p[X]∂x =

θ0 + θa + (θm + θam)
∫
x
E[M |A = a′, X] p[X]∂x+ θxE[X] =

θ0 + θa + (θm + θam)
(
β0 + βx

∫
x
X p[X]∂x

)
+ θxE[X] =

θ0 + θa + (θm + θam) (β0 + βxE[X]) + θxE[X] =

θ0 + θa + θmβ0 + θamβ0 + θmβxE[X] + θamβxE[X] + θxE[X] =

θ0 + θa + θmβ0 + θamβ0 + (θmβx + θamβx + θx)E[X]

E[Y(a’, M(a’))] =
∫
m,x

E[Y |A = a′,M,X] p[M |A = a′, X] p[X] ∂m∂x =∫
m,x

(θ0 + θmM + θxX) p[M |A = a′, X] p[X] ∂m∂x =

θ0 + θm
∫
m,x

M p[M |A = a′, X] p[X] ∂m∂x+ θx
∫
m
X p[X]∂x =

θ0 + θm
∫
x
E[M |A = a′, X] p[X]∂x+ θxE[X] =

θ0 + θm
(
β0 + βx

∫
m
X p[X]∂x

)
+ θxE[X] =

θ0 + θmβ0 + θmβxE[X] + θxE[X] =

θ0 + θmβ0 + (θmβx + θx)E[X]

Utilizing the counterfactual means just identified, we can determine the four causal effects:

NDEa = E[Y (a,M(a))− Y (a′,M(a))] =

(θ0 + θa + θmβ0 + θamβ0 + θmβa + θamβa + (θmβx + θamβx + θx) E[X])−(θ0 + θmβ0 + θmβa + (θmβx + θx) E[X]) =

θa + θam (β0 + βa + βxE[X])

NDEa′
= E[Y (a,M(a′))− Y (a′,M(a′))] =

(θ0 + θa + θmβ0 + θamβ0 + (θmβx + θamβx + θx) E[X])− (θ0 + (θmβ0 + (θmβx + θx) E[X])) =

θa + θam (β0 + βxE[X])

NIEa = E[Y (a,M(a))− Y (a,M(a′))] =
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(θ0 + θa + θmβ0 + θamβ0 + θmβa + θamβa + (θmβx + θamβx + θx) E[X])− (θ0 + θa +(θmβ0 + θamβ0 +

(θmβx + θamβx + θx) E[X])) = βa (θm + θam)

NIE(a′) = E[Y (a′,M(a))− Y (a′,M(a′))] =

(θ0 + θmβ0 + θmβa + (θmβx + θx) E[X])− (θ0 + (θmβ0 + (θmβx + θx) E[X])) = θmβa

Note that, in this case with treatment-mediator interaction, the NDEs and NIEs for treated and

untreated groups are different.

A1.3 NDE and NIE with count, binary or polytomous outcome Y (Log

link) with observable mediator without exposure-mediator interac-

tion

Assuming data are generated from the following model:

Assumption 3A

log(E[Y | A,M,X]) = θ0 + θaA+ θmM + θxX

E[M | A,X] = β0 + βaA+ βxX

M = E[M | A,X] + εM ; E[εM ] = 0; εM ⊥ A,X

MεM (·) exists for any real value · .

Now we prove the results in Section 2.2 under Assumption 3A, starting from formulas 8-11 (considering

the observable confounder X) to express the four counterfactual means E[Y(a, M(a))], E[Y(a’, M(a))],

E[Y(a, M(a’))], and E[Y(a’, M(a’))], in terms of regression coefficients.

We useMεM (·) to denote the moment generating function (MGF) of εM with input ·. If εM ∼ N(0, σ2
ε)

and t is a constant, then MεM (t) = e−
1
2σ

2
εt

2

.

E[Y(a, M(a))] =
∫
m,x

E[Y |A = a,M,X] p[M |A = a,X] p[X] ∂m∂x

=
∫
m,x

exp(θ0 + θa + θmM + θxX) p[M |A = a,X] p[X] ∂m∂x

= exp(θ0 + θa + θx
∫
x
X p[X]∂x)

∫
m,x

exp(θmM) p[M |A = a,X] p[X] ∂m∂x

= exp(θ0 + θa + θxE[X])
∫
x
E[exp(θmM)|A = a,X] p[X]∂x

= exp(θ0 + θa + θxE[X]) E[exp(θm(β0 + βa + βx
∫
x
X p[X]∂x+ εM ))]

= exp(θ0 + θa + θxE[X]) exp(θmβ0 + θmβa + θmβxE[X]) E[exp(θmεM )]

= exp(θ0 + θa + θmβ0 + θmβa + (θx + θmβx)E[X])MεM (θm)

E[Y(a’, M(a))] =
∫
m,x

E[Y |A = a′,M,X] p[M |A = a,X] p[X] ∂m∂x
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=
∫
m,x

exp(θ0 + θmM + θxX) p[M |A = a,X] p[X] ∂m∂x

= exp(θ0 + θx
∫
x
X p[X]∂x)

∫
m,x

exp(θmM) p[M |A = a,X] p[X] ∂m∂x

= exp(θ0 + θxE[X])
∫
x
E[exp(θmM)|A = a,X] p[X]∂x

= exp(θ0 + θxE[X]) E[exp(θm(β0 + βa + βx
∫
x
X p[X]∂x+ εM ))]

= exp(θ0 + θxE[X]) exp(θmβ0 + θmβa + θmβxE[X]) E[exp(θmεM )]

= exp(θ0 + θmβ0 + θmβa + (θx + θmβx)E[X])MεM (θm)

E[Y(a, M(a’))] =
∫
m,x

E[Y |A = a,M,X] p[M |A = a′, X] p[X] ∂m∂x

=
∫
m,x

exp(θ0 + θa + θmM + θxX) p[M |A = a′, X] p[X] ∂m∂x

= exp(θ0 + θa + θx
∫
x
X p[X]∂x)

∫
m,x

exp(θmM) p[M |A = a′, X] p[X] ∂m∂x

= exp(θ0 + θa + θxE[X])
∫
x
E[exp(θmM)|A = a′, X] p[X]∂x

= exp(θ0 + θa + θxE[X]) E[exp(θm(β0 + βx
∫
x
X p[X]∂x+ εM ))]

= exp(θ0 + θa + θxE[X]) exp(θmβ0 + θmβxE[X]) E[exp(θmεM )]

= exp(θ0 + θa + θmβ0 + (θmβx + θx)E[X])MεM (θm)

E[Y(a’, M(a’))] =
∫
m,x

E[Y |A = a′,M,X] p[M |A = a′, X] p[X] ∂m∂x

=
∫
m,x

exp(θ0 + θmM + θxX) p[M |A = a′, X] p[X] ∂m∂x

= exp(θ0 + θx
∫
x
X p[X]∂x)

∫
m,x

exp(θmM) p[M |A = a′, X] p[X] ∂m∂x

= exp(θ0 + θxX)
∫
x
E[exp(θmM)|A = a′, X] p[X]∂x

= exp(θ0 + θxE[X]) E[exp(θm(β0 + βx
∫
x
X p[X]∂x+ εM ))]

= exp(θ0 + θxE[X]) exp(θmβ0 + θmβxE[X]) E[exp(θmεM )]

= exp(θ0 + θmβ0 + (θx + θmβx)E[X])MεM (θm)

Utilizing the counterfactual means just identified, we can determine the four causal effects:

NDEa =
E[Y (a,M(a))]

E[Y (a′,M(a))]
=

exp(θ0 + θa + θmβ0 + θmβa + (θx + θmβx)E[X])MεM (θm)

exp(θ0 + θmβ0 + θmβa + (θx + θmβx)E[X])MεM (θm)
= exp(θa)

NDE(a′) =
E[Y (a′,M(a′))]

