TIME DECAY OF SCALING CRITICAL ELECTROMAGNETIC
SCHRODINGER FLOWS
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ABSTRACT. We obtain a representation formula for solutions to Schrédinger
equations with a class of homogeneous, scaling-critical electromagnetic poten-
tials. As a consequence, we prove the sharp L' — L time decay estimate for
the 3D-inverse square and the 2D-Aharonov-Bohm potentials.

1. INTRODUCTION AND STATEMENTS OF THE RESULTS

This work is concerned with the dispersive property of the following class of
Schrodinger equations with singular homogeneous electromagnetic potentials

(1.1) 1y = (—iV + A(li)> u+ a(%‘) u;

] [z ?

here u = u(x,t) : RVt — C, N > 2, a € L®(SV~1 R), S¥~1 denotes the
unit (N — 1)-dimensional sphere, and A € C1(SV~1 RY) satisfies the following
transversality condition

(1.2) A@B)-6=0 forall§ec SNt
We always denote by r := |z|, = z/|x|, so that = r6.

Equation (1.1) describes the dynamics of a (non relativistic) particle under the
action of a fixed external electromagnetic field (E, B) given by

S )
Az/lz])

where B is the differential of the linear 1-form associated to the vector field 2l
In dimension N = 3, due to the identification between 1-forms and 2-forms, the
magnetic field B is in fact determined by the vector field curl w, in the sense

|
that

B(z)v = curl (W) X v, N =3,

for any vector v € R3, the cross staying for the usual vectorial product.
Under the transversality condition (1.2), the hamiltonian

(1.3) Laq:= (—iV + A(i)> n a(fa7)

’ || |z[?
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formally acts on functions f : RY — C as

LA fifquL |A(ﬁ)|2+a(ﬁ)—idiv§v_1 A(l%) A(ﬁ)
=t 2]

where divgy-1 A denotes the Riemannian divergence of A on the unit sphere
endowed with the standard metric.

The free Schrodinger equation, i.e. (1.1) with A = 0 and a = 0, can be somehow
considered as the canonical example of dispersive equation. The unique solution
u € C(R; L?(RY)) of the Cauchy problem

(1.4) {z’ut =—Au
’ u(z,0) = f(z) € L*(RY)

can be explicitly written as follows:

2 2
(15)  ulet) = f@) = el / e A f(y)dy.
(4mit)= RN
This shows that, up to scalings and modulations, u is the Fourier transform of the
initial datum f. Formula (1.5) contains most of the relevant informations about the
dispersion which arises along the evolution of the Schrodinger flow. In dimension
N =1, the evolution of an initial wave packet of the form

vfa

F—2i

SN—l

. 22
fr(x)=eTe™ 7, KeN,

gives an important description of the phenomenon. Inserting f = fx in (1.5) gives
in turn the solution

1 22

e D

Vit +1
This shows that each wave travels with a speed which is proportional to the fre-
quency K, and describes both the phenomenon and the terminology of dispersion.

The above property can be quantified in terms of a priori estimates for solutions

o (1.4). A first consequence of (1.5) is the time decay

2
ug(z,t) = e*KTuo(z —iK,2t);  wo(z,t) =

Q

, 1 1

(1.6) e 2 )] L < m“fﬂmu p=2; » + i 1,

for some C' = C(p, N) > 0 independent on ¢ and f. In the cases p = 0o, p = 2, (1.6)
can be easily obtained by (1.5) and Plancherel; the rest of the range 2 < p < oo
follows by Riesz-Thorin interpolation. These inequalities play a fundamental role in
many different fields, including scattering theory, harmonic analysis and nonlinear
analysis. In particular, they standardly imply the following Strichartz estimates

) 2 1o < Cl L2,

for some C' > 0, where LYL4 := LP(R; LY(R")) and the couple (p, q) satisfies the
scaling condition

2 N N

1.8 2y , > 2, g, N) # (2,00,2).
(1.8) PR P (p,q,N) # ( )

The first result in this style has been obtained by Segal in [46] for the wave equation;
then it was generalized by Strichartz in [49] in connection with the Restriction
Theorem by Tomas in [50]. Later, Ginibre and Velo introduced in [23] (see also
[24]) a different point of view which was extensively used by Yajima in [54] to prove
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a large amount of inequalities for the linear Schrodinger equation. Finally, Keel and
Tao in [33] completed the picture of estimates (1.7), proving the difficult endpoint
estimate p = 2, via bilinear techniques, for an abstract propagator verifying a time
decay estimate in the spirit of (1.6).

Time decay and Strichartz estimates turn out to be a fundamental tool in the
nonlinear applications, and consequently a large literature has been devoted, in the
last years, to obtain them in more general situations, as for example perturbations of
the Schrodinger equation with linear lower order terms, as in (1.1). In particular,
since less regular terms usually arise in the physically relevant models, a deep
effort has been spent in order to overcome the difficulty deriving from the fact
that the Fourier transform does not fit well with differential operators with rough
coefficients. Among these, electromagnetic Schrédinger hamiltonians have been
object of study in several papers.

An electromagnetic Schrédinger equation has the form

(1.9) iug = (—iV + A(z))*u + V(z)u,

where u = u(x,t) : RNt - C, A: RY — RV and V : RY — R. Homogeneous
potentials like

1 1

represent a threshold for the validity of estimates (1.6) and (1.7), as shown by
Goldberg, Vega and Visciglia in [26], when A = 0 and later generalized by Fanelli
and Garcfa in [18] for A # 0 (actually, the authors in [18, 26] disprove Strichartz
estimates, and a byproduct of this fact is the failure of the usual time decay es-
timates). Notice that, for potentials as the ones in (1.10), equation (1.9) remains
invariant under the usual scaling uy(z,t) = u(x/X,t/A?), A > 0, and this is why
we refer to it as the scaling-critical situation. We also recall that equation (1.9) is
gauge invariant, namely if u is a solution to (1.9), then v = e**(®)y solves the same
equation, with A replaced by A + V¢ and the same magnetic field B.

