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Abstract

We establish partial smoothing properties of the transition semigroup ( P;) associated to
the linear stochastic wave equation driven by a cylindrical Wiener noise on a separable
Hilbert space. These new results allow the study of related vector-valued infinite-
dimensional PDEs in spaces of functions which are Holder continuous along special
directions. As an application we prove strong uniqueness for semilinear stochastic
wave equations involving nonlinearities of Holder type. We stress that we are able to
prove well-posedness although the Markov semigroup (P;) is not strong Feller.
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1 Introduction

The aim of this paper is to study regularizing properties of the Ornstein—Uhlenbeck
transition semigroup associated to an abstract linear wave equation of the following
form

Y (0) = —Ay() + W),

1.1
y©O) =x0, 2O)=x, €T, a-h
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where A : Z(A) C U — U is a positive self-adjoint operator on a real separa-
ble Hilbert space U such that there exists A™! : U — U of trace class (see, for
instance, Example 5.8 and Section 5.5.2 in [14], [4] and the references therein) and
{W(r) = W;, 7 > 0} is a cylindrical Wiener process on U (see [21] and [11]). Many
linear stochastic equations modelling the vibrations of elastic structures can be written
in the form (1.1). This includes stochastic wave equations like

Ly@o=5y@H+ W, €00,
Y(@,0)=y(r,1) =0, (1.2)
y(0.8) =x &), 20.&8=x), t€OT] &elo1l]

where xg € H(} ([0, 1D, x1 € L2([O, 1) = U, and stochastic plate equations in
dimension 2, cf. Sect. 3 in [24].

It is known that the Ornstein—Uhlenbeck Markov semigroup associated to (1.1) is
not strong Feller (cf. Theorem 9.2.1 in [12]). Here we establish regularizing effects
of the Ornstein—Uhlenbeck semigroup along special directions (cf. Sect.3). These
new results allow to study in Section 4.1 a vector-valued Kolmogorov equation also
considered in [24] (see (1.8)); this equation is related to the study of well-posedness
of singular semilinear stochastic wave equations.

The partial smoothing seems to be an important tool. It replaces the strong Feller
property which we have improperly used for the Ornstein—Uhlenbeck semigroup in
Sect. 4 of [24].

We also consider interpolation results involving spaces of Holder continuous
functions along special directions (cf. Sect.3.1).

Related results have been considered in [5] in a different context to investigate
infinite dimensional elliptic equations involving the Gross Laplacian; see in partic-
ular Lemma 3.2 which is proved in [5]. We partially extend Lemma 3.2 obtaining
Lemma 3.4 which deals with interpolation of vector-valued functions. We apply the
new regularity results of Section 4.1 to prove strong (or pathwise) uniqueness for
semilinear stochastic wave equations involving nonlinearities of Holder type (cf. (1.7)
and see, in particular, the proof of Theorem 4.7).

Since without the noise W (z, £) the corresponding nonlinear deterministic equation
is in general not well-posed (cf. Section 3.3 in [24]) our result is a kind of regularization
by additive noise for semilinear stochastic wave equations.

Coming into the details, to study Eq. (1.1) we consider two basic Hilbert spaces:
K and H. The first one is

K=2(A"*)xU=VxU. (1.3)
This is the usual space for the deterministic wave equation obtained removing W (t);
see for instance [22], [3] and Appendix A.5.4 in [14]. This space is also denoted by
V @ U in the literature. However solutions to stochastic wave equations (1.1) do not
evolve in K but in the larger space

H=Ux2(A ') =UuxV, (1.4)
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(see Example 5.8 in [14]). Here V' is the dual space of V. On the other hand, as we
mentioned before, the Ornstein—Uhlenbeck semigroup has regularizing effects only

along the directions of K.
2

Notice that when A = ) on the interval [0, 1] with Dirichlet boundary con-
X

ditions, Eq. (1.1) reduces to (1.2) with U = L2([0,1]), 2(A) = HO1 ([0, 1D N
H?([0,11), 2(A'Y?) = H} ([0,1]) = V and 2(A~Y%) = H~! ([0, 1).
Equation (1.1) can be written as an evolution equation in H as

dX%* = AX""dt + GdW,, 7 € [0,T], X0* = x € H, (1.5)

where A is the generator of a unitary group in H and GdW; = ); see Sect.2

0
(aw,
about notations and preliminary results.

At the beginning of Sect.3 we fix another real and separable Hilbert space J and
investigate regularizing properties of the J-valued Ornstein—Uhlenbeck semigroup
(R;) defined by R;[®](x) = E[®(X%¥)],7 > 0, ® € B,(H, J), where X%* is the
Ornstein—Uhlenbeck process solving (1.5).

To prove the differentiability of R;[®], T > 0, along the directions of K, we use
sharp results on the behaviour of the minimal energy for the related deterministic
linear control system (A.1), see “Appendix A” (see also the appendix in [25] and the
reference therein for more details).

We also study second directional derivatives of R;[®], T > 0; see in particular our
estimate for

sup ViV EL(@ (X)), fu) s 10)1%, (1.6)

m=1 a€U.lalu=1

x € H, k € K, 7 > 0, given in Lemma 3.9 which uses the interpolation result of
Lemma 3.4 (here (f,,) denotes any basis of J).

In Sect.4 we use the regularity results of Sect.3 to prove well-posedness of the
following semilinear stochastic wave equation in H:

dXP¥ = AXPdT + GB(x, XpV)dt + GdWr, T €0, T], X" =x € H.
(1.7)

Here B : [0, T] x H — U is a measurable and bounded function, Holder continuous
of exponent ¢ € (2/3,1) with respect to the variable x (cf. Hypothesis 2 and see
also Remark 4.8). The existence of a weak solution to equation (1.7) follows by
the Girsanov theorem (cf. [14], [26], [23] and [25, Section 2.1]). We stress that we
obtain pathwise uniqueness of equation (1.7) without the strong Feller property for
the transition Ornstein Uhlenbeck semigroup associated to (1.5). This is in contrast
with other papers dealing with strong uniqueness (see, for instance, [8], [9], [10].
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To study (1.7) we first prove in Section 4.1 existence of solutions v to the following
infinite dimensional PDE of Kolmogorov type forx € H,t € [0, T]:

T
(t, x) = / R, [e—“—f)AGB(s, -)] (x) ds
lT
+/ Ry, I:e_(s_’)AVGv(s,-)B(s,-)] (x) ds: (1.8)
t

here the unknown function v takes values in K and it is regular along the directions of
K . Further VS u(s, x)B(s, x) denotes the directional derivative Vg Bs.0)V(s,x) € K
(see (3.4)), (s,x) € [0, T] x H. To establish Theorem 4.3 about (1.8) we use the
results of Sect. 3 when J = K. In Remark 4.4 we discuss the use of Lemma 3.4 in the
proof of Theorem 4.3.

In Section 4.3 we recall how to get the important identity

X?’x =e™x + (0, x) — v(z, X7)

T T
+/ eTTIAYO (s, X7) dW +/ TIAGAW, (1.9)
0 0

which holds for any weak mild solution (X ?’x). Note that the irregular coefficient B
is not present in (1.9). This identity involves v that solves the Kolmogorov equation
(1.8). Identities like (1.9) are established in [17], [8], [9], [32] by the so-called It6-
Tanaka trick which is a variant of the Zvonkin method used in [31] (see also [15]).
Here we refer to [24] where (1.9) is proved by using backward stochastic differential
equations (BSDEs in the sequel), which, together with the group property of /4, allow
to remove the “bad term” B of (1.7) (cf. Section 4.2).

Note that in contrast with previous papers which use the It6-Tanaka trick here we
have a function v which is regular only along the directions of K (see Theorem 4.3).
We can use the previous identity and prove pathwise uniqueness in Theorem 4.7 noting
that (see (1.7))

X _x9m ek rel0, T,
if x1, x» € H and x; — x> € K (i.e., the difference of two solutions evolves in K when
the difference of the initial data is in K, even if the single solution does not evolve on
K ; see (4.6) and the related comments).

By Theorem 4.7, using an extension of the Yamada-Watanabe theorem (see [26])
one can obtain that (1.1) has a unique strong mild solution, for any x € H.

2 Notations and Preliminary Results

Given two real separable Hilbert spaces H and J we denote by L(H, J) the space
of bounded linear operators from H to J, endowed with the usual operator norm;
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L,(H, J) is the subspace of all Hilbert-Schmidt operators endowed with the Hilbert-
Schmidt norm || - [|z,(#,s). Let E be a Banach space. B,(H, E) is the space of all
Borel and bounded functions from H into E endowed with the supremum norm || - || s,
| flloo =sup,eqy | f(X)|E, f € Bp(H, E). Cp(H, E) is its subspace consisting of all
uniformly continuous and bounded functions from H into E. The space C ; (H,E)
is the space of all functions in C,(H, E) which are Fréchet differentiable on H with
bounded and uniformly continuous Fréchet derivative Vf : H — L(H, E); it is
a Banach space endowed with the norm || - ”C,}’ ||f||c,} = 1 flloc FIIVflloos f €

C;(H, E). We define, for 0 < o < 1, the space C,‘j‘(H, E) of all functions f in
Cy(H, E) such that

[fle = sup |f(x) = fFODIE Ix = x| < oo 2.1
x', xeH,x—x'#0

It is a Banach space endowed with the norm || - lo = || - llco + [l
By C([0, T] x H, E) we denote the space of continuous functions from the product
space [0, T'] x H into E. Moreover, B, ([0, T] x H, E) is the Banach space of bounded
Borel measurable functions from [0, 7] x H into E endowed with the sup norm.
Let U be a real separable Hilbert space with inner product (-, -}y and norm | - |y.
To study (1.1) we assume that

Hypothesis1 A : Z(A) C U — U is a given positive self-adjoint operator and there
exists A~ which is a trace class operator from U into U.