E[Y (a,M(a′))]
=

exp(θ0 + θmβ0 + (θx + θmβx)E[X])MεM (θm)

exp(θ0 + θa + θmβ0 + (θmβx + θx)E[X])MεM (θm)
=

1

exp(θa)

NIEa =
E[Y (a,M(a))]

E[Y (a,M(a′))]
=

exp(θ0 + θa + θmβ0 + θmβa + (θx + θmβx)E[X])MεM (θm)

exp(θ0 + θa + θmβ0 + (θmβx + θx)E[X])MεM (θm)
= exp(θmβa)

NIE(a′) =
E[Y (a′,M(a′))]

E[Y (a′,M(a))]
=

exp(θ0 + θmβ0 + (θx + θmβx)E[X])MεM (θm)

exp(θ0 + θmβ0 + θmβa + (θx + θmβx)E[X])MεM (θm)
=

1

exp(θmβa)

Note that, in the absence of a treatment-mediator interaction, the NDEs and NIEs for treated and

untreated groups are inverses of each other. Furthermore, although the MGF appears in the expected

values, it simplifies when taking the ratio of the expected values and is ultimately absent in the final

formula for NDEs and NIEs.
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A1.4 NDE and NIE with count, binary or polytomous outcome Y (Log

link) with observable mediator with exposure-mediator interaction

Assuming data are generated from the following model:

Assumption 4A

log (E[Y | A,M,X]) = θ0 + θaA+ θmM + θamAM + θxX

E[M | A,X] = β0 + βaA+ βxX

M = E[M | A,X] + εM ; E[εM ] = 0; εM ⊥ A,X

Now we prove the results in Section 2.2 under Assumption 4A, starting from formulas 8-11 (considering

the observable confounder X) to express the four counterfactual means E[Y(a, M(a))], E[Y(a’, M(a))],

E[Y(a, M(a’))], and E[Y(a’, M(a’))], in terms of regression coefficients.

E[Y(a, M(a))] =
∫
m,x

E[Y |A = a,M,X] p[M |A = a,X] p[X] ∂m∂x

=
∫
m,x

exp(θ0 + θa + θmM + θamM + θxX) p[M |A = a,X] p[X] ∂m∂x

= exp(θ0 + θa + θx
∫
x
X p[X]∂x)

∫
m,x

exp((θm + θam)M) p[M |A = a,X] p[X] ∂m∂x

= exp(θ0 + θa + θxE[X])
∫
x
E[exp(θm + θam)M |A = a,X] p[X]∂x

= exp(θ0 + θa + θxE[X]) E[exp((θm + θam)(β0 + βa + βx
∫
x
X p[X]∂x+ εM ))]

= exp(θ0 + θa + θxE[X]) exp(θmβ0 + θmβa + θmβxE[X] + θamβ0 + θamβa + θamβxE[X]) E[exp((θm +

θam)εM )]

= exp(θ0 + θa + θmβ0 + θmβa + θamβ0 + θamβa + (θx + θmβx + θamβx)E[X])MεM (θm + θam).

E[Y(a’, M(a))] =
∫
m,x

E[Y |A = a′,M,X] p[M |A = a,X] p[X] ∂m∂x

=
∫
m,x

exp(θ0 + θmM + θxX) p[M |A = a,X] p[X] ∂m∂x

= exp(θ0 + θx
∫
x
X p[X]∂x)

∫
m,x

exp(θmM) p[M |A = a,X] p[X] ∂m∂x

= exp(θ0 + θxE[X])
∫
x
E[exp(θm)M |A = a,X] p[X]∂x

= exp(θ0 + θxE[X]) E[exp((θm)(β0 + βa + βx
∫
x
X p[X]∂x+ εM ))]

= exp(θ0 + θxE[X]) exp(θmβ0 + θmβa + θmβxE[X]) E[exp(θmεM )]

= exp(θ0 + θmβ0 + θmβa + (θx + θmβx)E[X])MεM (θm).

E[Y(a, M(a’))] =
∫
m,x

E[Y |A = a,M,X] p[M |A = a′, X] p[X] ∂m∂x

=
∫
m,x

exp(θ0 + θa + θmM + θamM + θxX) p[M |A = a′, X] p[X] ∂m∂x

= exp(θ0 + θa + θx
∫
x
X p[X]∂x)

∫
m,x

exp((θm + θam)M) p[M |A = a′, X] p[X] ∂m∂x

= exp(θ0 + θa + θxE[X])
∫
x
E[exp(θm + θam)M |A = a′, X] p[X]∂x

= exp(θ0 + θa + θxE[X]) E[exp((θm + θam)(β0 + βx
∫
x
X p[X]∂x+ εM ))]

= exp(θ0 + θa + θxE[X]) exp(θmβ0 + θamβ0 + θmβxE[X] + θamβxE[X]) E[exp((θm + θam)εM )]
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= exp(θ0 + θa + θmβ0 + θamβ0 + (θx + θmβx + θamβx)E[X])MεM (θm + θam).

E[Y(a’, M(a’))] =
∫
m,x

E[Y |A = a′,M,X] p[M |A = a′, X] p[X] ∂m∂x

=
∫
m,x

exp(θ0 + θmM + θxX) p[M |A = a′, X] p[X] ∂m∂x

= exp(θ0 + θx
∫
x
X p[X]∂x)

∫
m,x

exp(θmM) p[M |A = a′, X] p[X] ∂m∂x

= exp(θ0 + θxE[X])
∫
x
E[exp(θm)M |A = a′, X] p[X]∂x

= exp(θ0 + θxE[X]) E[exp((θm)(β0 + βx
∫
x
X p[X]∂x+ εM ))]

= exp(θ0 + θxE[X]) exp(θmβ0 + θmβxE[X]) E[exp(θmεM )]

= exp(θ0 + θmβ0 + (θx + θmβx)E[X])MεM (θm).

Utilizing the counterfactual means just identified, we can determine the four causal effects:

NDEa =
E[Y (a,M(a))]

E[Y (a′,M(a))]
=

=
exp(θ0 + θa + θmβ0 + θmβa + θamβ0 + θamβa + (θx + θmβx + θamβx)E[X])MεM (θm + θam)

exp(θ0 + θmβ0 + θmβa + (θx + θmβx)E[X])MεM (θm)

= exp(θa + θam(β0 + βa + βxE[X]))
MεM (θm + θam)

MεM (θm)
.

NDEa′
=

E[Y (a′,M(a′))]

E[Y (a,M(a′))]
=

=
exp(θ0 + θmβ0 + (θx + θmβx)E[X])MεM (θm)

exp(θ0 + θa + θmβ0 + θamβ0 + (θx + θmβx + θamβx)E[X])MεM (θm + θam)

=
1

exp(θa + θam(β0 + βxE[X]))

MεM (θm)

MεM (θm + θam)
.

NIEa =
E[Y (a,M(a))]

E[Y (a,M(a′))]
=

=
exp(θ0 + θa + θmβ0 + θmβa + θamβ0 + θamβa + (θx + θmβx + θamβx)E[X])MεM (θm + θam)

exp(θ0 + θa + θmβ0 + θamβ0 + (θx + θmβx + θamβx)E[X])MεM (θm + θam)

= exp(βa(θm + θam)).

NIEa′
=

E[Y (a′,M(a′))]

E[Y (a′,M(a))]
=

=
exp(θ0 + θmβ0 + (θx + θmβx)E[X])MεM (θm)

exp(θ0 + θmβ0 + θmβa + (θx + θmβx)E[X])MεM (θm)
=

1

exp(θmβa)
.

Note that, in the presence of a treatment-mediator interaction, the NDEs and NIEs for treated and

untreated groups are different. Furthermore, the MGF ratio is present only in the NDEs.
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A2 Derivation of NDEs and NIEs with hidden mediator:

proximal framework

A2.1 NDE and NIE with continuous outcome Y (Identity link) with hid-

den mediator without exposure-mediator interaction

We investigate the case with continuous Y with an Identity link and without exposure-mediator inter-

action. We assume that the data are generated from the following models:

Assumption 5A:

E[Y | A,Z,M,X] = θ0 + θaA+ θmM + θxX

E[W | A,Z,M,X] = α0 + αmM + αxX

E[M | A,Z,X] = β0 + βaA+ βxX

We now prove Result 1 in section 3.1 under Assumption 5A.