In the purely electric case A = 0, several authors studied the time dispersion
when the potential V' is close to the scaling invariant case (1.10) (see [3, 4, 5, 15, 22,
25, 29, 30, 40, 43] and the references therein, both for Schrédinger and wave equa-
tions, and also the useful survey [45]). A typical perturbative approach consists in
writing the action of the flow e?*(2~V) via spectral theorem, and then reducing mat-
ters of proving the desired estimate to perform a suitable analysis of the resolvent
of —A + V, in the Agmon-Hérmander style. We refer to the results by Goldberg-
Schlag [25] and Rodnianski-Schlag [43], in which also time dependent potentials
are treated, as standard examples of this technique for Schrédinger equations; in
these papers, time decay estimates are obtained under integrability conditions on
V which are close to the scaling invariant case (1.10), but do not include the critical
behavior 1/|z|?, due to the perturbation character of the strategy. Another possible
approach consists in studying the mapping properties of the wave operators in L?,
and obtaining the time decay for the perturbed flow e®*(2~V) as a consequence of
(1.6), via interwining properties. This point of view was introduced by Yajima in
[55, 56, 57] and then followed by different authors (see e.g. [11, 52, 53]). Since it
leads to a much stronger result, the integrability conditions which are needed for the
potential V' are usually far from being optimal in the sense of (1.10). The unique
situation in which, at our knowledge, the LP-boundedness of the wave operators is
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proved under almost sharp assumptions on V is the 1D-case, as it has been proven
in [11]. About Strichartz estimates for e (A=V) the situation is quite clear, thanks
to the results obtained by Burq, Planchon, Stalker and Tahvildar-Zadeh in [7, 8];
the authors can prove a suitable Morawetz-type estimate for the perturbed resol-
vent, by multiplier techniques, which implies, together with its free countepart and
free Strichartz, the Strichartz estimates for a class of potentials V' which includes
the ones which are critical in the sense of (1.10).

The situation in the electromagnetic case A # 0,V # 0 is quite more complicated
and weaker results are available. Some additional difficulties, performing the above
mentioned approach, come into play, due to the introduction of a first order term
in the equation, which makes more complicate the analysis of the resolvent (see e.g.
[12]). On the other hand, some results are available, both for estimates like (1.6)
and (1.7), under suitable conditions on the potentials in (1.9), which as far as we
know never permit to recover the critical cases as in (1.10) (see e.g. [9, 10, 16, 17,
12, 13, 14, 21, 38, 42, 47, 48] and the references therein).

In view of the above considerations, it should be quite interesting to produce
a tool which might permit to prove the decay estimates (1.6) for equation (1.1),
in which the potentials are scaling-critical. The main goal of this manuscript is
to give an explicit representation formula for solutions to (1.1), which is in fact
a generalization of (1.5). In the approach we follow in the sequel, the critical
homogeneities and the transversality condition (1.2) play a fundamental role. We
are now ready to prepare the setting of our main results.

A key role in the representation formula we are going to derive in section 4 is
played by the spectrum of the angular component of the operator L4 , on the unit
(N — 1)-dimensional sphere S¥~1, i.e. of the operator

(1.11) Laa=(—iVeva +A) +a(0)
= _ASN—l =+ (|AA|2 + CL(G) —1 diVSN—l A) —21A - VSN—l.

By classical spectral theory, La , admits a diverging sequence of real eigenvalues
with finite multiplicity 11 (A, a) < pa(A,a) < -+ < pp(A,a) < -- -, see [19, Lemma
A.5]. To each k € N, k > 1, we associate a L?(SV~!, C)-normalized eigenfunction
Y of the operator La , on S¥~! corresponding to the k-th eigenvalue ui(A,a),
i.e. satisfying

(1.12) {LAM — (A, 0) U (0), SV,

Jon1 [u(0)? dS(0) = 1.

In the enumeration p1(A,a) < p2(A,a) < -+ < up(A,a) < --- we repeat each
eigenvalue as many times as its multiplicity; thus exactly one eigenfunction
corresponds to each index k € N. We can choose the functions vy, in such a way
that they form an orthonormal basis of L2(SV !, C). We also introduce the numbers

(1.13) ay := ¥ ~ \/<NQQ>2 + (A, a), By = \/<NQ2>2 + (A, a),

so that g = % — ay, for k = 1,2,..., which will come into play in the sequel.

Notice that a; > as > ag3....
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Under the condition

(1.14) (A, a) > — (N2_2)2

the quadratic form associated to La , is positive definite (see Section 2 below
and the paper [19]), thus implying that the hamiltonian L4 , is a symmetric
semi-bounded operator on L?(R™;C) which then admits a self-adjoint extension
(Friedrichs extension) with the natural form domain. As a consequence, under
assumption (1.14) the unitary flow e?*“4a.e is well defined on the domain of La ,
by Spectral Theorem; therefore, for every uy € L?(R¥Y;C), there exists a unique
solution u(-,t) := et£aayy € C(R; L2(RY)) to (1.1) with u(z,0) = ug(x).

Remark 1.1. We notice that
u(-, —s) = e~ 1A ay ) = eisL-Aat;

henceforth, for the sake of simplify and without loss of generality, in the sequel we
consider u = u(z,t) : RN x [0, +00) — C.