We also consider the Hilbert space V = & (A'/2) =Im(A~1/?) endowed with the
inner product

(h, kyy = (A0, AV Yy, hkeV

and its dual space V' which is again a Hilbert space. Note that | - |,/ is equivalent to
A~V 2. |u. Moreover, V' can be identified with the completion of U with respect
to the norm |A~1/2 . |y (see Section 3.4 in [30]). V' is also denoted by (A7),
We have V. C U ~ U’ C V'’ with continuous inclusions; A can be extended to an
unbounded self-adjoint operator on V'’ with domain V, that we still denote by A:

AV V. (2.2)

In a complete probability space ($2,.7,P) with a filtration (F;),5( satisfying
the usual conditions, we consider the linear stochastic wave equation (1.1) where
{W(r) = W,, t = 0} is acylindrical Wiener process in U with respect to the filtration
(F1)1>0- The process W; is formally given by “W; = ijl Bj(t)e;” where B;(t) are
independent real Wiener processes and (e;) denotes a basis in U (see [14] for more
details). We introduce, see (1.4), the reference Hilbert space H = U x V' for the solu-
tions to (1.1); H is endowed with the inner product (x, y)g = (x1, y1)u + (x2, y2) v~
= (x1, y)u + (A" Y2x2, A712y5)y and norm |x|g = ((x, x)y)"/?, x, y € H. This
space is also denoted by U & V'.
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In the sequel we will also denote (-, -)g and | - |z by (-, -) and | - |.

According to Example 5.8 in [14], the Eq. (1.1) is well-posed in H thanks to
Hypothesis 1. On the other hand, (1.1) is not well-posed in the usual space K =
V xU = 2(AY?) x U (see (1.3)) for the deterministic wave equation: (i.e., solutions
to(l.1)donotevolvein K evenif xo € V and x| € U; see Example 5.8 in [14]). Recall
the inner product (x, y)x = (x1, y1)v + (x2, y2)u, X, ¥y € K. In H one considers the
unbounded wave operator A which generates a unitary group e’4:

P (A) =V x U,A<z> = (_OA(I))@), forevery (Y ) e 2 (4),  (23)

VAt sinVA
em(i)z(_j%ssm[:;xt JCXO??/K;V)@)JER (i)eH

(see also Appendix A.5.4in [14]).LetG : U - K C H,

Gu:(S):(?)u, uel. (2.4)

Notice that ¢’4 : K — K and ¢'4 : H — H, and moreover since (¢’4), is a group of
linear operators, then

dNK)y=K, ¢4(H)=H, teR. (2.5)

We still denote by A the generator Ag of (e/4) in K which has domain Z(A) x V.
Clearly, the operator defined in (2.3) is an extension of Ag.
Equation (1.1) can be rewritten in an abstract form as

{dxr = AX.dt + GdW;,7 €0, T]. (2.6)

Xo=x€eH,

A solution to (2.6) is a particular Ornstein—Uhlenbeck process. We study (1.1) in H
since the operators

T
0. =f SAGGH e M ds, >0, (2.7)
0

are of trace class from H into H thanks to Hypothesis 1 (cf. Example 5.8 in [14]);
here G* denotes the adjoint operator of G in H. Thus the stochastic convolution (i.e.,
the solution to (2.6) when x = 0)

T
S, = / eT™IAGAW, is well defined in H. (2.8)
0
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Its law at time t is the Gaussian measure .4 (0, Q;) with mean 0 and covariance
operator Q; (cf. [14]). Moreover, since SUP;¢(0.7] ||etAG||L2(U,H) <oo, T >0,
we can apply Theorem 5.11 in [14] and deduce that the process (S;) has a continuous
version with values in H.

3 The J-Valued Transition Semigroup for the Stochastic Wave
Equation

Let J be a real separable Hilbert space. As in Sect.2 we consider the Hilbert spaces
H=UxV',and K =V x U C H. Moreover (ej) is a basis in U such that
(ej) C Z2(A) C U and

Aej=hjej, 2j>0, j=1; ¥, 27" <o 3.1

We will prove some regularizing effects for the Ornstein—Uhlenbeck semigroup (R;)
related to stochastic wave equation (1.5) and acting on J-valued functions ®. Recall
that

R: [®] () = Ry ® (x) = Ed (X?”‘) , ®eBy(H,J), xeH, t>0,
(3.2)

where X, defined by (2.6), is the Ornstein—Uhlenbeck process (cf. [8]). Since X is time
homogeneous, we have R;_; [®] (x) = Ed (X?x), ® e By(H,J), T >t >0,
x € H. Similarly, we consider the usual Ornstein—Uhlenbeck semigroup (#;) acting
on scalar functions ¢ € Bp(H):

P [#](x) = P (1) = B¢ (X0*). ¢ e By(H), v=0.  (33)

Using also the results in “Appendix”, for ¢t > 0, we show the differentiability of
R, ® along the directions of K. Moreover, we prove that, for any x € H, k € K,
t > 0, the series in (1.6) is finite, and we provide a bound independent of x and k (see
Lemma 3.11 and compare with Chapter 6 of [13] and Sect. 3 of [8]).

In order to study differentiability properties of R;[®] for ¢t > 0 we fix some basic
definitions. We say that F' : H — J isdifferentiable along the subspace K = V xU C
H if there exists at any x € H the directional derivative along any direction k € K
(i.e., limg_o Fatsh=F) o ). We denote the directional derivative at x along the
direction k € K as Vi F(x) € J.

If in addition k +— V} F(x) belongs to L(K, J) we indicate such linear operator
with VK F(x). We say that F is K-differentiable on H if it is differentiable along
the subspace K and there exists VEF(x) e L(K, J) for any x € H (if / = R then
VX F(x) can be identified with an element in K by the Riesz theorem).

Note that the concept of differentiability along subspaces arises naturally in the
Malliavin calculus (see also the related concept of Gross differentiability; we refer to
[28] and the references therein).
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LetG:U — H, Ga = (2) €eKCH. acU.IfF: H— Jis differentiable

along the subspace G (U) we set
VOF(x) =V F(x)€J, acU, xeH. (3.4)

If in addition a +— VaG F(x) belongs to L(U, J) we denote such linear operator
with VO F(x). We say that F is G-differentiable on H if it is differentiable along
the subspace G(U) and there exists VOF(x) € L(U,J) for any x € H. Note that
if F : H — J is K-differentiable on H then it is also G-differentiable on H and
VOF(x)=VKF@x)G e LU, J).

3.1 Interpolation Results Involving K-Differentiable Functions

We first introduce spaces of functions that are K-differentiable. We say that f €
C,l((H, J)if f € Cy(H, J), f is K-differentiable on H and VK f : H — L(K, J)
is uniformly continuous and bounded. It is a Banach space endowed with the norm

1Al .0y = IV Flloo + 1 flloos f € Cx(H. D),

setting sup,c 7 |VE f(x)1; = VX flloo. When J = R we set C (H,R) = C} (H).
Recall that for f € C}<(H ) one has: VK f : H — K uniformly continuous and
bounded.

Let us consider the following operator Q : H — H,

A7l 0 A hy ,
Q_< 0 A—l)» Qh_(A—lhz)s h—(hlvhz)EH—UXV~
3.5

Let (ej) be the basis in U defined in (3.1). Then (\/Aje;) is a basis of VvV’ and

{(ej,0)}j>1 U{(O, /Aje;)}j>11s abasis of H.
It is not difficult to check that Q is a symmetric positive trace class operator and
that

C ,1( (H)coincides with ClQ(H ) introduced in [5] with equivalence of norms. (3.6)

To this purpose we note that 0'2H = K. Then we consider conditions (i), (ii)
and (iii) used in the definition of C 1Q(H ) in Section 2.1 of [5]. Let f € Cp(H).
Condition (i) says that there exist all the directional derivatives of f in the directions
of K = Q'?H.Letk = Q'/?h with h € H. The directional derivative in x along the
direction k is denoted by

Vi f(x) = Vi, f(x).
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Condition (ii) says that for any x € H, there exists Do f (x) € H such that
VQI/th(.X) = (Dof(x),h)m.

If k € K then k = Q'?h for a unique h € H. We have (Dof(x),hyy =
(02D f(x), Q12h)xk = (Q'Y2Dg f(x), k) k. Thus condition (i) is equivalent
to say that k — Vi f(x) is linear and continuous from K into R. Moreover such linear
functional can be identified with Q!/ 2DQ f(x). According to our previous notation
we can write

VK f(x)=0’Dof(x), x€H.

Condition (iii) requires that the mapping: x + Dy f(x) is uniformly continu-
ous and bounded from H into H. This is equivalent to say that the mapping:
x = oY 2DQ f(x) = VK f(x) is uniformly continuous and bounded from H into
K. This shows (3.6).