Initially, we derive the conditional expected value of W:

E[W | A,Z,X] = ω0 + ωaA+ ωzZ + ωxX

Then, we take the conditional expectation on both sides of the first two data generation equations for

M conditional on (A, Z, X):

E[Y | A,Z,M,X] = θ0 + θaA+ θmM + θxX

E[Y | A,Z,X] = θ0 + θaA+ θm E[M | A,Z,X] + θxX

E[W | A,Z,M,X] = α0 + αmM + αxX

E[W | A,Z,X] = α0 + αm E[M | A,Z] + αxX

Thus, we rewrite the conditional mean of M in terms of the conditional mean of W:

E[M | A,Z,X] =
E[W | A,Z,X]− α0 − αxX

αm

Using the law of iterated expectations, we can rewrite the third data generation equation as follows:

E[ E[M | A,Z,X] | A,Z,X] = β0 + βaA+ βxX

We substitute the conditional expectation of M with its version as a function of E[W | A, Z, X]:

E[Y | A,Z,X] = θ0 + θaA+ θm
E[W |A,Z,X]−α0−αxX

αm
+ θxX

E[Y | A,Z,X] =
[
θ0 − θm

αm
α0

]
+ θaA+

[
θm
αm

]
E[W | A,Z,X] +

[
θx − θm

αm
αx

]
X

E[Y | A,Z,X] = θ∗0 + θ∗aA+ θ∗m E[W | A,Z,X] + θ∗xX
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E
(

E[W |A,Z,X]−α0−αxX
αm

| A,Z,X
)
= β0 + βaA+ βxX

E(E[W | A,Z,X] | A,Z,X) = [β0αm − α0] + [βaαm]A+ [βxαm − αx]X

E[W | A,Z,X] = β∗
0 + β∗

aA+ β∗
xX

Finally, we use the obtained regression coefficients to identify the desired causal effects:

NDEa = NDEa′
= θ∗a = θa

NIEa = NIEa′
= θ∗mβ

∗
a =

(
θm
αm

)
(βaαm) = θmβa

A2.2 NDE and NIE with continuous outcome Y (Identity link) with hid-

den mediator with exposure-mediator interaction

We investigate the case with continuous Y with an Identity link and exposure-mediator interaction.

We assume that the data are generated from the following models:

Assumption 6A:

E[Y | A,Z,M,X] = θ0 + θaA+ θmM + θamAM + θxX

E[W | A,Z,M,X] = α0 + αmM + αxX

E[M | A,Z,X] = β0 + βaA+ βxX

At this point another hypothesis is needed, namely that there is no interaction between treatment A

and covariates.

Assumption 6B:

A ⊥ X

We now prove Result 2 in the section 3.1 under Assumption 6A and 6B.

Initially, we derive the conditional expected value of W :

E[W | A,Z,X] = ω0 + ωaA+ ωzZ + ωxX

Then, we take the conditional expectation on both sides of the first two data generation equations for

M conditional on (A, Z , X):

E[Y | A,Z,M,X] = θ0 + θaA+ θmM + θamAM + θxX

E[Y | A,Z,X] = E[θ0 + θaA+ θmM + θamAM + θxX | A,Z,X]

E[Y | A,Z,X] = θ0 + θaA+ (θm + θamA) E[M | A,Z,X] + θxX
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E[W | A,Z,M,X] = α0 + αmM + αxX

E[W | A,Z,X] = α0 + αm E[M | A,Z,X] + αxX

Thus, we rewrite the conditional mean of M in terms of the conditional mean of W:

E[M | A,Z,X] =
E[W | A,Z,X]− α0 − αxX

αm

Using the law of iterated expectations, we can rewrite the third data generation equation as follows:

E[M | A,Z,X] = β0 + βaA+ βxX

E[E[M | A,Z,X] | A,Z,X] = β0 + βaA+ βxX

We substitute the conditional expectation of M with its version as a function of E[W | A, Z, X]:

E[Y | A,Z,X] = θ0 + θaA+
(

θm
αm

+ θam

αm
A
)
(E[W | A,Z,X]− α0 − αxX) + θxX

E[Y | A,Z,X] =
[
θ0 − θm

αm
α0

]
+
[
θa − θam

αm
α0

]
A+

[
θm
αm

]
E[W | A,Z,X] +

[
θam

αm

]
AE[W | A,Z,X]

+
[
θx − θm

αm
αx

]
X +

[
− θam

αm
αx

]
XA

Because of the orthogonalization between A and X we have:

E[Y | A,Z,X] = θ∗0 + θ∗aA+ θ∗m E[W | A,Z,X] + θ∗amAE[W | A,Z, ] + θ∗xX

E[E[M | A,Z,X] | A,Z,X] = β0 + βaA+ βxX

E
(

E[W |A,Z,X]−α0−αxX
αm

| A,Z,X
)
= β0 + βaA+ βxX

E[W | A,Z,X] = [β0αm + α0] + [βaαm]A+ [αmβx + αx]X

E[W | A,Z,X] = β∗
0 + β∗

aA+ β∗
xX

Finally, we use the obtained regression coefficients to identify the desired causal effects:

NDEa = θ∗a + θ∗am(β∗
0 + β∗

a + β∗
xE[X])

=
[
θa − θam

αm
α0

]
+
[
θam

αm

]
([β0αm + α0] + [βaαm] + [αmβx + αx]E[X])

= θa − θam

αm
α0 +

[
θam

αm
β0αm + θam

αm
α0

]
+
[
θam

αm
βaαm

]
+
[
θam

αm
αmβx + θam

αm
αx

]
E[X]

= θa − θam

αm
α0 + [θamβ0 +

θam

αm
α0] + [θamβa] + [θamβx + θam

αm
αx]E[X]

= θa + θam(β0 + βa + βxX + αx

αm
E[X])

̸= θa + θam(β0 + βa + βxE[X])

NDEa′
= θ∗a + θ∗am(β∗

0 + β∗
xE[X])

=
[
θa − θam

αm
α0

]
+
[
θam

αm
β0αm + θam

αm
α0

]
+
[
θam

αm
αmβx + θam

αm
αx

]
E[X]

= θa + [θamβ0] + [θam(βx + αx

αm
)E[X]]
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̸= θa + θam(β0 + βxE[X])

NIEa = β∗
a(θ

∗
m + θ∗am) = [βaαm]

[
θm
αm

+ θam

αm

]
= βa(θm + θam)

NIEa′
= θ∗mβ

∗
a =

[
θm
αm

]
[βaαm] = θmβa

Note that in the case with exposure-mediator interaction and measurable confounders X, the NDEs

are not identified by the regression coefficients obtained using the proximal approach, because of the

αx

αm
term. However, we can still identify them as the difference between the ATE and the NIEs:

NDEa = ATE−NIEa′

NDEa′
= ATE−NIEa

A2.3 NDE and NIE with continuous outcome Y (Identity link) with hid-

den mediator with and without exposure-mediator interaction (Iden-

tification of cross-world counterfactual means)

We investigate the case with continuous Y with an identity link and exposure-mediator interaction.