The main theorem of the present paper provides a representation formula for
such solution in terms of the following kernel

(1.15) K(w,y) =Y i s (l2llyDve (&) r (),

k=1

. _N-2
Ju(r)=r="2 Ju+¥(7‘

where g, By are defined in (1.13) and, for every v € R,
)

with J, denoting the Bessel function of the first kind

10=(5) ¥ roermri o (3)

k=0

The following lemma provides uniform convergence on compacts of the queue of
the series in (1.15).

Lemma 1.2. Leta € L®°(SY~1 R), A € CY(SV=1,RY) such that (1.2) and (1.14)
hold. Then there exists kg > 1 such that the series

>2 i (allyln () o ()

k=ko+1

is uniformly convergent on compacts and

ko
K(z,y) = > i "o (llyDvr (1) r () € Lis(R*N,C).
k=1

We can now state the main result of this paper.

Theorem 1.3 (Representation formula). Leta € L= (SVN~1 R), A € C1(SVN~1,RY)
such that (1.2) and (1.14) hold. Let Laq as in (1.3) and K as in (1.15). If
ug € L2(RN) and u(z,t) = e**aauy(z), then, for allt >0,

ilx|?

lyl?

_ € M L Y e U
(1.16) u(x,t) = N /RN K(\/Tt’ \/27)6 o(y) dy.
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Remark 1.4. The integral at the right hand side of (1.16) is understood in the
sense the improper multiple integrals, i.e.

ilx)?

where Br := {y € ]RN syl < R}.

Remark 1.5. Formula (1.16) is in fact a generalization of (1.5). Indeed, in the
free case, i.e. A =0 and a =0, the operator La , reduces to the Laplace Beltrami
operator —Agn-1, whose eigenvalues are given by

AM=(N-24+0¢ ¢=0,1,2,...,

having the ¢-th eigenvalue Ay multiplicity
(N=3+0OI(N+2(—-2)

(N —2)! ’
and whose eigenfunctions coincide with the usual spherical harmonics. For every
0> 0,1let {Yom}m=12. m, beaL*(SNV~1 CN)-orthonormal basis of the eigenspace
of —Agn-1 associated to A\, with Yy ,,, being spherical harmonics of degree ¢. Hence
we have that

if k=1, then 41(0,0) =X g =0, a3 =0, B =2,

my =

/J/k:(oao) :/\Z
if k> 1 and Zn oMn < k < Zn oMn, then ¢ ap = —£ ’
Br =241

{Vr}e=1,2,.. —{Yem}é 1,2,..

=1, 2 ..... my
The Jacobi-Anger expansion for plane waves combined with the Addition Theo-
rem for spherical harmonics (see for example [28, formula (4.8.3), p. 116] and [6,
Corollary 1]) yields

el (27T)N/2 (|=|ly]) Zz N2 D ( Z Yem }W)

for all z, € RV, Then in the free case A =0, a = 0, we have that
e—ix~y
K ,Y) = —2
w0)= g
which, together with (1.16) and taking into account that if ¢ = —s, s > 0, then
u(-, —s) = e(=2)yg, gives in turn (1.5).

Remark 1.6. We remark that, for every y € RY fixed, the function K (-,%) formally
solves the equation

LaoK(y) =y*E(,y),
as one can easily check; in fact this fits with the free case, in which K is the plane
wave e ~**'Y up to constants.

Formula (1.16) is not present in the literature, at our knowledge; moreover, as
far as we understand, it should provide a fundamental tool for several different
applications. A first immediate consequence of the representation formula (1.16) is
the following corollary.
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Corollary 1.7 (Time decay). Let a € L®(S¥N~1 R), A € C'(SV—1,RY) such that
(1.2) and (1.14) hold, and La 4 as in (1.3). If

(1.17) sup |K(z,y)| < +o0,
z,y€RN
with K as in (1.15), then the following estimate holds
) C 1 1
1.18 elthna f(. < —F ;o pE2, 400, -+ —==1,
19 [0 < s pelitodd

for some C' = C(A,a,p) > 0 which does not depend on t and f.

Proof. The proof is quite immediate. Formula (1.16), (1.17), and Remark 1.1 au-
tomatically yield (1.18) in the case p = co. The rest of the range p > 2 in (1.18)
then follows by interpolation with the L? conservation. [

Remark 1.8. Once the matters to prove a time decay estimate are reduced to the
study of the kernel K in (1.15), the behavior of the spherical Bessel functions j_,
comes into play. The crucial fact to notice is that condition (1.17) is strictly related
to the requirement o < 0 which in other words, by (1.13) means p;(A4,a) > 0.
It is easy to verify that (1.17) implies that u1(A,a) > 0, while arguing as in the
proof of Lemma 1.2 we can easily check that pi(A,a) > 0 implies that K is locally
bounded.

We are strongly motivated by the examples in the sequel to conjecture that in
fact conditions (1.17) and p;(A,a) > 0 are equivalent.

We now pass to give a couple of relevant examples in which the abstract assump-
tion (1.17) can be checked by hands, and the optimal time decay can be obtained
by working directly on the representation formula (1.16).

1.1. Application 1: Aharonov-Bohm field. We start with a 2D example of
purely magnetic field, which is given by potentials associated to thin solenoids: if
the radius of the solenoid tends to zero while the flux through it remains constant,
then the particle is subject to a d-type magnetic field, which is called Aharonov-
Bohm field. A vector potential associated to the Aharonov-Bohm magnetic field in
R? has the form

X9 X1

(1.19) Ay, 29) = a( — W7 |~T|2)7 (r1,22) € R?,

with « € R representing the circulation of A around the solenoid. Notice that the
potential in (1.19) is singular at = 0, homogeneous of degree —1 and satisfies the
transversality condition (1.2).