Similarly to [5], we define, for 0 < o < 1, the space C% (H, J) of all functions f
in Cp(H, J) such that

k) — fk'
[flek =  sup M < o0. 3.7)
K, keK.k—k'#0 1k — K%

It is a Banach space endowed with the norm || - [lo.x = || - lloo + [-Jo.x, Where

I flloo = supyep [f ()]s
Note that Cy(H,J) C Cyx(H,J) and in general the inclusion is strict (cf.

Remark 3.3).

Remark 3.1 Condition (3.7) is equivalent to

[f(x+k)— fOls
sup - < o0
xeH=UxV', keK k#0 |k|%

Indeed if x € H and k € K there exists a sequence (k,) C K such that k, — x
in H. Then by (3.7) we find | f (k, + k) — f(k,)|; < Clk|%. Passing to the limit as
n — oo we obtain | f(x + k) — f(x)|; < Clk|%.

The space C%(H) = Cg(H,R) coincides with the space C"Q‘(H) introduced in
Section 2.2 in [5] as the space of all functions f € Cp(H) such that

[fleo = sup |F(Q'2h) — fF(QY2R)| - |h—h |3 < o0
W', heH h—h'#0

with equivalence of norms. By [5] we now obtain the following useful result.

Lemma 3.2 We have, for a € (0, 1), with equivalence of norms,

(Co(H), Ci (H))a.00 = Cf (H). (3-8)
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Proof The result is proved in Proposition 2.1 in [5] in the form
(Co(H), CH(H))a00 = CH(H).

Weonlyrecallthat f € X, = (Cp(H), C}{(H))a,ooif||f||xa = sup,¢. 111" “L(, f)
< oo where L(¢t, f) = inf{|lallc,m) + t||b||cll<(H), f=a+b,aeCy(H),DbE€

C,l( (H)} (see, for instance, Section 2.3 in [14]). ]

Remark 3.3 Theorem 3.1 in [27] implies that Cj (H) (the space of real a-Holder
continuous and bounded functions defined on H) is strictly included in C% (H), a €
(0, 1). Indeed C¥¢ 5 (H) is contained in the interpolation space D.7(a)2,0) (see the
notation in [27]) which by Theorem 3.1 is strictly included in C% (H ). O

When J is infinite dimensional it is an open problem to characterize both
(C;,(H J), C1 (H, J)) and (Cb(H J), Cb (H, J)) . However we can prove
the following 1nclu310n Wthh will be important for the sequel (see in particular the
proof of Lemma 3.9).

Lemma 3.4 For any real separable Hilbert space J we have
CR(H,J) C (Cp(H,J),C(H,J)), . a€(01), withacontinous inclusih9)
Proof Let f € Cy(H, J) and t € (0, 1]. Taking into account Remark 2.3.1 in [13],
we prove that there exists a; € Cp(H, J) and b; € C}{ (H, J) such that f = a; + b,
and
lacl ey + tlbellct i,y < €l f ey t® (3.10)

with ¢ > 0 independent of ¢ and f. This gives (3.9).

Let us consider the trace class operator Q : H — H givenin (3.5). Recall that Q is

injective and Q'/2(H) = K. As in Chapter 3 of [13] we consider the heat semigroup
(Vy) acting on functions in Cp(H, J):

Vrg(x) =f gx +y)A0,rQ)(dy), x e H, geCp(H,J), r>0.
H

Fort € (0, T] we set

=f=Vaf., bi=Vaf

and we prove that (3.10) holds. Let us first consider a;. It is easy to prove that a; €
Cp(H, J). Moreover,

()l < /H f& 4 ) = FOl A0, 20)dy)

= Iflleg, 0 /H ltyl A0, D)(dy) < call fllcg(m, it
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To prove that b; € C}<(H, J) we consider k = Q'/2h € K withh = Q~V%k € H.
Arguing as in Theorem 3.3.3 in [14], using the Cameron-Martin theorem, one can
prove that, for any x € H, there exists the directional derivative

Vaf(x +s0Y2h) — Vo f(x)
S

Vibi(x) = lin})
1
== /H F&+ 202y, by (0, 12 Q) (dy)

=% /H FE4+ (20" y, 0724 (0,2 0)dy).  (B.11)

It is not difficult to prove that k — Vib;(x) is linear and continuous from K into J.
We note that

1 _ _
Vb (0)[F = S IF1% / (@) 2y, @7V A (0, 2 0)(dy)
H
1 2 —1/27.2 |k|127( 2
< SI71% 10712k = =K 112, (3.12)
t t
where in the last passage we have used that |Q~'/2k| = |k|x. We take into account

(3.11) and (3.12), and for k € K, x, x’ € H, we consider the difference
Vi (x) — Vib (x) |3
1
<5 / 1fx 4+ ) = F&+ () 2y, 07212 (0, 12 Q) (dy)
H
1
<3 /H (2 Q) 2y, @712k 12 (0, 12 Q) (dy)

k 2
: fH |f(+y) = FO"+ 91540, Q)dy) < '%nfn%g(f,,,) e — x|

We check easily that VKb, : H — L(K, J) is uniformly continuous and bounded.
Finally, since

1
" /H FONEO) ™2y, k) (0,12 Q)(dy) = 0,

we obtain by the Cauchy—Schwarz inequality, forany k € K, x € H,

1 2
Vibi )} = |7 /H (@) 2y, 07 [ (x +3) = FWIA 0,22 Q)dy)]| |
1
< ||f||2Ci,“(H,J)t_2/H ()™ 2y, 72K P A (0,12 Q)(dy) -

: /H Iy 13 A 0. 9y < call fllgg s,y 1>
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Collecting the previous estimates we get (3.10). O

3.2 Partial Regularizing Properties of the Transition Semigroup

We first collect some useful properties that we prove in Appendix by classical control
theoretic arguments (for more details see Appendix in [25] which is based on similar
results proved in [24]).

Remark 3.5 For any t > 0, we have ¢/4(K) = ,l/z(H) = K and Qt_l/ze”‘ belongs
to L(K, H) (we recall that Q, has been defined in (2.7)). Let T > 0. There exists
¢ = cr > 0 such that for any ¢ € (0, T'] we have

—1/2
10, ekl

A

;%%m,keK=wa (3.13)

—1/2
107" Galy

A

C
plalu, aeU. (3.14)

Let ® € By(H,J) and x € H. Arguing as in the proof of Theorem 6.2.2 of [13]
(similar arguments are used in Section 9.4 of [14] and Section 3 of [8]) one can prove
the existence of the directional derivative of R;[®] along the directions of K:

m Ri[®P](x + sk) — R/[P](x)

li
s—0 s
_1 _1
= ViR [®P](x) = / (Q, 7k, Q, 2 y) ®(e"x + y) A (0, 0)(dy),
H
keK,t>0. (3.15)
In the sequel we often write u;, = A47(0, Q;) and | - |y = | - |. In the next result we

will use (3.15) together with the estimates (3.13) and (3.14).

Lemma 3.6 Assume Hypothesis I and let R = (R;) be the OU semigroup defined in
(3.2). If ® € Bp(H, J) andt > O then R, ® is K -differentiable on H. The directional
derivative Vi R [®](x) € J is given by (3.15), for x € H. In particular R;[®] is
G -differentiable on H; further
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VO R [®](x) = /H (0724 Ga, 0] y) (e x + )N (0, 0)(dy), aeU.

(3.16)
Moreover, fort € (0, T, we have
c
sup |Vi R ([@](0) |y <= 51 Plleclklk, k € K; (3.17)
xeH 12
c c
sup VIR [®](0)|y < <1 ®llolGalk = [ ®llsslaly, a € U. (3.13)
xeH 12 t2

If in addition ® € Cy(H,J) then VKR,[®] € Cn(H,L(K,J)), VOR,[®] €
Cy(H, LU, J)) fort > 0.

Proof Letus fixt € (0, T]and x € H. The integral in (3.15) defines a linear operator
in L(K, J). Let

L xk = / (0, 24, 0, %y>d><e’Ax+y>aV<o, 0)dy), keK.
H

We have the well-known estimate (cf. the proof of Theorem 6.2.2 in [13])

1 1
i xkly < /H (Q; 2"k, Q, 2 y)® (e x + y); A (0, Q1)(dy)

1 1 12
<toto( [ 100; ek, 07 R0, 00y)

1

= Pl Q; 2" k|n

C
I Plloolklk - (3.19)
12

IA

Similarly, we get (3.18) using (3.14) since

1

_1 1 1 2
f Q, 2e' Ga, Q, 2> (0, 0)(dy) < |Q, *e'*Gal* < @ aecl.
H
(3.20)

Computing the directional derivative as in (3.15) we obtain the differentiability of
R;[®] at x along the directions of K. We also obtain that R;[®] is G-differentiable
and K -differentiable on H.