We assume that the data are generated from the following models:

Assumption 7A:

E[Y | A,Z,M,X] = θ0 + θaA+ θmM + θamAM + θxX

E[W | A,Z,M,X] = α0 + αaA+ αmM + αxX

E[W | A,X] = λ0 + λaA+ λxX

Assumption 8A:

E[ha(w, x) | A = a, Z,X] = E[Y | A = a, Z,X]

Under Assumptions 4 and 8A, the counterfactual mean of the outcome can be written (Ghassami et

al., 2023) as follows:

E[Y (a,M(a′)] =
∫
w,x

ha(w, x) p(w | A = a′, X) p(x) ∂w ∂x

We now prove Result 3 in Section 3.1 under Assumptions 4, 7A, and 8A. Initially, we derive the con-

ditional expected value of W:

E[W | A,Z,X] = ω0 + ωaA+ ωzZ + ωxX

Then, we take the conditional expectation on both sides of the first two data generation equations for
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M conditional on (A, Z, X):

E[Y | A,Z,M,X] = θ0 + θaA+ θmM + θamAM + θxX

E[Y | A,Z,X] = θ0 + θaA+ θm E[M | A,Z,X] + θamAE[M | A,Z,X] + θxX

E[W | A,Z,M,X] = α0 + αaA+ αmM + αxX

E[W | A,Z,X] = α0 + αaA+ αm E[M | A,Z,X] + αxX

Thus, we rewrite the conditional mean of M in terms of the conditional mean of W:

E[M | A,Z,X] =
E[W | A,Z,X]− α0 − αaA− αxX

αm

We substitute the conditional expectation of M with its version as a function of E[W | A, Z, X]:

E[Y | A,Z,X] = θ0 + θaA+ (θm + θamA)
E[W | A,Z,X]− α0 − αaA− αxX

αm
+ θxX

If A = a = 1 , the conditional expected value of Y and W are:

E[Y | A = 1, Z,X] = (θ0 + θa) +
(θm+θam)

αm
(E[W | A = 1, Z,X]− α0 − αxX) + θxX

E[Y | A = 1, Z,X] = (θ0 + θa) +
(θm+θam)

αm
E[W | A = 1, Z,X]− (θm+θam)

αm
α0 − (θm+θam)

αm
αxX + θxX

E[Y | A = 1, Z,X] =
[
θ0 + θa − (θm+θam)

αm
α0

]
+
[
(θm+θam)

αm

]
E[W | A = 1, Z,X]+

[
θx − (θm+θam)

αm
αx

]
X

E[Y | A = 1, Z,X] = θ10 + θ1wE[W | A = 1, Z,X] + θ1xX

E[W | A = 1, X] = λ10 + λ1aA+ λ1xX

If A = a’ = 0, the conditional expected value of Y and W are:

E[Y | A = 0, Z,X] = θ0 +
θm
αm

(E[W | A = 0, Z,X]− α0 − αxX) + θxX

E[Y | A = 0, Z,X] = θ0 +
θm
αm

E[W | A = 0, Z,X]− θm
αm

α0 − θm
αm

αxX + θxX

E[Y | A = 0, Z,X] =
[
θ0 − θm

αm
α0

]
+ θm

αm
E[W | A = 0, Z,X] +

[
θx − θm

αm
αx

]
X

E[Y | A = 0, Z,X] = θ00 + θ0w E[W | A = 0, Z,X] + θ0xX

E[W | A = 0, X] = λ0 + λaA+ λxX

E[W | A = 0, X] = (λ0 + λa) + λxX

E[W | A = 0, X] = λ00 + λ0xX

For Assumption 8A, the outcome counterfactual mean can be rewritten in terms of regression coeffi-

cients:
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E[Y(a,M(a’)]

=
∫
w,x

ha(w, x) p(w | A = a′, X) p(x) ∂w ∂x =

=
∫
w,x

(θa0 + θaww + θaxx)p(w | A = a′, X) p(x) ∂w ∂x =

= θa0 + θaw
∫
w,x

w p(w | A = a′, X) p(x) ∂w ∂x+ θax
∫
x
x p(x) ∂x =

= θa0 + θaw
∫
x
E[W | A = a′, X] p(x) ∂x+ θax E[X] =

= θa0 + θaw

(
λa

′

0 + λa
′

a a
′ + λa

′

x

∫
x
x p(x) ∂x

)
+ θax E[X] =

= θa0 + θaw

(
λa

′

0 + λa
′

a a
′ + λa

′

x E[X]
)
+ θax E[X]

Finally, we use the obtained regression coefficients to identify the four outcome counterfactual means:

E[Y(1,M(0)] = θ10 + θ1w(λ
0
0 + λ0x E[X])

E[Y(0,M(1)] = θ00 + θ0w
(
λ10 + λ10 + λ1x E[X]

)
+ θ0x E[X]

E[Y(0,M(0)] = θ00 + θ0w
(
λ00 + λ0x E[X]

)
+ θ0x E[X]

E[Y(1,M(1)] = θ10 + θ1w
(
λ10 + λ1a + λ1x E[X]

)
+ θ1x E[X]

A2.4 NDE and NIE with count, binary or polytomous outcome Y (Log

link) with hidden mediator without exposure-mediator interaction

We investigate the case with continuous Y with Logarithm link and without exposure-mediator inter-

action. We assume that the data are generated from the following models:

Assumption 9A:

log(E[Y |A,Z,M,X]) = θ0 + θaA+ θmM + θxX

E[W |A,Z,M,X] = α0 + αmM + αxX

E[M |A,Z,X] = β0 + βaA+ βxX

M = E[M |A,Z,X] + εM ; E[εM ] = 0; εM ⊥ A,Z,X;

MεM (·) exists for any real value ·

We now prove Result 4 in the section 3.2 under Assumption 9A.

Initially, we derive the conditional expected value of W:

E[W |A,Z,X] = ω0 + ωaA+ ωzZ + ωxX

Then, we take the conditional expectation on both sides of the Y data generation equation for M
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conditional on (A, Z, X).

log(E[Y |A,Z,M,X]) = θ0 + θaA+ θmM + θxX

E[Y |A,Z,M,X] = exp(θ0 + θaA+ θmM + θxX)

E[Y |A,Z,X] = exp(θ0 + θaA+ θxX) E[exp(θmM)|A,Z]

E[Y |A,Z,X] = exp(θ0 + θaA+ θxX) exp(θm[β0 + βaA+ βxX]) E[exp(θmεM )]

E[Y |A,Z,X] = exp(θ0 + θaA+ θxX + θm E[M |A,Z,X] + log(MεM (θm))

E[Y |A,Z,X] = exp(θ′0 + θaA+ θm E[M |A,Z,X] + θxX)

where θ′0 is defined as θ0 + log(MεM (θm)).

Similarly, we take the conditional expectation on both sides of the W data generation equation for M

conditional on (A, Z, X).

E[W |A,Z,M,X] = α0 + αmM + αxX

E[W |A,Z,X] = α0 + αm E[M |A,Z,X] + αxX

Thus, we rewrite the conditional mean of M in terms of the conditional mean of W.

E[M |A,Z,X] = E[W |A,Z,X]−α0−αxX
αm

Using the law of iterated expectations, we can rewrite the third data generation equations as follows:

E[M |A,Z,X] = β0 + βaA+ βxX

E[E[M |A,Z,X]|A,Z,X] = β0 + βaA+ βxX

We substitute the conditional expectation of M with its version as a function of E[W | A, Z, X]:

log(E[Y |A,Z,X]) = θ′0 + θaA+ θm E[M |A,Z,X] + θxX

log(E[Y | A,Z,X]) = θ′0 + θaA+ θm
E[W |A,Z,X]−α0−αxX

αm
+ θxX

log(E[Y |A,Z,X]) = θ′0 + θaA+ θm
αm

(E[W |A,Z,X]− α0 − αxX) + θxX

log(E[Y |A,Z,X]) =
[
θ′0 − θm

αm
α0

]
+ θaA+

[
θm
αm

]
E[W |A,Z,X] +

[
θx − θm

αm
αx

]
θxX

E
[
(E[W | A,Z,X]− α0 − αxX) 1

αm
| A,Z,X

]
= β0 + βaA+ βxX

E(E[W | A,Z,X] | A,Z,X) = [β0αm − α0] + [βaαm]A+ [βxαm − αx]X

E[W | A,Z,X] = β∗
0 + β∗

aA+ β∗
xX
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Finally, we use the obtained regression coefficients to identify the NIEs :

NIEa = exp(β∗
aθ

∗
m) = exp

(
[βaαm][ θmαm

]
)
= exp(βaθm)

NIEa′
=

1

exp(β∗
aθ

∗
m)

=
1

exp
(
[βaαm][ θmαm

]
) =

1

exp(βaθm)

NDEa = exp(θ∗a) = exp(θa)

NDEa′
=

1

exp(θ∗a)
=

1

exp(θa)

A2.5 NDE and NIE with count, binary or polytomous outcome Y (Log

link) with hidden mediator with exposure-mediator interaction

We investigate the case with continuous Y with logarithm link and with exposure-mediator interaction.