This situation corresponds to problem (1.1) with

N =2, A(f) = A(cost,sint) = a(—sint,cost), a(f) =0,
so that equation (1.1) takes the form

2
. . T2 T1
(1.20) uy = (—zV+a( — x|2’|x|2>) u,

with = (71, 22) € R2. In this case, an explicit calculation yields

{1x(A,0) : k € N\ {0}} = {(a —j)*: j € Z},
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(see e.g. [34] for details), and in particular
11 (A, 0) = (dist(e, Z))* > 0.

If dist(«, Z) # %, then all the eigenvalues are simple and the eigenspace associated
to the eigenvalue (o — j)? is generated by t(cost,sint) = e~¥t. If dist(a, Z) = %,
then all the eigenvalues have multiplicity 2. The following result is an interesting
consequence of Theorem 1.3.

Theorem 1.9 (Time decay for Aharonov-Bohm). Let N =2, a € R, and define

2
N _ T2 T1
Lo "( ’V”( |x|2’|m|2>)'

Then the following estimate holds

i c 1 1
1.21 Lo fOl, € ——flls PE[2 400, —+==1,
) SOl < Wl peRl S

for some constant C = C(«, p) > 0 which does not depend on t and f.

Remark 1.10. Since curl A(z) = 0 if  # 0, the action of the magnetic field
in the Aharonov-Bohm case is concentrated at the origin. However the poten-
tial A cannot be eliminated by gauge transformations; this is in fact the peculiar
property of Aharonov-Bohm fields, which indeed describe an interesting difference
between the classical and quantum version of the electromagnetic theory. Due to
the above remark, estimates (1.21) are not trivial, as far as we understand, and at
our knowledge they are not known. We finally stress that the algebraic structure
of Aharonov-Bohm potentials is exactly the one which has been used in [18] in
order to disprove the dispersion (in that case Strichartz inequalities) in the case of
magnetic field which decay less than |x|~! at infinity, in dimension N > 3. In 2D,
counterexamples as the ones in [18] are missing, and it is still unclear what might
happen for potentials with less decay than the one in (1.20).

1.2. Application 2: The inverse square potential. We also present an ap-
plication of formula (1.16) in the case of perturbation of the Laplace operator in
dimension N = 3 with an inverse square electric potential; more precisely, we con-
sider problem (1.1) with A = 0 and a(f) = a = constant, so that the hamiltonian
(1.3) takes the form

(1.22) L, = —A+%, in R,
X

and condition (1.14) reads as a > —i. Since in this case the angular eigenvalue
problem (1.11) becomes

(1.23) { — Aty = (ux(0,a) — @)y, in S,
¥kllL2@s2) =1,
we have that {1} }72, are the well known spherical harmonics and
pk(0,a) = a+ pi(0,0) .

As in Remark 1.5, for every ¢ > 0, let {Yo,m}tm=12, . 2041 be a L2(SVN=1 CN)-
orthonormal basis for the eigenspace of —Ag2 associated to the /-th eigenvalue
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Ao = €l + 1) of —Ag> (which has multiplicity m; = 2¢ + 1), with Yz, being
spherical harmonics of degree /. Hence we have that

it
pr(0,0) =a+ Ll +1) =
ar=1-1/(t+1)+a

(1.24) if k=1, then p1(0,a) =a, a3 =

N[

(1.25)  ifk>1and ¢ <k < (£+ 1), then {

Notice that a; < 0 if and only if @ > 0. We define the well known zonal functions

20+1
(1.26) Z30) =3 Yem(0)Yem(@), 0,0 €S* £=0,1,2,....

The study of the kernel in (1.15), which can be rewritten as

(1.27) Zz VIERTER e (el 22 (),

permits to prove the followmg result.
Theorem 1.11 (Time decay for inverse square potentials). Let N = 3, a > f%,
and define L, by (1.22).
i) If a > 0, then the followmg estimates hold
, 1 1
1.28 ethaf L < fll oy peE2+00], =+ —==1,
029 eSOl € Wl peRoteel L
for some constant C' = C(a,p) > 0 which does not depend on t and f.
ii) If—i <a<0,let oy asin (1.24), and define

1/p
fulls = [ 0+ el @l ) 31
Then the following estimates hold
C(1 + [t]or)' =+ 11
QO iy 22 22—,
P |t|3(§—5) p D

for some constant C = C(a,p) > 0 which does not depend on t and f.

(1.29) [l £ ()]

Remark 1.12. As far as we know, the best dispersive results concerning this
kind of operators are about Strichartz estimates, and have been obtained by Burq,
Planchon, Stalker and Tahvildar-Zadeh in [7, 8]. As a fact, estimates (1.28) imply
the ones obtained in [7], by the standard Ginibre-Velo and Keel-Tao techniques in
[23, 33]. On the other hand, in [8] the authors can treat more general potentials
with critical decay, including e.g. the cases in which a = a(z/|z]) is a 0-degree
homogeneous function; in addition, we think that the restriction NV = 3 in Theorem
1.11 is not in fact a relevant obstruction. We are motivated to claim that a deeper
analysis of formula (1.16) should permit to prove the analog to Theorem 1.11 in the
more general case a = a(x/|z|), but this will not be treated in the present paper.
Moreover, notice that a; > 0, in the range —i < a <0, see (1.24), so that the
decay in (1.29) is weaker than the usual one. We find it an interesting phenomenon,
since on the other hand the usual Strichartz estimates are still true in this range, as
proved in [7]. Estimates (1.29) are presumably sharp and, at our knowledge, new.
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The rest of the paper is organized as follows. In Section 2, we describe the
functional setting in which we work, in order to prepare the proof of the main result,
Theorem 1.3; Section 3 is then devoted to the study of the spectral properties of
a magnetic harmonic oscillator with inverse square potential, denoted by Ta 4 (see
formula (2.11)), which comes into play when a suitable ansatz (formula (2.9)) is
stated; finally, Section 4 is devoted to the proof of Theorem 1.3, while in the last
Sections 5 and 6 we prove the applications, Theorems 1.9 and 1.11.