If® € Cp(H, J) we compute, forany k € K, |k|lx =1,z € H,

|It,xk - Iz,x+zk|3

< /H (07 ek, 0F T y)PA (0. Q1) (dy)
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: / D x +y) — D x4+ ez + VI3 A0, Q) (dy)
H

21112

c“lk

= leK / sup |® ("4 + y) — @ (e"x + €'z + y)[7 A (0, 01)(dy)
H xeH

and so we obtain easily lim; o sup,cy Sup =1 Ir,yk — Ir,y4+:kl; = 0 by the
dominated convergence theorem. We deduce VK R,[®] € C,(H,L(K,J)) and
VOR,[®] € Cp(H, L(U, J)). O

In a similar way we get

Lemma 3.7 Under the assumptions of Lemma 3.6 lett > 0. If ® € Cp,(H, J) and
& € U the J-valued mapping:

x > VIR [®](x)
is K -differentiable on H. The second order directional derivative is

_1 _1
VIR = [ (INik. 0P (GE. 01 )
H
—([tk, Fsz))CD(etAX + Y (dy), (3.21)
_1
forx e H k € K, & € U, and where T'; := Q, *e'4 is well defined, see Remark 3.5.

Moreover, foreachx € H, k € K, themap: &€ — Vkngt[®](x) belongsto L(U, J)
and, foranyt € (0, T],

crlklk
sup [V VI RA®IOLw.s) < =5 [ ®Pllec, k € K. (3.22)
xeH
lim sup V¥ VER[@](x +y) — VVZ RIPID) Lk
x_’OyEH

= lim sup sup |[ViVER([®I(x +y) — ViVER[PI(y)|; =0, & €U.
*=>0yeH Jk|x=1
(3.23)

Proof Letus fix T > O0andf € (0,T],x € H.Let& € U. Firstdefine I'; , x ¢ as the
integral in the right hand side of (3.21). Proceeding as in the proof of Lemma 3.6 it is
not difficult to show that

k +— Tt x,. isdefined from K into L(U, J). (3.24)

By (3.13) and using the Cauchy-Schwarz inequality, we get

-1 -1 2
ICyekeld < | /H Uik, @, *y) (TiGE, Q; *y) — (Tik, T1GE) | (e x + ) pu(dy)| |
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/ [(Tik, Ql ) (T GE, Q, ¥) — (T, T, GE) | s (dy)
f D x + )% 11 (dy)
il 'K|s|u||cl>||2 (3.25)

Thus we have proved (3.22). Arguing as in Section 9.4 of [14] and as in Sect. 3 of [§]
we find that

VE R [P (x + sk) — VI R [®](x)
m

s—0 s

=Ty xre, keK.
Moreover, arguing as in the proof of Lemma 4.2 in [24], forany z € H,§ € U,

2
Tt xk,e — e xazkely

| |2
—EpelZ [ 1@ x +y) — D x4+ ez + 3w (dy)
H

and so
lim sup sup [Ty e — Droxreels =0. (3.26)
=0eH |k|g=1

This shows in particular that the mapping x — Vg R:[®](x) verifies (3.23). ]

Now we improve the previous estimates in the case when @ is Holder continuous
along the directions of K using Lemma 3.2.

Lemma3.8 Let T > 0. Under the assumptions of Lemma 3.6 let & € Cg(H, J),
a € (0,1), see (3.7) and Remark 3.1. We have all the assertions of Lemmas 3.6
and 3.7 and the following new estimates, fort € (0, T],

C
sup [Vi R [@](x)]; < — |Plle.xlklk, k € K;
xeH 5(1—a)

sup || Vi VO R [®1(X) L. sy <
xeH

I Plle.x lklk, k € K. (3.27)

430(

Proof Letus fixt € (0,T], k € K and £ € U. Using the OU process X defined by
(4.5) we can define the Ornstein—Uhlenbeck semigroup ( P;) acting on scalar functions
¢ € Bp(H) (see (3.3)).

For h € J, we introduce the scalar function ®;(x) = (®(x), h)y, x € H, which
belongs to C% (H) with || ®p[lq, x < | ®lle,x |2|;. We note arguing as in Sect. 3 of [8]
that

(ViR [®](x), h)y = Vi Pi[Pp](x), x € H.
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To prove the first estimate we consider the linear operators
Vi Py : C}((H) — Cp(H), VP, :Cp(H) - Cp(H).

These operators are well defined by Lemma 3.6. When ¢ € C'} x (H) we find that (recall
that e’k € K)

‘A ‘A 1A
Vsz[¢>](x)=}LI%/H¢(e x+se'k 4+ y) — (e x+y),uf(dy)

N

= /H Vo (e x +y) i (dy) = /H (VE @4 x + ), k) k e (dy)

(by the Riesz theorem we identify VX ¢ (!4 x 4 y) with an element in K). We get the
estimate

sup Vi PIo1(0)| < CIIVE @llolklk, ¢ € Cx(H). (3.28)
xe

On the other hand we have (cf. (3.17))

sup [Vi P [f1(x)] < %||f||oo|k|l(’ f € Cp(H). (3.29)
xeH 2

Interpolating between (3.28) and (3.29) (see Theorem A.1.1 in [14]) we obtain that,
for any @ € (0, 1),

Vi Pr 2 (Cp(H), C}(H))g.00 — Cp(H)

is linear and bounded; further

SUII; [ Vi Pe[¥](x)] < 3 ||1/’||(cb(1-1) CK(H))aoo|k|K’ Y € (Cp(H), CK(H))a 00~

Now thanks to Lemma 3.2 we deduce

sup [V P [¥](x)| = IIWIIa k lklk, ¥ € Cx(H).
xeH [7(1

If we consider now v = ®;,, we have, foreachx € H, h € J,

KVER [@1(x), 1) | = Vi Pr[Pp](x)]

c
d klg < P klglhly.
JEITE [Pnlle.x [kIx JETT )II la.x [kl 1Rl

By taking the supremum over {h € J : |h|; = 1} we get the first estimate in (3.27).
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To prove the second estimate we fix t > 0, k € K, with |k|x = 1, & € U with
€]y = 1 and argue as before. We first introduce the following linear operators (cf.
Lemma 3.7)

ViVEP, : Ci(H) — Cyp(H), ViVEP, : Co(H) — Cp(H).  (3.30)

When ¢ € C }( (H) we know that

_1
ViVE PIgIx) = /H (TiGE, 07 23 Vand (@ x + Ype(dy). (331

. —1/2
Moreover, we have, with I'; = Q, / elh,

—1/2 c C
sup |VeVE PISI0) 2 < 912, 10, 2 A Gel < Z1E3 1812, = ~llgl, -
§ CK t CK t CK

xeH

(3.32)
On the other hand if ¢ € C,(H) then
—1/2
sup |ViVE PIBIOP < CIgIS, ITiky 10, eAGel,
XE
p Lol o 2 1
<cléls t_3|k|K ;'ElU < ¢l I (3.33)
Interpolating between (3.32) and (3.33) as we have done before we get
c
sup IVk(VgPt[lﬂ])(x)l < 4= Wllax, ¥ € Cx(H). (3.34)
xeH t 2

Now forx € H,k € K, ® € C%(H, J), we compute

IVi(VORAIPD N .y = sup  [Vi(VIRIPD(x)IF
aeU, |aly=1
= sup sup  [(Vk(VER[®N(x), h)y|*> = sup sup |Vk(VE P D, (x|
laly=1 heJ, |hl;=1 laly=1|h|;=1
clk|% ) c k|3 5
() < .
< S IPhlax = =5 1®lax
The second estimate in (3.27) follows easily. ]

The next result is crucial for our approach to get pathwise uniqueness (see in
particular Theorem 4.3 and the proof of Theorem 4.7). We can only prove the result
when @ € Cj(H, J) using Lemma 3.4. We do not know if such result holds more
generally when ® € C¥ (H, J) (see the end of the next proof).

We fix a basis (f;;) of J and set ®,,, = (D, f;,)s. We will use the OU semigroup
(P;) given in (3.3).
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Lemma3.9 Let T > 0. Under the assumptions of Lemma 3.6 let & € Cy(H, J),
o € (0,1). We have, fort € (0,T], k € K,

12 C
(3 swp MVEPI®MOP) " = Kk I®lcgarn.  (339)

w1 laly=1 1

where C > 0 is independent of x, k, t, ® and the basis (fi,) of J.

Proof We recall thatfork € K,a € U

VS RL@a) = [ (k) ) (riGa, 0 )=
— (T1k, T1Ga) ) @ (e"x + ) i (dy).