We assume that the data are generated from the following models:

Assumption 10A:

log(E[Y |A,Z,M,X]) = θ0 + θaA+ θmM + θamAM + θxX

E[W |A,Z,M,X] = α0 + αmM + αxX

E[M |A,Z,X] = β0 + βaA+ βxX

M = E[M |A,Z,X] + εM ; E[εM ] = 0; εM ⊥ A,Z,X;

MεM (·) exists for any real value ·

We now prove Result 5 in the section 3.2 under Assumption 10A.

Initially, we derive the conditional expected value of W:

E[W |A,Z,X] = ω0 + ωaA+ ωzZ + ωxX

Then, we take the conditional expectation on both sides of the Y data generation equation for M

conditional on (A, Z, X).

log(E[Y |A,Z,M,X]) = θ0 + θaA+ θmM + θamAM + θxX

E[Y |A,Z,M,X] = exp(θ0 + θaA+ θmM + θamAM + θxX)

E[Y |A,Z,X] = exp(θ0 + θaA+ θxX) E[exp(θm + θamA)M |A,Z,X]

E[Y |A,Z,X] = exp(θ0+θaA+θxX) exp((θm+θamA)[β0+βaA+βxX]) E[exp((θm+θamA)εM )|A,Z,X]
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E[Y |A,Z,X] = exp(θ0 + θaA+ θxX) exp((θm + θamA) E[M |A,Z,X])MϵM ((θm + θam)

E[Y |A,Z,X] = exp(θ0 + θaA+ θxX + (θm + θamA) E[M |A,Z,X]) + log(MϵM (θm + θam))

E[Y |A,Z,X] = exp(θ′′0 + θaA+ (θm + θamA) E[M |A,Z,X] + θxX)

log(E[Y |A,Z,X]) = θ′′0 + θaA+ (θm + θamA) E[M |A,Z,X] + θxX

where θ′′0 is defined as θ0 + log(MϵM (θm + θam)).

Similarly, we take the conditional expectation on both sides of the W data generation equation for M

conditional on (A, Z, X).

E[W |A,Z,M,X] = α0 + αmM + αxX

E[W |A,Z,X] = α0 + αm E[M |A,Z,X] + αxX

Thus, we rewrite the conditional mean of M in terms of the conditional mean of W.

E[M |A,Z,X] = E[W |A,Z,X]−α0−αxX
αm

Using the law of iterated expectations, we can rewrite the third data generation equations as follows:

E[M |A,Z,X] = β0 + βaA+ βxX

E[E[M |A,Z,X]|A,Z,X] = β0 + βaA+ βxX

We substitute the conditional expectation of M with its version as a function of E[W | A,Z,X]:

log(E[Y |A,Z,X]) = θ′′0 + θaA+ (θm + θamA) E[M |A,Z,X] + θxX

log(E[Y | A,Z,X]) = θ′′0 + θaA+ (θm + θamA)
E[W |A,Z,X]−α0−αxX

αm
+ θxX

log(E[Y |A,Z,X]) = θ′′0+θaA+ θm
αm

(E[W |A,Z,X]−α0−αxX)+ θam

αm
A (E[W |A,Z,X]−α0−αxX)+θxX

log(E[Y |A,Z,X]) =
[
θ′′0 − θm

αm
α0

]
+θaA+

[
θm
αm

]
E[W |A,Z,X]+ θam

αm
AE[W |A,Z,X]+

[
θx − θm

αm
αx

]
θxX

log(E[Y |A,Z,X]) = θ∗0 + θ∗aA+ θ∗mE[W |A,Z,X] + θ∗amAE[W |A,Z,X] + θ∗xX

E
[
(E[W | A,Z,X]− α0 − αxX) 1

αm
| A,Z,X

]
= β0 + βaA+ βxX

E(E[W | A,Z,X] | A,Z,X) = [β0αm − α0] + [βaαm]A+ [βxαm − αx]X

E[W | A,Z,X] = β∗
0 + β∗

aA+ β∗
xX

Finally, we use the obtained regression coefficients to identify the NIEs :

NIEa = exp(β∗
a(θ

∗
m + θ∗am)) = exp

(
[βaαm]

[
θm
αm

+ θam

αm

])
= exp(βa(θm + θam))
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NIEa′
=

1

exp(θ∗mβ
∗
a)

=
1

exp
(

θm
αm

[βaαm]
) =

1

exp(θmβa)

Although the NDEs are not directly identified due to the MGF ratio, their estimates can still be

obtained using the NIEs and ATE

NDEa = exp(θ∗a + θ∗am(β∗
0 + β∗

a + β∗
xE[X]))

MϵM (θ∗m + θ∗am)

MϵM (θ∗m)

= exp
(
[θa − θam

αm
α0] +

[
θam

αm

]
[β0αm + α0 + βaαm + (αmβx + αx)E[X]]

)
MϵM

(θ∗
m+θ∗

am)

MϵM
(θ∗

m)

= exp
(
θa − θam

αm
α0 +

[
θam

αm
β0αm + θam

αm
α0 +

θam

αm
βaαm + θam

αm
(αmβx + αx)E[X]

])
MϵM

(θ∗
m+θ∗

am)

MϵM
(θ∗

m)

= exp
(
θa − θam

αm
α0 +

[
θamβ0 +

θam

αm
α0 + θamβa + θam(βx + αx

αm
)E[X]

])
MϵM

(θ∗
m+θ∗

am)

MϵM
(θ∗

m)

= exp
(
θa +

[
θamβ0 + θamβa + θam(βx + αx

αm
)X
])

MϵM
(θ∗

m+θ∗
am)

MϵM
(θ∗

m)

= exp
(
θa + θam(β0 + βa + βxE[X] + αx

αm
X)
)

MϵM
(θ∗

m+θ∗
am)

MϵM
(θ∗

m)

̸= exp (θa + θam(β0 + βa + βxE[X]))
MϵM

(θ∗
m+θ∗

am)

MϵM
(θ∗

m)

NDEa′
=

1

exp(θa + θ∗am(β∗
0 + β∗

a + β∗
xE[X]))

MϵM (θ∗m)

MϵM (θ∗m + θ∗am)

=
1

exp
(
θa − θam

αm
α0 +

[
θam

αm
β0αm + θam

αm
α0 +

θam

αm
αmβx + θam

αm
αx

]
E[X]

) MϵM (θ∗m)

MϵM (θ∗m + θ∗am)

=
1

exp
(
θa + [θamβ0] +

[
θam(βx + αx

αm
)
]
E[X]

) MϵM (θ∗m)

MϵM (θ∗m + θ∗am)

=
1

exp
(
θa + θam(β0 + βxE[X] + αx

αm
E[X])

) MϵM (θ∗m)

MϵM (θ∗m + θ∗am)

̸= 1

exp (θa + θam(β0 + βxE[X]))

MϵM (θ∗m)

MϵM (θ∗m + θ∗am)

For NDEs, it is not possible to apply a procedure similar to that used for NIEs by combining the

obtained regression coefficients, because the αx

αm
term and the ratio of the MGFs remain unidentified.