2. FUNCTIONAL SETTING

Let us define the following Hilbert spaces:
e the space H as the completion of C2° (R \ {0}, C) with respect to the norm

ol = ( [, (906 + (1o + 1) ot dx)m;

e the space H as the completion of C2°(RY,C) with respect to the norm

Il = ( / (Ive@)? + (122 + 1) é(x)2) dx)l/z;

e the space Ha as the completion of C°(RY \ {0}, C) with respect to the
norm

1ll3a = (/RN (\vA¢(x)\2 + (|=* + 1)\¢(x)|2) dz>1/2

with Vag = Vo + i 20l g

||

From the above definition, it follows immediately that
(2.1) ‘H — H with continuous embedding.

A further comparison between the above defined spaces can be derived from the
well known diamagnetic inequality (see e.g. [36])

(2.2) V16l(a)] < \wx) T ACD yo

N >2,
|7

)

which holds for a.e. € RV and for all ¢ € C2(RN \ {0},C), and the classical
Hardy inequality (see e.g. [20, 27])

(2.3 [ wewpas (Y72 [ PP,

which holds for all ¢ € C°(RY,C) and N > 3. We notice that the presence of a
vector potential satisfying a suitable non-degeneracy condition allows to recover a
Hardy inequality even for N = 2. Indeed, if N =2, (1.2) holds, and

1 2

(24) ®a: a(t)dt € Z, where a(t) := A(cost,sint) - (—sint, cost),

:% )

then functions in C°(RY \ {0}, C) satisfy the following Hardy inequality

25 (pylk-on)’ [ MREa < [ AGe)  F

Vu(z) +i ———=u(x)| dx
being (mingez |k — <I>A|)2 the best constant, as proved in [34].

]
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Combining (2.3), (2.2), and (2.5), it is easy to verify that if N > 3, then H =
H = Ha, being the norms || - ||z, || - ||» and || - ||%, equivalent. If N = 2 then
‘H ¢ H; on the other hand, if N =2 and (1.2), (2.4) hold, from (2.2) and (2.5) we
deduce that H = Ha, being the norms || - ||, || - % equivalent.

From (2.1) and [32, Proposition 6.1], we also deduce that

(2.6) H is compactly embedded into LP(R™Y)

for all
* 2N : >
9<p< 2 o, fNZ>=3
400, if N =2.
The quadratic form Q) , associated to L4 4, i.e.

(2.7) Qa.q: DI?*RYN,C) = R,

@nal)= [ [1vastol - D i) a

with DL?(RY,C) being the completion of C2°(RN \ {0},C) with respect to the

norm /
2 1/2
ol ey o= ([, (17 + 45 ) ar)

is positive definite if and only if (1.14) holds, see [19, Lemma 2.2]. In particular,
assumption (1.14) ensures that the operator L4 , is semibounded from below, self-
adjoint on L? with the natural form domain, and that there exists some constant
C(N, A, a) > 0 such that

29 [ [vaowl - T s + L o] e > cov .o,

for all ¢ € H (see [19]).

Up to a pseudo conformal change of variable, see [32], equation (1.1) can be
rewritten in terms of a quantum harmonic oscillator with the singular electromag-
netic potential, as stated in the following lemma.

Lemma 2.1. Let (1.14) hold and u € C(R; L2(RY)) be a solution to (1.1). Then

(2.9) o(x,t) = (1+ F)%u(mx’t)eﬂ'tﬁ

satisfies
p e C(R;L*(RY)),  ¢(x,0) = u(z,0),
o, Ollpz@ny = lu, Bl 2@y for all t € R,
and
dp 1 1, 5
2.1 =2 = - .
(2.10) % 000) = g (Laaele. )+ HlaPolan))

A representation formula for solutions u to (1.1) can be found by expanding the
transformed solution ¢ to (2.10) in Fourier series with respect to an orthonormal
basis of L2(R™) consisting of eigenfunctions of the following quantum harmonic
oscillator operator perturbed with singular homogeneous electromagnetic potentials

1
(2.11) Tao:H—HS Tao=Laa+ Z|:c|2
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acting as

(2.12) 3+ (Ta,av, w)x

a(gr) |z|2

= [ (Vavte) Tl - TE ety + ot ) o

4

for all v,w € H, where H* denotes the dual space of H and #« (-, )% is the corre-
sponding duality product.

3. THE SPECTRUM OF T} ,

From (2.6), (2.8), and classical spectral theory, we can easily deduce the following
abstract description of the spectrum of T'a 4.

Lemma 3.1. Let A € C*(SY"1,RY) and a € L>®(SN™1) such that (1.14) holds.
Then the spectrum of the operator Ta , defined in (2.11-2.12) consists of a diverg-
ing sequence of real eigenvalues with finite multiplicity. Moreover, there exists an
orthonormal basis of L>(RY) whose elements belong to H and are eigenfunctions

Of TA,a-

The following proposition gives a complete description of the spectrum of the
operator Tp 4.