We fix k € K. We have by the Cauchy-Schwarz inequality (cf. (3.25)) forany x € H,
m>1,

sup |V VS P [®,,](x)|?

m>1lalu=1

<> sup /H!(mk, 0, ?y)([1Ga. 0; y) — (I'tk. T:Ga))[* 11, (dy) -

m>1 laly=1

- /H (e x + )P e (dy)

C c
< —lklk Z/ | D (e x + )| e (dy) = —4|k|%</ |® (e x + y)[5 i (dy).
1 o H t H
(3.36)
Now we fix also x € H. For any / € J we define &; : H — R,

O(y) =(®W), 1)y, el

We have &, = @y, .
We can consider the linear operator T  : C,,(H, J) — La(J, U),

Tk (®)() = ViVOP[®/1(x) e U, ®eCy(H,J), l€J
(we identify U with L(U, R)). We have

| T2 k(D)D) [F

= sup (fﬂ(mk, 0, *y)([1Ga, 0, *y)

laly=1

2
— Tk, Ty Ga)) (D" x + ), )y we(dy)]|
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and

1Tk (@ y0) = DN Ter(@(f)lf =D sup [ViVE P[®p](x)].

m>1 mzllam:1

By the bound in (3.36) we deduce that ||Tx,k(q>)||%2(, 0 = S1kl% |1 P13, where ¢ is
independent of > 0, x € H, ® and k € K. The linear operator: Ty ; : C,,(H, J) —
L,(J, U) is well defined and continuous; we have

c
1Tk llLce, H,0),L200,0)) = t—zlklx- (3.37)

Now if ® € C}<(H, J) we find for k € K, a € U (cf. (3.31) and (3.20))

sup  |ViVE P [®,,](0)]

aeU,la|ly=1

_1
= sup | / (T:Ga, Q, *y) (VE®, (" x + y), e k) k e (dy))?
H

aeU,la|ly=1

IA

Supl/;l \(FtGa, Qt_jy>|2/-»bt(dy) . L |(VK(Dm(el‘Ax +)’),€tAk)K|2 /,Ll(dy)

laly=

C
<< / (VK (e x + v), Kk | e (dy)
H
and so
C
sup |ViVg PO (0 < = ) f (VKD (e x + y), )k 17 i (dy)
H

m>1 laly=1 m>1

C
=< / VKB x + ) Ah12 (dy).
H

Since |[VE® (' 4x + y)[e'2k1l; < |VE® (A x + y)Lk.s) Iklk, t > 0, it follows
that

C
sup ViV P @l ()P < ~Ikl% 19170 4 ) (3.38)
m=1 lalu=1 ! K

Hence
C
”T)C,k”L(CIl((HY‘/),LZ(.]’U)) = m|k|K (3.39)

Interpolating between (3.37) and (3.39) as in the proof of Lemma 3.8, for any ® €
(Co(H., 1), Cx(H, J)), .. We get

o,

(3.40)

o,00

— 43«
t 2

G N\ 1/2 c
(X2 sup 1%V PI@MIP) ™ <~ Il 19 0 5, 1)
m=1lalu=1 e
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Now we considerany & € Cf/(H, J) C (Cp(H,J), Cy(H, J)), . (seeLemma3.4).
We finally obtain, for any ¢ € (0, T], '

G N\ 1/2 C
(3 sup IVVERI@IP) " = Ikl @z -

m=>1 laly=1 t 2

Remark 3.10 We provide here an equivalent formulation of Lemma 3.9 when J = K
(this will be used in the proof of Theorem 4.3). Let ® € C;(H, K), a € (0, 1). Let
usfixt € (0,T],x € Handk € K.

Recall the notation &; = (®,/)x, [ € K. We know that the linear operator
Vi VO R, [®](x) is well defined from K into U by the formula

[+ Vi VO P[D](x)

(cf. Lemma 3.7; note that the operator a — Vj VaG P[®;](x) belongs to L(U, R) and
so it can be identified with an element of U). Assertion of Lemma 3.9 is equivalent to
say that

ViV R, [®](x) € L2(K,U) and

1/2
196V RADIO I 25,0) = ( Lzt 59Pjagy =1 [VeVE P, fudk 100
= =z Ikl I @llcgnx), 1€ O, T; (3.41)
t

here (f;;) is a basis in K. Recall that C > 0 is independent of x, k, t and ®. O
We will also use the following additional regularity result.

Lemma3.11 Let T > 0. Under the assumptions of Lemma 3.6 let ® € C,‘j‘ (H,J),
o € (0, 1). We have the following estimate, fort € (0,T], x,y € H

G _ G / €
IVZ R ([P](x) = VIR ([PID) L, sy = Tl = X 7| Pl (3.42)
12

Proof The assertion follows easily by the formula
VY R(PI(x) = VS R [@1(x)

_1
f (0, 144G, 0, 2y [®(x +y) — [®(" X+ Y)]A(0, Q1) (dy),

a € U, using that |®(e'4x + y) — (A x' 4+ y)|; < || ®|lalx —x'|*, >0, y € H.
O
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4 Well-Posedness of Singular Wave Equations

In this section we apply our regularity results to prove strong well-posedness of a
semilinear abstract stochastic wave equation. Let us consider the following SPDE

2 (1) = —Ay (0) + b (5, y(0) + W (1),

: @.1)
YO =xocU, XRO)=x€eV, te(Tl

This equation is a semilinear extension of (1.1), with adriftd : [0, T]x U — U which
can be a bounded measurable function, Holder continuous of exponent @ € (2/3, 1)
with respect to the y-variable, uniformly in ¢ € [0, T'].

An example of Eq. (4.1) is obtained by adding the term b (7, &, y(7, §)) to to the
stochastic wave equation (1.2), i.e.,

Ly @) =y @O +b (@6 3@ ) + W (T8, £,
y(r,0) =y (r,1) =0, “4.2)
y©0,6)=x0 (), 20,8 =x), te©T], &el01]

Here b : [0, T] x [0, 1] x R — R is measurable and, for t € [0, T'], a.e. £ € [0, 1],

the map b (z, &, ) : R — R is continuous. Moreover, there exists ¢; € L*([0, 1]),
o € (2/3, 1), such that, for r € [0, T]and a.e. § € [0, 1],

Ib(r.6,x) =b(r.6&, I =c1 ) lx—yl*,

x, y € R. Further, we require that |b (7, &,x)| < c2(§), fort € [0,T], x € R and
ae. £ €[0,1],withep € L2([O, 1]). This example is discussed in Section 3.1 of [24].
In [24] it is also shown that 2-dimensional semilinear stochastic plate equations are
of the form (4.1).

Equation (4.1) can be reformulated as an abstract evolution equation in H:

dx%* = AX%*dt + GB(zr, X*¥)dt + GdW,, t € [0,T], X0* =x € H(4.3)

where A is the generator of the wave group in H and GdW; = ( di())V ) Concerning
T

the semilinear stochastic Eq. (4.3), we assume that

Hypothesis2 B : [0, T] x H — U is (Borel) measurable and bounded and moreover
there exists C > 0 such that

|B(t,x +h) — B(t,x)|ly <Clh|%, x,he H, t €[0,T], “4.4)

for some a € (2/3, 1). We also write that B € B([0, T]; C; (H, U)).

Remark 4.1 We point out that the critical exponent « = 2/3 agrees with the one which
appears in the study of pathwise uniqueness for degenerate finite dimentional SDEs
like (4.3) (with H = R??); see [6] more details.
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Let x € H. Recall that a (weak) mild solution to (4.3) is a tuple
(Qv ya (yl)v ]P)v Ws X)

where (2, #, (%;),P) is a stochastic basis on which it is defined a cylindrical U-
valued .%;-Wiener process W and a continuous .%;-adapted H-valued process X =
(X;) = (X1)teqo, 71 such that, P-a.s.,

t t
X, =e“‘x+/ e(’_‘Y)AGB(s,XS)ds+/ e"IAGAW,, 1 €[0,T). (4.5)
0 0

According to Chapter 1 in [26] we say that strong existence holds for equation (4.3) if,
for every stochastic basis (2, .7, (%;), P) on which there is defined an U-valued
cylindrical .%;-Wiener process W, for any initial condition x € H, there exists
an H-valued continuous (%;)-adapted process X = (X;) = (X/)refo,7] such that
(R, F,(%),P, W, X) is a weak mild solution. We also write X?’X or X7 instead of
X;. Similarly, we denote by (X’*);>, the solution to (4.3) starting from x € H at
time ¢t € [0, T].

We say that for Eq. (4.3) strong or pathwise uniqueness holds (starting from any
initial x € H) if given two weak mild solutions X = (X;) and ¥ = (¥;) (defined
on the same stochastic basis, solutions with respect to the same cylindrical Wiener
process) starting at the same x, we have, P-a.s., X, = Y;,t € [0, T].

1 .
—= VAt

Note that if a € U, Ga = <O) c K and o4 <0) _ (ﬁsm( )a) c
a a cos(v/ At)a

K, t € R. Hence, since in Hypotheses 2 we assume that the drift B takes its values

t
in U, then f e'=9AGB (s, Xs)ds evolves in K: it is K-valued and the map ¢ +—
0

t
=4GR (s, Xy) ds is continuous due to the boundedness of B (indeed, let T >

O(;)for any w, P-a.s., s — G B (s, X5(w)) is Borel and bounded from [0, T'] with values
in K and so we can apply Lemma 3.1.5 in [7]).

Therefore even if in general a solution (X7') does not evolve in K (cf. (2.8)) we know
that for any initial condition x|, x» € H such that x; — x» € K then any couple of
weak mild solutions X;' and X;? (starting at x; and x;, respectively, and driven by
the same noise) verifies the property

(X7 — X{*)eo.1) evolvesin K, ifx; —x; € K. (4.6)

Indeed

t
X = X2 = e (x) - x2) +/ C1AG(B (s, XI) — B (5. X22) ) ds, 1€[0.T];
0

the stochastic integral has disappeared, and since x; —x, € K, also ¢’ A (x1—x3) € K;
the other term we have already discussed that belongs to K . Note that, P-a.s., the paths
of (X f” - X fz) are continuous functions from [0, 7] with values in K. Property (4.6)
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will be important in the proof of our uniqueness result (see Theorem 4.7). Indeed recall
that the Ornstein—Uhlenbeck semigroup regularizes only in the directions of K (see
Sect.3).