However, the NDEs can be identified as a ratio or product of NIEs and the ATE.

NDEa = ATE ·NIEa′

NDEa′
= NIEa

ATE

A3 The empirical sandwich variance estimator

To estimate the empirical sandwich variance of the four estimators conidered, the R package geex was

used (R Core Team, 2008). This package allows for asymptotic inference based on the estimating

function methods or M-estimation methods.

Let N be the number of observations and Oi = (Yi, Ai, Wi, Zi, Xi) be the observed data of unit i.
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The M-estimation theory states that if an estimator can be obtained as a solution to an estimating

equation of the form:
n∑

i=1

ψ(Oi, ϕ) = 0

the estimator, under suitable regularity assumptions, is consistent and asymptotically normal, and its

variance can be consistently estimated by the empirical sandwich variance estimator. ϕ, the root of

the estimating equation, is the M-estimator.

The models with exposure-mediator interaction terms can be written as follows:

g[E(Y | A,Z,X)] = θ∗0 + θ∗aA+ θ∗mE(W | A,Z,X) + θ∗amAE(W | A,Z,X) + θ∗xX

E(W | A,Z,X) = ω0 + ωaA+ ωzZ + ωxX = Ŵ

where g can be logarithmic or linear link functions, according to the nature of Y.

The estimating functions associated with the two regressions are the following:

ψ1(O;ω) =



1

A

Z

X


(W − (ω0 + ωaA+ ωzZ + ωxX)) ∈ R4

ψ2(O;ω, θ) =



1

A

Ŵ

X


(Y − g(θ∗0 + θ∗aA+ θ∗mŴ + θ∗amAŴ + θ∗xX)) ∈ R5

These two estimating functions satisfy E[ψ1(O;ω) | A,Z,X] = 0 and E[ψ2(O;ω, θ) | A,Z,X] = 0.

In addition to estimating the individual regression coefficients, we used the package to obtain estimates

of the four causal effects, derived either as a combination of the regression coefficients or in comparison

to the ATE, along with their sandwich variance.

A4 Measurement error

In this section, we will present the results discussed in Chapter 5 of this thesis. Specifically, we will

show the biased coefficients for all the cases illustrated by Carroll, based on the different assumptions

made about the measurement error in each case (Chapter 5.1). Additionally, we will provide some

useful proofs for quantifying the bias in Chapter 5.2, focusing on the case of measurement error of a
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linear model without interaction, as considered in the first case of the chapters 2.1, 3.1.1 and 3.1.2 in

this thesis.

A4.1 Classical measurement error model with W (mismeasured variable)

unbiased

We investigate the univariate continuous case with one correctly measured variable, M, and assume

that the data are generated by the following model:

Y = θ0 + θmM + ϵmy

E[ϵmy |M ] = 0 ; ϵmy ⊥M

We begin by considering a model where, instead of observing M, we observe W and it is unbiased for

M, that is E[W] = E[M].

W =M + U

E[U |M ] = 0 ; U ⊥M

The estimates we obtain are biased, as they derive from a different model:

Y = θ∗0 + θ∗mW + ϵwy

Based on this model specification, we get the following identification of θ∗m:

θ∗m =
Cov(Y,W )

V (W )
=

Cov(θ0 + θmM + ϵmy ,M + U)

V (M + U)
=

Cov(θ0,M) + Cov(θ0, U) + Cov(θmM,M) + Cov(θmM,U) + Cov(ϵmy ,M) + Cov(ϵmy , U)

V(M) + V(U) + 2Cov(M,U)

=
θmV(M) + ρϵmy U σϵmy σU

V(M) + V(U)
=
θmσ

2
m + ρϵmy U σϵmy σU

σ2
m + σ2

U

When the error is non-differential, that is ρϵmy U = 0, we have:

θ∗m = θm
σ2
m

σ2
m + σ2

U

When the error is differential, that is ρϵmy U ̸= 0, we have:

θ∗m =
θmσ

2
m + ρϵmy U σϵmy σU

σ2
m + σ2

U

We can write the model for Y as follows:

E[Y ] = θ0 + θxE[M ]
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and we can substitute that expression in the θ∗0 expression:

θ∗0 = E[Y ]− θ∗mE[W ]

= θ0 + θmE[M ]− θ∗mE[W ]

= θ0 + θmE[M ]− θ∗mE[M + U ]

= θ0 + θmE[M ]− θ∗mE[M ]− θ∗mE[U ]

= θ0 + θmE[M ]− θ∗mE[M ]

When the error is non-differential, that is ρϵmy U = 0, we have:

θ∗0 = θ0 + θmE[M ]− θm
σ2
m

σ2
m+σ2

U
E[M ]

When the error is differential, that is ρϵmy U ̸= 0, we have:

θ∗0 = θ0 + θmE[M ]−
θmσ

2
m + ρϵmy Uσϵmy σU

σ2
m + σ2

U

E[M ]

θ∗0 = θ0 + E[M ]

(
θm −

θmσ
2
m + ρϵmy Uσϵmy σU

σ2
m + σ2

U

)

A4.2 Classical measurement error model with W (mismeasured variable)

biased

We investigate the univariate continuous case with one correctly measured variable, M, and assume

the same data generating model as in the previous chapter:

Y = θ0 + θmM + ϵmy

E[ϵmy |M ] = 0 ; ϵmy ⊥M

We consider a model where, instead of observing M, we observe W and it is biased for M, that is E[W]

̸= E[M].

W = γ0 + γmM + U

E[U |M ] = 0 ; U ⊥M

The estimates we obtain are biased, as they derive from a different model:

Y = θ∗0 + θ∗mW + ϵwy

Based on this model specification, we get the following identification of θ∗m:
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θ∗m =
Cov(Y,W )

V(W )
=

Cov(θ0 + θmM + ϵmy , γ0 + γmM + U)

V(γ0 + γmM + U)

=
Cov(θmM,γ0) + Cov(θmM,γmM) + Cov(θmM,U) + Cov(ϵmy , γ0) + Cov(ϵmy , γmM) + Cov(ϵmy , U)

V(γ0) + γ2xV(M) + V(U)

=
Cov(θmM,γmM) + Cov(ϵmy , U)

V(γ0) + γ2xV(M) + V(U)

=
θmγmσ

2
m + ρϵmy U σϵmy σU

γ2mσ
2
m + σ2

U

When the error is non-differential, that is ρϵmy U = 0, we have:

θ∗m = θm
γmσ

2
m

γ2mσ
2
m + σ2

U

When the error is differential, that is ρϵmy U ̸= 0, we have:

θ∗m =
θmγmσ

2
m + ρϵmy U σϵmy σU

γ2mσ
2
m + σ2

U

We can write the model for Y as follows:

E[Y ] = θ0 + θmE[M ]

and we can substitute that expression in the θ∗0 expression:

θ∗0 = E[Y ]− θ∗mE[W ]

= θ0 + θmE[M ]− θ∗mE[W ]

= θ0 + θmE[M ]− θ∗mE[γ0 + γmM + U ]

= θ0 + θmE[M ]− θ∗mγ0 − θ∗mγmE[M ]− θ∗mE[U ]

= θ0 + θmE[M ]− θ∗mγ0 − θ∗mγmE[M ]

= θ0 + θmE[M ]− θ∗m(γ0 + γmE[M ])

When the error is non-differential, that is ρϵmy U = 0, we have:

θ∗0 = θ0 + θmE[M ]− θm
γmσ

2
m

γ2mσ
2
m + σ2

U

(γ0 + γmE[M ])

When the error is differential, that is ρϵmy U ̸= 0, we have:

θ∗0 = θ0 + θmE[M ]−
(θmγmσ

2
m + ρϵmy U σϵmy σU )

γ2mσ
2
m + σ2

U

(γ0 + γmE[M ])
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A4.3 Classical multiple measurement error model with W (mismeasured

variable) unbiased

We investigate the multivariate continuous case with two correctly measured variables, M and A, and

assume that the data are generated by the following model:

Y = θ0 + θmM + θaA+ ϵmy

E[ϵmy |M,A] = 0 ; ϵmy ⊥M,A

We consider a model where, instead of observing M, we observe W and it is unbiased for M, that is

E[W] = E[M].