Proposition 3.2. The set of the eigenvalues of the operator Ta o is
{’ym,k tk,meN k> 1}
where

N N -2 N -2V
(31) ’Ym,k:2m_ak+5a Oék:2—\/<2> +,u'k(Ava)7

and pi (A, a) is the k-th eigenvalue of the operator La , on the sphere SN=1. Each
eigenvalue vy i has finite multiplicity equal to

i N
#{jeN,j)lzvm’kwLa"—eN}

2 2 4
and a basis of the corresponding eigenspace is
. . N
Vn,j:janENaJ>1a7m,k:2n_aj+? )
where
Ca, _l=? x|? T
(3.2) Vni(z) = [z[~%e™ 1 Pj,n(u)%(*)
2 |z|
- is an eigenfunction of the operator La o on the sphere SY—1 associated to the
¥; genf f P : P
J-th eigenvalue 11;(A, a) as in (1.12), and Pj,, is the polynomial of degree n given
by
n .
(=n)i ¢’
Pint) =) x— =
i=0 (7 _O‘j)z‘ i!
denoting as (s);, for all s € R, the Pochhammer’s symbol (s); = H;;E(S +7),
(S)Q =1.
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Proof. Assume that 7 is an eigenvalue of Ts , and g € H \ {0} is a corresponding
eigenfunction, so that

A(2)Y a(t |2
(33 (—iv+ f;]”')> o) + |(x'2)g<x>+'49<x> = 7g()

in a weak H-sense. From classical elliptic regularity theory, g € CL* (RN \ {0}, C).
Hence g can be expanded as

g(@) = g(r0) =Y ¢r(r)e(0) in LSV,
k=1
where r = |z| € (0,+0), § = z/|z| € SV, and

ontr) = [ a0 aso)

Equations (1.12) and (3.3) imply that, for every k,
N -1 r?
(34) d);cl + Tﬂﬁ;c + (’7 - % - 4) ¢r =0 in (0, +OO)

Since g € H, we have that

(3.5) 50 > /RN P (x) de = /Om(/gm 7(r) dsw))?ﬂ—l dr

2/ TN71¢i(T)dT
0
and
9*(x) * N3 2
(3.6) oo>/ 5 dx}/ Y gy (r) dr.
Ry |7 0

a

For all k =1,2,... and t > 0, we define wg(t) = (2t) % e2 ¢y (v/2t), with ay, as in
(3.1). From (3.4), wy, satisfies

w0+ (5 - =t) k0 - (F -5 -3 ) m@=0 i 0.40)

Therefore, wy, is a solution of the well known Kummer Confluent Hypergeometric
Equation (see [2] and [37]). Then there exist Ay, By € R such that

N «a, v N N ap v N

o 5 9 o 7t B (7_7_777_ 7t)7 t ) .
42220"“>+’°U42220"“ € (0, +o0)
Here M(c,b,t) and, respectively, U(c, b, t) denote the Kummer function (or conflu-
ent hypergeometric function) and, respectively, the Tricomi function (or confluent
hypergeometric function of the second kind); M (c, b, t) and U (¢, b, t) are two linearly
independent solutions to the Kummer Confluent Hypergeometric Equation

wi(t) = AkM(

tw” (t) + (b — t)w'(t) — cw(t) =0, t € (0,+00).

Since (§ — ax) > 1, from the well-known asymptotics of U at 0 (see e.g. [2]), we

have that

N N
U(Z — % — %, 5~ ozk,t) ~ constt!T T T ag ¢ — 0,
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for some const # 0 depending only on N,~, and «j. On the other hand, M is the
sum of the series -
M(e,bt) =Y (O £

We notice that M has a finite limit at 0%, while its behavior at co is singular and
depends on the value —c = —%—i—%—i—%. If—%—l—%—i—% =meN=/{0,1,2,---},

then M(% -5 =1, % — ozk,t) is a polynomial of degree m in ¢, which we will

denote as Py m, i.e.,

o (=m), 7
Pkm(t):M(—m,ﬂ—ak,t) = —_—— —.
2 2 ), o
If (f % + %5+ %) ¢ N, then from the well-known asymptotics of M at co (see e.g.
[2]) we have that
N N @l od
M(Z — % — %, 5 ak,t) ~constelt"TTF T ast 400,
for some const # 0 depending only on N,~, and «y.
Now, let us fix k € N, k£ > 1. From the above description, we have that

wy(t) ~ const Bpt' "2t ast— 0t

for some const # 0, and hence

r? r2
¢k(’l‘) = T_ake_T’wk(?) ~ const Bkr_(N_2)+o‘k as r — 0-0-,

for some const # 0. Therefore, condition (3.6) can be satisfied only for By, = 0. If
%—F%—%&’N,then

wy(t) ~ const Ape't
for some const # 0, and hence

"‘2 2
Op(r) =r e Twy (%) ~ const Akr_%_“*eﬂ/4 as r — +00,
for some const # 0. Therefore, condition (3.5) can be satisfied only for Ay = 0. If
7‘2
a4+ 1S —meN, then r‘ake_TPk,m(%z) solves (3.4); moreover the function
PV 1 || x
e =1 ()
#(@) = bl P (S (5
belongs to H, thus providing an eigenfunction of L. (I
Remark 3.3. If a(f) =0, A = 0, the spectrum of Lg ¢ is described in Remark 1.5,
so that the spectrum of Ty ¢ is % +N. Hence, in this case we recover the eigenvalues
of the Harmonic oscillator operator —A + % (see e.g. [32]).
Remark 3.4. It is easy to verify that
if (my,k1) # (ma, ko) then Vi, &, and V,,, 1, are orthogonal in L?(RY).
By Lemma 3.1, it follows that
- i
{V,W»:n’j :j,nEN,jZI}
Vol 2 )

is an orthonormal basis of L?(RY).
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Remark 3.5. Denoting by L% (¢) the generalized Laguerre polynomials

m

o= ()L

n=0

and B = \/(%)2 + pi(A, a) so that v = 2m + Bk + 1, we can write
|z[? Yk | Pe 1 |z[? m+ B\ |z[?
P () = a2ty B Ly Y e (B8,
s ( 2 3 T Tyl thes m m\"2
From the well known orthogonality relation
o r 1
/ Ia67$L%($)Lfn(X) dr = w&hm,
O n.

where §,, ,,, denotes the Kronecker delta, it is easy to check that
—1
m + B
Wi, =270+ 50 (" 1)

4. PROOF OF THEOREM 1.3

The proof of Theorem 1.3 uses Lemma 1.2, which is proved below.