Note that thanks to the boundedness of B we can apply the Girsanov Theorem, see
[24, Remark 2.1] changing H in K, or see [25, Remark 2.1] for more details.

4.1 The Related Infinite Dimensional PDE

In this section we will apply the regularity results proved in Sect.3 with J = K =
V x U.Let T > 0. We consider the following integral equation of Kolmogorov type
which will be important in the sequel:

T
u(t, x) = / R, [e*“*’)AGB(s, -)] (x) ds
t

T
+ / Ry, [e*“*f)AVGu(s, )B(s, -)] (x)ds, 4.7
t

where u(t, x) takes values in K and V%u(s, x)B(s, x) = VGBi,ni(s, x) € K,
(s,x)e[0,T] x H.

Using results of Sect. 3 we will solve the equation in the Banach space E( consisting
ofallu € By([0,T] x H, K) such that u(z, -) is K -differentiable on H, with

V&u € B,([0, T] x H, L(K, K)). We also require that there exists C = C7 > 0
such that forany x,y € H

sup |VOu(s,x) — VOuls, Wiw.x) < Clx — yl%, (4.8)
s€[0,T]

where @ € (2/3, 1) is given in Hypothesis 2. Finally, to define Ey we require that, for
each& € U, t € [0, T], the mapping:

x> VEu(t,x) is K -differentiable on H 4.9)

with sup sup ||VKV§Gu(t,x)||L(K,K) < 00.
(t,x)€[0,T1xH [£ly=1

Let 8 > 0to be fixed later. It is not difficult to prove that E( is a Banach space endowed
with the norm

lullggp=  sup  ePlu, )k +  sup  PIVEu, )lLk.x)
(t,x)€[0,T]xH (t,x)€[0,T]xH

+ sup P|VCur, e, Lw k)
tel0,T]

+ sup sup eﬁfHVKVéGu(t,x)HL(K,K), (4.10)
(t.0)el0.TIxH [E[y=1
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Lemma 4.2 Let Hypotheses 1 and 2 hold true. There exists a unique solution u € Ey
to (4.7). Moreover, there exists a function h(r) = h(r,a) > 0, r > 0, such that
h(r) — Oasr — 0T and if S € [0, T] verifies h(T — S) - (sup,E[O,T] 1B, )lla)
< 1/4, then

sup  IVEut, )L,k < 1/3. 4.11)
telS,T],xeH

Proof We introduce the following operator .7 defined on Ey:

T
Tu(t, x) = / Ry, [e—“—f)AGB(s, .)] (x)ds
' T
+/ Ry, [e_“_’)AVGu(s, )B(s, ~)] (x)ds,
t

ue Epy, (t,x) €[0,T] x H. In order to apply Lemmas 3.8 and 3.11 with J = K we
first check the Holder regularity of the terms G B(s, -) and VCu(s, )B(s, ).
Since, forany x € H,h € H, s € [0, T],
|GB(s,x) — GB(s,x + h)|xk = |B(s,x) — B(s,x + )|y < C|h|y

we get that GB € By, ([0, T']; Cy (H, K)), see the definition in Hypothesis (2).
We need to prove that also

VGu(s, -)B(s,-) belongs to By([0, T'1; Cy (H, K)). 4.12)
We write for x, y € H with |[x — y|g <1
[(VOu(s, x)B(s, x) — Vu(s, y)B(s, x)] + VOu(s, y)[B(s, x) — B(s, y)].
We bound the second term with

IVCu(s, y)[B(s, x) — B(s, »)lx

< sup PNVOut, )liLw.k) |BGs, x) — B(s, y)ly < Clx — y|%.
(t,x)€[0,T1xH

Moreover we have

IIVu(s, x) — VOu(s, y)1B(s, x)|x < |B(s, x)|yIVou(s, x) — Vou(s, y)lk.v)

<|Bllc sup e'|VCut, Mg Lw.xy lx =yl
1€[0,T]

By Lemmas 3.8 and 3.11, using that « > 2/3, it is not difficult to prove that .7 :
Ey — Ey. Let us check that for a suitable value of 8 the map .7 is a strict contraction
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(see (4.10)). We have to consider | Tui — T uz|| gy, g, 1, u2 € Eg; we only treat the
term

sup sup e |[VEVELTur — Tus)(t. X)Lk k)

1x |g|y=1
Indeed the other terms of || T u1 — T uz|| g, p can be estimated in a similar way. We

have for any k € K with |k|x =1

PNVELTur (1, x) — Tua(t, )] |k

T
< / )
1

T Cefﬂ(sft)
5/ T s sup 1B allur — uall o p
t (s—1)2 1€[0,T]

ViV R [e—@—f)A PG, (s, ) — Vous(s, )} B(s, ~)] (x) (de

< Cgr sup B, Illallur — uzllgyp,
tel0,T]

where Cg 7 > 0 tends to 0 as B — +o00. Therefore taking the supremum over
k € K with |k|g = 1 we infer

PUNVEVELTur(t, x) — Tua(t. )l k) < Cor sup 1B, )lallur — uzll gy p-
tel0,T]

Choosing 8 large enough, we can apply the fixed point theorem and obtain that there
exists a unique solution u € Ej.

In order to prove (4.11), we first introduce ||u| g,,0,s,7 Which is defined as [|u|| £,,0
in (4.10) (with 8 = 0) but taking all the supremums over [S, T] x H instead of
[0, T] x H. We proceed as before:

T
lull £0.0.5.7 < SUPrers 71 J, ()%zmds sup,eio.71 1B, ek (luollgg.0.s.7 + 1)
s—t

< h(T = 8) sup,co,7) 1B, )l (luoll £g,0,5,7 + 1),

where h(r) = for —5ds; now (4.11) follows since we have ?THMHEO,O,S,T <1/4.0
s 2

To prove the next result we will apply Lemma 3.9 (see also Remark 3.10). To this

purpose we fix a basis ( f;;) of K and setu,, = (u, fi)k, where u is the solution given
in Lemma 4.2.

Theorem 4.3 Let Hypotheses 1 and 2 hold true. Then the unique solution u € Eg to
(4.7) (see Lemma 4.2) verifies in addition

172
(X2 swp 1VeV&un(. 0P) " = Clklx sup IBG. gy k € K;
a1 lalu=1 1€[0.T]

4.13)

here C > 0 is independent of x € H,k € K, t € [0, T, u and the basis (fy,) in K.
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Proof First following the proof of Lemma 4.2 it is not difficult to prove that there
exists Cr > 0 independent of u such that

sup ||VGu(t»')||C;j(H,L(U,K)) = Cr sup [|B(@, )llceH,v)- (4.14)
te[0,T] te[0,T]

Then we write u = v + w, where

T
u(t, x) = / Ri_, [e_(s_’)AGB(s, .)] (x)ds,
tT
w(t, x) = / R, [e—“—f)AVGu(s, )B(s, .)] (x) ds.
t

We need to prove that (4.13) holds when u is replaced by v and w. We concentrate
on w (the proof for v is similar). We define, for any s € [0, T], x € H, ®(s,x) =
e~ 6=DAYG (s, x)B(s, x).

Note that ® € B,([0, T']; C5(H, K)) (see the computations to verify (4.12)). By
(4.14) we obtain

sup (| (s, )lcem,kx) = Cr sup B, )llcg(n,uy with
5€[0,T] 1€[0,T]

T
w(t, x) :/ Ry_([D(s, )](x)ds, te€]0,T], x e H.
t

Let us fix k € K and ¢t € [0,7); set w,, = (w, fu)x. By Lemma 3.9
(see also Remark 3.10) we know that, for any s € (¢, T], the linear opera-
tor ViVOR,_,[®(s,)](x) is well defined from K into U by the formula / +—
Vi VO P [(®(s, ), )k ](x) and it is a Hilbert-Schmidt operator. Moreover, fors > ¢,

1/2
ViV R [D (s, N Lok .0y = (Z sup |ViVe P [(®(s, ), fm>K]<x>|2)
=1 lalu=1
c clk|k
< ——= ki sup 9@ cgr,x) £ ——3 sup 1B, Illegn,v)-
(s—1t) 2 rel0,T] (s —t) 2 t€0,T]

4.15)

Note that also the linear operator Vi VCw(r, x) is well defined from K into U
(I — ViVCe[{w(s, ), 1)k 1(x)). Further, we have, for any x € H,

T
ViVew(t, x) =/ ViVE R, [ (s, )](x)ds.
t

Using (4.15) we deduce that ViVOw(t, x) € Lr(K, U) and
IViVow(t, )l x.0)
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Sf IViVE Rs— [ (s, V()| Lok.07ds < Corlklx sup |B(t, e w0,
' 1€[0,T]

where Cy, 7 > Ois independentof x € H,t € [0, T], Bandk € K. O

Remark 4.4 If we try to prove the previous theorem using Lemma 3.2 instead of
Lemma 3.4 we could eventually obtain a bound for Zmzl SUP|4|, =1 | Vi VaG Uy (t, x) |2
by requiring that

2
> sup (B2, ). ej)ullpe gy < 0o
=1 1€l0.T] K

However this condition is restrictive when it is applied to an example like (4.2) (see
also Section 3 in [24]).