W =M + U

E[U |M,A] = 0 ; U ⊥M,A

The estimates we obtain are biased, as they derive from a different model:

Y = θ∗0 + θ∗xW + θ∗aA+ ϵwy

The biased coefficient θ∗m can be written as follows:

θ∗m =
Cov(Y,W | A)
V (W | A)

=
Cov(θ0 + θmM + θaA+ ϵmy ,M + U | A)

V(M + U | A)
=

Cov(θmM,M | A) + Cov(θmM,U | A) + Cov(θaA,M | A) + Cov(θaA,U | A) + Cov(ϵmy ,M | A) + Cov(ϵmy , U | A)
V(M | A) + V(U | A) + 2Cov(M,U | A)

=
θmV(M | A) + Cov(ϵmy , U | A)

V(M | A) + V(U | A)

=
θmσ

2
m|a + ρϵmy U σϵmy σU

σ2
m|a + σ2

U

When the error is non-differential, that is ρϵmy U = 0, we have:

θ∗m = θm
σ2
m|a

σ2
m|a + σ2

U

When the error is differential, that is ρϵmy U ̸= 0, we have:

θ∗m =
θmσ

2
m|a + ρϵmy U σϵmy σU

σ2
m|a + σ2

U

We can write the model for Y as follows:

E[Y ] = θ0 + θmE[M ] + θaE[A]

and we can substitute that expression in the θ∗0 expression:
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θ∗0 = E[Y ]− θ∗mE[W ]− θ∗aE[A]

= θ0 + θmE[M ] + θaE[A]− θ∗mE[W ]− θ∗aE[A]

= θ0 + θmE[M ] + θaE[A]− θ∗mE[M + U ]− θ∗aE[A]

= θ0 + θmE[M ] + θaE[A]− θ∗mE[M ]− θ∗mE[U ]− θ∗aE[A]

= θ0 + θmE[M ]− θ∗mE[M ] + E[A](θa − θ∗a)

When the error is non-differential, that is ρϵmy U = 0, we have:

θ∗0 = θ0 + θmE[M ]− θm
σ2
m|a

σ2
m|a+σ2

U
E[M ] + E[A](θa − θ∗a) = θ0 + θmE[M ]

(
1− σ2

m|a
σ2
m|a+σ2

U

)
+E[A](θa − θ∗a)

When the error is differential, that is ρϵmy U ̸= 0, we have:

θ∗0 = θ0 + θmE[M ]−
θmσ2

m|a+ρϵmy Uσϵmy
σU

σ2
m|a+σ2

U
E[M ] + E[A](θa − θ∗a)

= θ0 + E[M ]

(
θm −

θmσ2
m|a+ρϵmy Uσϵmy

σU

σ2
m|a+σ2

U

)
+ E[A](θa − θ∗a)

We can write the model of Y as follows:

E[Y |W,A] = θ0 + θmE[M |W,A] + θaA

To proceed with this multivariate case, we need a new data generating model and some strong as-

sumptions:

E[M |W,A] = δ0 + δwW + δaA

Furthermore, under joint normality, the regression of M on (W, A) is linear.

To facilitate the derivation, we rewrite it by centering the variables A and W around their expected

values; this leaves the regression coefficients unchanged, except for the intercept.

E[M |W,A] = δ0∗ + δw (W − E(W | A)) + δa (A− E(A))

Since W - E(W | A) represents the part of W not explained by A, this component is obviously uncorre-

lated with A - E(A). This independence ensures that the two terms are orthogonal, and the conditional

relationship between M and A is not influenced by the part of W not explained by A. This implies

that E(M | A) = E(W | A). It follows:

δw =
E(E[M(W − E(W | A)) | A])
E(E[(W − E(W | A))2 | A]

=
E[E(MW | A)− E(M | A) E(W | A)]

V(W | A)
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=
E[E(M2 | A)− E(M | A)E(M | A)]

V(M + U | A)

=
E[E(M2 | A)− E(M | A)2]

V(M | A) + V(U | A)

=
σ2
m|a

σ2
m|a + σ2

U

Suppose now that E(M | A) = Γ0 + ΓaA, therefore E(W | A) = Γ0 + ΓaA as well.

Again, because of the orthogonalization, it is immediate that Γa = δa.

We rewrite the E[M | W, A] and replace it in the E[Y | W,A] we have:

E[M |W,A] = δ0∗ + δw{W − Γ0 − ΓaA}+ δa{A− E(A)}

= δ0∗ + δwW − δwΓ0 − δwΓaA+ δaA− δaE(A)

E[Y |W,A] = θ0 + θmE[M |W,A] + θaA

E[Y |W,A] = θ0 + θm (δ0∗ + δwW − δwΓ0 − δwΓaA+ δaA− γaE(A)) + θaA

E[Y |W,A] = θ0 + θmδ0∗ + θmδwW − θmδwΓ0 − θmδwΓaA+ θmδaA− θmδaE(A) + θaA

E[Y |W,A] = (θ0 + θmδ0∗ − θmδwΓ0) + (θmδw)W + (θmδa − θmδwΓa + θa)A− θmδaE(A)

E[Y |W,A] = θ∗0 + θ∗mW + θ∗aA

It follows that:

θ∗a = θa − θmδwΓa + θmδa

= θa + θm (δa − δwΓa)

= θa + θm

(
1− σ2

m|a
γ2
mσ2

m|a+σ2
U

)
δa

Even if the error is differential, the correlation between U and ϵmy does not directly influence the re-

lationship between of A and U since they are independent. Therefore, the expression for θ∗a remains

unchanged even in the case of differential error.

A4.4 Classical multiple measurement error model with W (mismeasured

variable) biased

We investigate the multivariate continuous case with two correctly measured variables, M and A, and

assume that the data are generated by the following model:
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Y = θ0 + θmM + θaA+ ϵmy

E[ϵmy |M,A] = 0 ; ϵmy ⊥M,A

We consider a model where, instead of observing M, we observe W and it is biased for M, that is E[W]

̸= E[M].

W = γ0 + γmM + U

E[U |M,A] = 0 ; U ⊥M,A

The estimates we obtain are biased, as they derive from a different model:

Y = θ∗0 + θ∗xW + θ∗aA+ ϵwy

The biased coefficient θ∗m can be written as follows:

θ∗m =
Cov(Y,W | A)

V(W | A)
=

Cov(θ0 + θmM + θaA+ ϵmy , γ0 + γmM + U | A)
V(γ0 + γmM + U | A)

=
Cov(θmM,γmM |A)+Cov(θmM,U |A)+Cov(θaA,γmM |A)+Cov(θaA,U |A)+Cov(ϵmy ,γmM |A)+Cov(ϵmy ,U |A)

γ2
mV(M |A)+V(U |A)

=
Cov(θmM,γmM | A) + Cov(ϵmy , U | A)

γ2mV(M | A) + V(U | A)

=
θmγmσ

2
m|a + ρϵmy Uσϵmy σU

γ2mσ
2
m|a + σ2

U

When the error is non-differential, that is ρϵmy U = 0, we have:

θ∗m = θm
γmσ

2
m|a

γ2mσ
2
m|a + σ2

U

When the error is differential, that is ρϵmy U ̸= 0, we have:

θ∗m =
θmγmσ

2
m|a + ρϵmy Uσϵmy σU

γ2mσ
2
m|a + σ2

U

We can write the model for Y as follows:

E[Y ] = θ0 + θmE[M ] + θaE[A]

and we can substitute that expression in the θ∗0 expression:

θ∗0 = E[Y ]− θ∗mE[W ]− θaE[A]