Proof of Lemma 1.2. From Theorem A.1 and Lemma A.2 in the Appendix,
we deduce that there exist some kg € N, and C; > 0, ¢ = 1,2, such that for every
k> ko,

(4.1) —ay, > C1k%,

and

(4.2) [ ()] < Cok®  for all § € SV,

with 61 = ﬁ and o = ﬁL%J From (4.1) and (4.2) it follows that, for

all k > ko, the k-th term of the series Kj(z,y) = ifﬁkj_ak(|x||y|)wk(§—|)¢k(ﬁ)
belongs to L (R?Y,C). Furthermore, if we fix some compact set X € RY, there

loc
exists k{ such that ’%
0T

all z,y € K and k > k), we have that

Kele o)l < LG llyD | (2)| | ()

o 1 elly "
< cuon( i) (
2 mZF(m—i-l)F(m—ak—i—%—&—l) 2

’ < 3 for every z,y € K and k > k{. Therefore, for

=0
B G o B (T oo (bl )()
I'(—ay + %) 2(—ay, + &)

1 C1 k%1
g C”k‘262 <2> = Mk

where C” depends on K but not on k. Weierstrass M-test and convergence of
> i My, yields then the desired uniform convergence. ]

We are now ready to prove our main result, the representation formula given by
Theorem 1.3.
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Proof of Theorem 1.3. Let us expand the initial datum uy = u(-,0) = ¢(-,0)
in Fourier series with respect to the orthonormal basis of L?(R”) introduced in
Remark 3.4 as

(4.3) wo= Z cm,kf/m,k in L2(RY), where ¢, 1, = /N o () Vi k() d,
R

m,keN
k>1
and, for ¢ > 0, the function ¢(-,t) defined in (2.9) as
(4.4) P = D> Pmp(O)Vmr in LP(RY),
m,keN
k>1

where

omi(t) = / )V ir) da

Since ¢(z,t) satisfies (2.10), we obtain that ¢,, € C}(R,C) and

i‘plm,k(t) t2 Pm, k(t)7 @m,k(o) = Cm,k>

Tm
1+
which by integration yields @, x(t) = ¢y e Ymkarctant - Hence expansion (4.4)
can be rewritten as

o(z,t) = Z Cn g€ Yk arCtanthk(z) in L2(RY), forall t > 0.

m,keN
k>1

In view of (4.3), the above series can be written as

S ¢ arctant ( / 00§V (v) dy) Vi (2),

m,keN
k>1

in the sense that, for all ¢ > 0, the above series converges in L?(R"). Since uo(y)
can be expanded as

uo(y |y| |y\ ZUO,] |y‘ 1/}3 ) in LQ(SN_1)7

where wg;(|y]) = fon—1 uo(|y|0)v;(6) dS(6), we conclude that

e*l’Ym.,k arctant oo 2 2
plzt)= Y vm,kcz)( / uo,k<r>rN1akPk,m<z>e4dr)
0

e Vs
k>1

:ZW || 25kf(1+ﬁk) ar

eiQm arctant
m=0

0

|7"z\ak

e~ #(Bk+1)arctant l 0 (m+,8k)

By [2] we know that

7‘2 F(1+Bk) r2 B > B
Poml—) == 5y Brom —tymtg 2rv/1) dt
%, (2> F(1—|—Bk+m)e T /0 e Jﬁk(\[r\f)
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where Jg, is the Bessel function of the first kind of order 3;. Therefore,
1+5k) > m+ﬂk e—fi2marctant
Z t _421’[% ei(Br+1) arctant Z m ( (1+ﬂk +m)) X

S 2 2
% Uuo, k 'H | 75 —s’ 55 2m+[3k+1
0 |7ﬂz|0¢k+ﬂk

x Iy (\/ﬁm)JBk (\/§|z|s') ds ds’)rN_ldr)]

r24z|2
_ 421/% i et ﬁk+1)arctantl/ uoyk(,’ﬂ)hﬁz‘*ak*ﬂke#r]v*lx

(arctan t+%) Bk
0 652 +812

> (_1)m —z(arctant+ )(2m+-Br)
: (

Z T+ mTa+ Bt m) (Ss/)2m+Bk)X

m=0

x Jg, (V2rs)Js, (V2|z2]s")ds ds’) dr] :

o—ilarctan t+5)(2m-+5y,)
F(1+m)F(1+Bk+m)

Then, since Z (_1) (Ss/)2m+6k — Jﬁk (26_i(arCtant+%)ss/), we
m=0

have
(4.5) o(z,t)

c- z 1(/8k*—arctant) o N—2 2iz2 Nt
= 4Z¢k(|z UO,k(T)|T'Z| 2 e 4 Ik’t(’]"7 |Z|)'f‘ d/]a ,
k=1 0

where
Ik,t(Ta|Z|):// ss'e™* " Iy (2e7 Ittt ) ooy To (V2rs) g, (V2)2]s)) ds ds'.
0 Jo

From [51, formula (1), p. 395] (with t = &', p =1, a = V/2|z|, b = 2e~i(arctant+3) g
= fBr which satisfy R(v) > —1 and |argp| < T), we know that

o0
/ se=s" T, (2eHretant+3) gy 1o (V/2|2|s') ds’
0

1 |z|242e—i(2arctan t4m) 2 ( \/§|Z|S )
pl IB -
k y |

=5¢€ ei(arctan t+%

2

where Ig, denotes the modified Bessel function of order 3;. Hence

Ik,t(rﬁ |ZD
1 oo 212 49— (2 arctan t+m) 2 . -
—_ 5 /0 86752 Jﬂk(\@rs)ef‘ 1“+2 5 Iﬁk(\/iefz(arctanfﬂrg)‘ds) ds