4.2 The Related Infinite Dimensional Forward-Backward System

We first collect some results on a related forward-backward system (FBSDE), whose
solution will be useful “in removing the bad term B’ in (4.3) (cf. Proposition 4.6).
Comparing with [8] this procedure turns out to be an alternative to the use of the Itd’s
formula (for recent advances on infinite dimensional It6 formula we refer to [16]).
Here, following [24], we use it in the present case when A is the generator of a group
of operators. In [1] this approach has been extended to the case when A is the generator
of a semigroup of operators.
In a complete probability space (22, .%, IP), let us consider the following FBSDE

ABLYdT + GdW,, T € [1,T],

i - - 4.16
—dY!* = —AYD' + GB(r, YY) dv + ZL* B(z, EYY)dr — ZL* dW,, T € [0, T, ( )

t € [0, T],x € H, and the forward equation is the abstract formulation of the wave
equation (1.1) given in (2.6) under Hypothesis 1; here B : [0, T] x H — U satisfies
Hypothesis 2, G is defined by (2.4) and W is a cylindrical Wiener process in U.

We extend E* to the whole [0, T] by setting & = x for 0 < 7 < ¢, s0
(Y"*, Z"*) are well defined on [0, T']. The precise meamng of the BSDE in (4.16) is
given by its mild formulation: for t € [0, T']

T
i :/ e"OTAGB(s, BLY) ds
T
T T
+/ e~ 6TDAZLY B(s, E§~X)ds—/ e TIAZLE g, (4.17)
T T

P-a.s. (cf. [21], [20] and the references therein).
Notice that the forward equation evolves in H as we have already discussed in
Sect. 2, while the backward equation takes values in K. Indeed the term G B(-, -) takes
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values in K, and we can use an explicit representation of the solution in terms of
GB(-), see [21], Sects.2 and 3.

We denote by Léz (2, C([0, T], K)) the space of all predictable (with respect to the
completed natural filtration generated by W) K-valued processes Y with continuous
paths and such that

E[ sup |V, I*1=Y]
7€[0,7T]

2
L%, (2,C([0,T].K)) = oo

We refer to [18], Section 2.2, for the definition of the spaces of Gateaux differentiable
functions ' (H, U) and 9%1([0, T] x H, K) C C([0, T] x H, K) (such spaces are
also considered in [24] and [25]).

Following [21] and Remark 4.5 and estimate (4.19) in [19] (see also Section 5
of [24] where these results are summed up) it is immediate to get existence and
pathwise uniqueness of a solution (Y"*, Z'¥) € L?@ (2,C(0,T], K)) x L?Q (2 x
[0, T], Lo(U, K)). such that

T
E[ sup |Yt”x|%(]+IE/ I1ZE512,w xydT < Crl1Blloo- (4.18)
t€[0,T] 0

Moreover if we further assume that the map x — B(t,x), H — U, belongs to
41 (H, U) then, the map: (¢, x) Y,t’x belongs to 49110, T] x H, K). In addition,
(t,x) — Y/ ",[0,T] x H— K, is deterministic.

So we can define the function

v(t,x) =YY", (t,x)e[0,T] x H. (4.19)

and by the Markov property we have:
v(t, BN =YY, telt,T], P—aus.. (4.20)
Theorem 4.5 Assume Hypothesis 1 and let B satisfy Hypothesis 2. Let v be the function
defined in (4.19). Then v € Bp([0,T] x H, H) and, for any t € [0, T], v(t,-) :
H — K is G-differentiable on H (see the definition after (3.4)), for any (t,x) €
[0, T] x H, the map: § — Vgev(t, x) = VSGv(t,x) € L(U, K) and, forany & € U,

VEv € Bp([0, T1 x H, K) with sup(, o 7151 Vv, DllLw k) < 00. For any
t €0, T], ae., we have
VOu(r, BLY) = Z*, P-as. (4.21)

T

Finally, by the representation formula given in (4.17) and using the OU semigroup
(R;), the function v defined in (4.19) satisfies the integral equation

T
V(t, x) = f R, [e_(s_’)AGB(s, .)] (x) ds
t
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T
+ / Ry, [e*“*”AVGv(s, )B(s, -)] (x) ds. (4.22)
t

and coincides with the function u, unique solution of (4.7) given in Lemma 4.2 and
Theorem 4.3.

Proof For the proof we refer to [24, Lemma 5.3 and Theorem 5.4] for the identification
of Z, and to [24, Lemma 5.5] for the identification of v with u. m]

4.3 Applications to Strong Uniqueness

We study Eq. (4.3). We show how to remove the “bad” term B and how to apply our
regularity results to get pathwise uniqueness. Let x € H. Recall that we consider a
(weak) mild solution (X%¥) = (X)r¢0.77:

T T
XIx = DA +/ eTIAGB(s, X,)ds +/ eTTIAGAW, T € [1, T,
t t

(4.23)

Xi’x = x, 1 < t;cf. (4.5). This is a continuous H-valued process defined and
adapted on a stochastic basis (2, .%, (%), P), on which it is defined a cylindrical
U -valued .%;-Wiener process W. The next result shows how to remove the “bad" term
B using the function v defined in (4.19), and without applying the It formula, but
using the BSDE (4.17) in its mild formulation (we refer to [24, Section 6]).

Proposition 4.6 Let Hypotheses 1 and 2 hold true. Then a (weak) mild solution X* =
(X7) of (4.23) starting at t = O satisfies, for any Tt € [0, T], P-a.s.,

T T
XE=e"x + e (0, x) — u(r, XT) +f TTIAZY dw, +f TTIAGAW,
0 0
T
=e™x 4+ e v(0,x) — v(t, X) +/O TG (s, XT) dW

T
+ / eTTIAGAW;. 4.24)
0

Proof The proof is given in [24, Proposition 6.1] and it is based on BSDEs, see also
[24, Remark 6.2] where the novelty of the approach is discussed and [1, Proposition
4.1]. ]

We now prove strong (or pathwise) uniqueness of solutions.

Theorem 4.7 Let Hypotheses 1 and 2 hold true. Then for equation (4.3) pathwise
uniqueness holds (starting from any initial condition x € H).

Moreover, there exists cr > 0 such thatif X7' and X372 are two (weak) mild solutions
starting from x1 and xo € H att = 0 (defined on the same stochastic basis) such that
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X1 — x> € K thenP-a.s. Xi' — X3* € K forany v € [0, T] and

sup EIXY — X2% <crlx — xal%. (4.25)
7€[0,T]

Proof We prove (4.25) which implies the pathwise uniqueness starting from any x €
H.Indeed if x; = x; = x then (4.25) implies that P-a.s., X3' = X372, 7 € [0, T].
Let us fix x1, xp € H with x; — xp € K and consider two (weak) mild solutions
X! and X? defined on the same stochastic basis, with respect to the same cylindrical
Wiener process and starting respectively from x; and x, at time ¢ = 0. Notice that

T
X' X2 =e™(x) —x) + / TIA(GB(s, X)) — GB(XD)) ds,
0

and both ™4 (x; — x3) and the integral take their values in K. Indeed x1 — x» € K,
GB(s,-) € Kand e’ : K — K (cf. (4.6)).
Let Ty € (0, T] be such that h(Ty) - (supte[O’T] 1B, )la) < 1/4 (see (4.11)).
We consider the FBSDE (4.16) with T = Tp and we denote its solution again
(Y*, Z¥). We find the function v : [0, Ty] x H — K according to (4.19) with
T = Tpy. By (4.24) we know that

XD — X2 =" (x; — x2) + [0, x1) — v (0, x2)]

T

O, X1 — 0Oz, XD + f CTIALZN _ ZR]aW,, T e [0, Tyl,
0

(4.26)

where [ eTOAIZ 7R gw,
VOO (s, X2)] dw;.

By the regularity properties of v(?, see Theorem 4.3, Lemma 4.2 and Theorem 4.5,
we get

Jo eTTOAVELO s, X))

le™ A (x1 — x2) |k + 1e"A @0, x1) — v @0, 21k + vz, X1 — 0O (7, X2) |k

1
< Clx; — x2|x + §|Xl — X2k, te€l0, ol

Concerning the stochastic integral, we have
(see [12] page 57 or [14], Section 4.3)

T 2
IE’/ TN (5, X)) = VOO (5, XD AW
0

T
< E/ IV, X9) — VOO (s, XD, x)ds- (4.27)
0

It the sequel we will prove that E [ [VEv©@ (s, X!) — VEuO¢s, X§)||%2(U K)ds is
finite and we will provide a bound for it.
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Let us consider a basis (e;) in U; by the regularity properties of v@ we get

T
Efo IVEu@(s, X)) = VOO (s, XD1F, . x)ds

=ZE/

|
j=1 Y0

T

Vav (s, X9) = Vv (s, X9)[3eds.