= θ0 + θmE[M ] + θaE[A]− θ∗mE[W ]− θ∗aE[A]

= θ0 + θmE[M ] + θaE[A]− θ∗mE[γ0 + γmM + U ]− θ∗aE[A]

= θ0 + θmE[M ] + θaE[A]− θ∗mγ0 − θ∗mγxE[M ]− θ∗mE[U ]− θ∗aE[A]
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= θ0 + θmE[M ]− θ∗mγ0 − θ∗mγmE[M ] + E[A](θa − θ∗a)

= θ0 + θmE[M ]− θ∗m(γ0 + γmE[M ]) + E[A](θa − θ∗a)

When the error is non-differential, that is ρϵmy U = 0, we have:

θ∗0 = θ0 + θxE[M ]− θm
γmσ

2
m|a

γ2mσ
2
m|a + σ2

U

(γ0 + γmE[M ]) + E[A](θa − θ∗a)

When the error is differential, that is ρϵmy U ̸= 0, we have:

θ∗0 = θ0 + θmE[M ]−
θmγmσ

2
m|a + ρϵmy Uσϵmy σU

γ2mσ
2
m|a + σ2

U

(γ0 + γmE[M ]) + E[A](θa − θ∗a)

We can write the model for Y as follows:

E[Y |W,A] = θ0 + θmE[M |W,A] + θaA

To proceed with this multivariate case, we need a new data generating model and some strong as-

sumptions: E[X |W,A] = δ0 + δwW + δaA

Furthermore, under joint normality, the regression of M on (W, A) is linear.

To facilitate the derivation, we rewrite it by centering the variables A and W around their expected

values; this leaves the regression coefficients unchanged, except for the intercept.

E[X |W,A] = δ0∗ + δw (W − E(W | A)) + δa (A− E(A))

Because of the orthogonalization E(M | A) = E(W | A) and it is immediate that:

δw =
E(E[M(W − E(W | A)) | A])
E(E[(W − E(W | A))2 | A]

=
E[E(MW | A)− E(M | A)E(W | A)]

V(W | A)

=
E[E(M2 | A)− E(M | A)E(M | A)]

V(γ0 + γmM + U | A)

=
E[E(M2 | A)− E(M | A)2]

V(γ0 | A) + γ2mV(M | A) + V(U | A)

=
E[E(M − E(M | A))2 | A]
γ2mV(M | A) + V(U | A)

=
σ2
m|a

γ2mσ
2
m|a + σ2

U

Suppose now that E(W | A) = Γ0 + ΓaA. Again, because of the orthogonalization, it is immediate

that Γa = δa.
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We rewrite the E[M | W, A] and replace it in the E[Y | W,A] we have:

E[M |W,A] = δ0∗ + δw{W − Γ0 − ΓaA}+ δa{A− E(A)}

= δ0∗ + δwW − δwΓ0 − δwΓaA+ δaA− δaE(A)

E[Y |W,A] = θ0 + θmE[M |W,A] + θaA

= θ0 + θm (δ0∗ + δwW − δwΓ0 − δwΓaA+ δaA− γaE(A)) + θaA

= θ0 + θmδ0∗ + θmδwW − θxδwΓ0 − θmδwΓaA+ θmδaA− θmδaE(A) + θaA

= (θ0 + θmδ0∗ − θmδwΓ0) + (θmδw)W + (θmδa − θmδwΓa + θa)A− θmδaE(A)

= θ∗0 + θ∗mW + θ∗aA

It follows that

θ∗a = θa − θxδwΓa + θxδa

= θa + θx (δa − δwΓa)

= θa + θm

(
1− σ2

m|a
γ2
mσ2

m|a+σ2
U

)
δa

Even in this case, if the error is differential, the correlation between U and ϵmy does not directly influence

the relationship of A and U and the expression for θ∗a remains unchanged even in both cases.

A4.5 Bias quantification in NDEa in linear model without exposure-mediator

interaction

Proof. 1: The data-generating model A = α0+αwW +∆ can be written using the moment condition

as:

E


 1

W

 (A− α0 − αwW )

 = 0

This data generating model A = α0+αwW+∆ can also be written in matrix notation as A = Wα+∆.

Where A, α and ∆ are vectors and W can be a matrix or a vector.

The sum of squared residual of the model is S(α):

S(α) = (A−Wα)′(A−Wα)
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If we want to find the coefficients in α that ’best’ fits the data generating equation, we have to solve

the quadratic minimization problem:

α̂ = argminS(α) = (W′W)−1W′A

We can rewrite S(α) as follows:

S(α) = A′A−A′Wα− α′W′A+ α′W′Wα

= A′A− 2αW′A+ α′W′Wα

To find the minimum, the derivative of S(α) with respect to α is set equal to zero.

∂S(α)

∂α
= −2W′A+ 2W′Wα

−2W′A+ 2W′Wα = 0

2W′A = 2W′Wα

W′A = W′Wα

W′(A−Wα) = 0

Taking the expected value, the moment condition is:

E[W′(A−Wα)] = 0

The moment condition arises from the assumption that the residuals ∆ = A−Wα are uncorrelated

with the explanatory variable W.

Returning to the scalar representation, the moment condition is:

E


 1

W

 (A− α0 − αwW )

 = 0

The same process also explains why the data generating model for the outcome, Y = θ∗0 + θ∗aA +

θ∗mW + ϵwy , can be expressed using the moment condition.

Proof. 2 E[A∆] = E[(A− α0 − αWW )∆]

We consider the data generating model A = α0+αwW +∆, and we assume the error term ∆ has zero

mean E[∆] = 0 and is independent of W, that is E[W∆] = 0. Therefore, we have:
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E[A∆] = E[(A− α0 − αWW )∆]

Cov(A,∆) + E[A]E[∆] = E[A∆− α0∆− αWW∆]

Cov(A,∆) = E[A∆]− α0E[∆]− αWE[W∆]

Cov(A,∆) = Cov(A,∆) + E[A]E[∆]

Cov(A,∆) = Cov(A,∆)

Proof. 3 E[∆(Y − θ∗a∆)] = E




1

A

W

 (Y − θ∗0 − θ∗aA− θ∗mW )


We can rewrite the right-hand side of the equation as the three separate expected values shown below:

E[Y − θ∗0 − θ∗aA− θ∗mW ] = 0

E[A(Y − θ∗0 − θ∗aA− θ∗mW )] = 0

E[W (Y − θ∗0 − θ∗aA− θ∗mW )] = 0

Considering only the second equality:

E[(α0 + αwW +∆)(Y − θ∗0 − θ∗aA− θ∗mW )] = 0

E[α0(Y − θ∗0 − θ∗aA− θ∗mW ) + αwW (Y − θ∗0 − θ∗aA− θ∗mW ) + ∆(Y − θ∗0 − θ∗aA− θ∗mW )] = 0

α0E[(Y − θ∗0 − θ∗aA− θ∗mW )] + αwE[W (Y − θ∗0 − θ∗aA− θ∗mW )] + E[∆(Y − θ∗0 − θ∗aA− θ∗mW )] = 0

From the first and the third equality, we have:

E[∆(Y − θ∗0 − θ∗aA− θ∗mW )] = 0

E[∆(Y − θ∗0 − θ∗a(α0 + αwW +∆)− θ∗mW )] = 0

E[∆(Y − θ∗0 − θ∗aα0 − θ∗aαwW − θ∗a∆− θ∗mW )] = 0

E[∆(Y − θ∗a∆)] + θ∗0E[∆]− θ∗aα0E[∆]− E[(θ∗aαw − θ∗m)W∆)] = 0

Even here, E[∆] = 0 and the model errors ∆ are independent of the variable W , that is E[W∆] = 0

E[∆(Y − θ∗a∆)]− (θ∗aαw − θ∗m)E[W∆] = 0

E[∆(Y − θ∗a∆)] = 0
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