Now, using a basis ( f;,) in K, we write, for any s € [0, 7], P-a.s.,

D VIO, x9) = VIO s, XDk
j=1

=D > VIO, X)) = VIV (s, XD, fu)k

m>1 j>1

=3 SO s, X1 — Vo0 s, XD
m>1j>1

=Y VP (s, X)) = VO (s, XD
m>1

using vﬁ?) = (v(o), fm)k and noting that ve v,(,?) (s, Xsl) e L(U, R) can be identified
by the Riesz theorem with a unique element in U. We have obtained

T
Zfo |v§§u(°>(s,xs‘) —vng)(s,xf)ﬁ(ds
j=1

T
= / Z VO @D (s, x1) — vEu Oy, X§)|%/ds
0
T

m>1

:/ Z sup |VEu@ (s, x1) — vEu O s, x2)2ds.
0

m>1 laly=1

Hence we have, P-a.s.,

‘ G, 0 1 G, 0 2412
Z/O IVev @ (s, X7) = Vv D (s, XD) [y ds
j=1

T 1 2
_ Z/O sup (/0 VEVEUO (5, X} 4+ r(X2 = X)) 1X2 = X!dr | ds
>1

laly=1

T 1 2
= / sup ‘/ V[XLX]]VEU,(,?)(S, X! +rx2-xly dr‘ ds.
0 0 S

m>1lalu=1
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Moreover, we find, P-a.s.,r € [0, 1], s € [0, t],
1 2
sup ‘f Vie_x1 Vv (s, X! 4 r (X2 — X1y dr
w1 laly=1"Jo

1
5/ > sup (Vi x VU (s, X{ +r(X2 = X)) [P dr
0

w1 laly=1

< Cr|X7 - Xk sup_ I1BC, e .0y (4.28)
te€l0,

In the last inequality we have used Theorem 4.3 with u = v® and k = X2 — X .
Coming back to (4.27) we obtain

T 2
E‘/ IV (5, X]) = VOO (5, XD)T AWy |
0

T
< ZIE/ IVev (s, X3) = Vv D (s, XD) i ds

j=1 70

T 1
sE/ dsf > sup (Vi x VEu (s, X§ + (X — X)) dr
O O s N

m>1 laly=1

T
<Cr sup ||B(r,->||%g(H,U)Ef X7 — X,k ds.
t€[0,T] 0

Starting from (4.26) and using the previous estimates, we can apply the Gronwall
lemma and obtain

sup E[X3 — X223 < crlxg — xal%. (4.29)
7€[0,To]

If Ty < T we consider the FBSDE (4.16) with terminal time (27p) A T. We find

v 1 [0, 2To) A T] x H — K according to (4.22) with T replaced by (2Tp) A T.
By (4.24) we obtain in particular

X! — X2 =" (x; —x2) + e [P0, x1) — v1(0, x2)]
— P, xH — oWz, XH1+ /Or eTTIAVOY D (s, x 1
— VoW (s, X2 dws,
t € [Ty, 2Ty) A T]. Arguing as before, we get, for T € [Ty, (2Tp) A T,

le™x1 — x2) |k + e (0, x1) — vV (0, x)11x + vV (7, X)) — vV (z, X2) |

1
< Crlx1 — xalg + §|Xi - X2k
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and

2
K

T
]E‘/ TIAVE LD (s, X1y — vOu D (s, X2)] dW
0

T
< Cr sup ||B(z,->||%a<H,U)/ E|X{ — X?|§ds
1€[0,T] b 0

To T
=Cr sup ||B(, .)||2C5(H,U)(/ E|x! —x§|§(ds+/ E|x! —xf@ds)
t€l0,7T] 0 Ty

T
< Cr sup ||B(z,->||%g(H,U)(cTTo |x1—xz|%<+/ E|X{ — X][%ds).
t€[0,T] To

We have obtained, for T € [Ty, (2Ty) A T,

T
EiX! — X272 < Chim — 0% + C’TfT EIX! — X?ds.
0

By the Gronwall lemma we find
SUp, i1 2ynt] EIXT' — X221% < crlxi — xal%.
Proceeding in this way, in finite steps, we get (4.25). O

Remark 4.8 Using a localization argument as in [10], the boundeness of B in (1.7)
could be dispensed. In particular, one can prove strong well-posedness of (1.1), for
any x € H,under Hypothesis 1 and assuming that B : [0, T] x H — U is continuous
on [0, T] x H and growths at most linearly, uniformly in ¢ € [0, T']; moreover, one
requires that for any ball § C H the function B(t, -) : S — U is «-Holder continuous,
for some « > 2/3, uniformly in ¢ € [0, T'] (cf. (4.4)).

A Appendix: The Deterministic Linear Control Systemin K and in H

In this appendix we prove in particular that (3.13) and (3.14) hold true.
We first consider the linear deterministic control system on K = Z(A/?) x U =
V x U associated to the wave equation

{w(r) =Aw () + Gu (1), (A.1)
w0 =hek,

where G is defined in (2.4). Here A = A is the generator of the wave semigroup in

K. As in Sect.2 we denote by A also the extension of Ag defined in (2.3) (i.e., the
generator of the wave semigroup in H). Let ¢ > 0 and consider Q; : K — K:

t
A t-A(0 0\ _5ax
0O; —/0 e (0 I )e ds

U
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t
and define the operator .%, Lu = / e"IAGu(s) ds, acting from L2(0,1; U)
0
with values in K C H (see Appendix in [25] for more details). We know that

0,*(K) = Im% = Z(L*0,1; U)) (A2)

(see, for instance, page 253 in [33] and [7]). This operator is different from the operator
Q; : H — H considered in (2.7).

It is known that the controlled abstract wave equation (A.1) is exactly controllable
in K (see [11] or page 367 in [3]). Hence étl/z(l{) = Im% = K. In particular
the control system is null controllable in K (i.e., for any 4 € K, t > 0, there exists
a control function u : [0,¢] — U such that the corresponding solution w verifies
w(t) = 0).

By Theorem 15.3 in [33] it follows that the minimal energy to steer % to O in time
t is given by

& (t,h) =10, |k, hek. (A.3)

We are interested in the behaviour of | éz_ 1/ 2e”“l1| x ast — 07 (for related results we
refer to [29] and [2]). In [25, Theorem A.1] it is proved that

Theorem A.1 Let Ty > 0. (i) There exists a positive constant Ct, > 0 such that, for
any v € V, we have

C
\ 12 “( )) <l 0, 1), (A4)
K T2

(ii) There exists C > O such that, for any a € U, setting Ga = (2)

Claly
1 k

T2

~—1/2 TA
1074 Galg <

T >0. (A.5)

The previous estimates imply that there exists Ct, > 0 such that
1
107" Lk k) < Cr, T2, T € (0, Tol. (A.6)

Proof We only give a sketch of proof (see [25] for more details). In the proof we will
also use the operator A defined in (2.3).
(i)Letv e Vand T > 0. We consider f(r) = t>(T —t)? and

T —1
¢(l)=f(l)'</0 f(S)dS> , t€[0,T]
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Note that ¢(0) = ¢(T), fOT ¢(s)ds = 1 and there exists C > 0 (independent of
T > 0) such that [¢p(1)| < & and |¢'(1)| < 5.t € [0, T). Lety : [0, T] — K,

= T2°

Y1) & (1) cos(v/Ar)v

_ _ tA;,
VO = (o)) = —#0 € = (—qb(t)\/Xsin(\/Xt)v)’ rel0.71

Using also the derivative v/ we introduce the control
u(t) = o) + () €U, t€[0,T]. (A7)

v
0

compute the energy of the control u, i.e., fOT |u(s)|%]ds, finding that fOT |u(s)|%]dt

gy vl
T3

One can show, integrating by parts, that it transfers k& = ( ) to O at time 7. One

<

, where c, is independent of 7" and v. We finally obtain

~ T 12 Cry v
-1/2 TA 2 To IVIV
Q7 "¢ Tklg = / lu(s)lyds <———— T €(0,Tpl
T ( 0 v ) ,/T3
(i) Letus fix T > 0,k = <2> = Ga with a € U. Consider ¢ (¢) as before. Let

(O _ oy ($O=sin/ADa
w(t)_(t//z(t))_ o etk = ( ¢ (1) cos(v/A t)a ) rel0 Tl

Using also the derivative v/ we introduce as in the first part of the proof the control
u(t) =va(t) + Wi(t) e U, t € [0, T]. It transfers k to O at time T. Moreover,

~ r 12 Clal
—1/2 TA 2 u

Q7 '"e" “Galg < (/ u(s)] ds) < ., T>0.
T 0 v VT

O

In the following we consider the previous control system (A.1) in H, i.e., we take
the initial condition 2 € H. The control function u still belongs to L? (0, 00; U) with

loc
G:U —> K C H.Lett > 0. We still have
H) = Im, = Z(L0, 1, U) = K, (A8)

where %} is the same operator considered in (A.2) but we use Q, : H — H,

b 00 ) A*
Qt:/() ol s)A(O A—1>€(t NA* 4.
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instead of é, considered before. It follows that Q,l / 2(H ) = K. Moreover, for any
k € K we define &¢ (¢, k) as we have done for the control system in K. By Theorem
15.3in [33] and (A.8) we infer that

Ec (k) =10, kg, keK,t>0. (A.9)

By (A.3) we get |0, e 4kl = |0, ?e!Ak|y, k € K, t > 0. Thus Q; /%' €
L(K, H) and, applying (A.6) and (A.5) for any T > 0, there exists ¢ = ¢y > 0 such

that for any ¢ € (0, T'], (3.13) and (3.14) hold true.
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