1 S $2 |22 e i(2arctan t4m) 2 . W
:1/0 se” T g (rs)e I, (e i @retan t+5) 2 5) ds
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Since I, (z) = e~ 2™ J, (ze3?) (see e.g. [2, 9.6.3, p. 375]), we obtain

1 e s2 (_—i(2arctan t4x .
Tualr 2 = oo F7ie [ Loem FTTT I (1) (e )
0
Applying [51, formula (1), p. 395] (with t = s, p? = w, a =,
b= e tarctant|z] y = B which satisfy R(v) > —1 and |argp| < F) and [2, 9.6.3,
p. 375], we obtain

(4.6) T o(rs|21)

212 r24|z|2e—2iarctant —iarctant
— 16—%’“7@6—‘7' 1 672(1+e—i(2arctant+7r)) ’I"|Z|€

4 1+ e—i(2arctant+m) B 1+ e—i(2arctant+m)
A 2 24| 2|2~ 20 arctan t _iarctant
_ 1675"7”67% i 1 6_2(1+E—L(2axctant+7r))J . T|Z|6
1+ e—i(2arctant+m) 1 + e i(2 arctan t+m)

Noticing that

e—iarctant — _ Z(t + Z) 1 t—1

VITE 11 Gt a7
from (4.5) and (4.6) we deduce

4.7) ¢(z1)

—iarctant oo 2 (1 1
e Zﬂ/k mkgl/ UOJCA(IZ 67(5_—1+E—i(2arctant+7r))X
0 2

1 + e—*(2arctan t+m) |TZ|

_ 1|2 9e—2iarctan t —iarctant
<e 3 (1+1+€7i(2arctant+7r))J : ’I“|Z|€ TN—l dr
Br 1 +e —i(2 arctan t+m)

2 e [e's) 5
1+t Zwk —zmg[/ %ﬂe—%e—‘ﬂf J6k<r|z|\/21?>rN—1dr‘|.
0

rz[ =

From (4.7) and (2.9) we get that for ¢ > 0,

it]x|? €T
4.8 w(z,t) = (1+12)" % eiard <t>
(4.8) u(w,t) = ( ) AWirr:

Notice that, by replacing [~ by fOR in (4.8) one obtains the series representation
of the solution ug(z,t) with initial data ug r(z) = xr(z)uo(z) with xr(x) the
characteristic function of the ball of radius R centered at the origin. Since the
evolution by Schrédinger equation is an isometry in L2, we have that for all t € R
lu—ug| 2 (t) = ||uo —uo,r||;. = 0, as R — oo. Hence u(-,t) = limp_oc ugr(-,t)
in L2(RY). Since

wlr) = [ o)) ds(0)

and, by hypothesis, the queue of the series

K(ea) = 3o ()00, (G

k=1
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is uniformly convergent on compacts, we can exchange integral and sum and write

2 _ R )
up(x,t) = < 4.“ |:U|7N22/ / uo(r9)r%e’ﬁx
SN—l

QtZ 0
x [Z e—iﬂﬁﬂjk(%)wk(O)Jﬁk (gf')] dr dS(6)
k=1
ilz)|?

_ T / K(% y>eizfu()d
Z(Qt)N/Q B \/277\/5 oly)ay.

Letting R — oo, we obtain (1.16) thus completing the proof of Theorem 1.3. O

5. PROOF OF THEOREM 1.9

In view of Remark 1.1, it is enough to prove the stated estimate for ¢ > 0. Moreover,
thanks to Corollary 1.7, it is sufficient to prove condition (1.17), namely, uniform
boundedness of

1 ; G _gd T2 s y2
K(Z, y) _ (27r)2 Z e*Z\a*ﬂie ij arctan :? ot arctan gf J|o¢—j|(|1'”y|)
JEZL

which can be written as K (z,y) = ﬁW( arctan {2 — arctan %, |z|ly|]) where
W(z,s) = Z eiim*j'%e*ijsﬂa,ﬂ (2).
JEL
Notice that
) a—j, ifj<a,
la =3l =1 . o .
J—Q, lfj>[0[]:]0,

so that we can write

Wi(z,s) =i ¢ Z e 5 o (2)

J<—ljol+1
0] +1
+ g eﬂmﬂbeﬂjse}‘a_ﬂ (z) +1i° g e (2)
—ldol+1 J>1jol+1

=1 *Si(z,8) + Sa2(z,s) +i%S3(%, s).
Sa(z, s) is clearly bounded. By using identity 9.1.27 in [2],

T2 = 5 () = T (2))

we can compute

d 1 . j ijs
(5.1)  —Si(z8) =35 > i€ (Jagj1(2) = Jarji1(2))
J>ljol+1
1 o 1 o
=5 > U o) -5 DD TN ()
J>1jol 3>gol+2

1, .. e
3 (i€ Jatjo 41 (2) + Jatjol+2(2)) @ ldolgiliols — (7 cos s) Sy (z, s),
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d 1 g —ijs
(5:2) ZSs(55) =5 S eI 1(2) = Tarin(2)
J>1gol+1

1 -— (g —i(J s 1 -—(j— —i(j—1)s
~2 Y iTUtemr Joatj(2) = 5 Yo iU T (2)
J>ldol J>|jol+2
1 -—1 _—is g —iliols .
=3 (i e T _atpjol+1(2) + J—aijol+2(2)) i lolg=iliols _ (j cos s) S3(z, 5).
Defining
F(Z,S) = iiaSl(zvs) +iaS3(sz)a

we deduce from (5.1) and (5.2) that, for every s, F(-,s) satisfies the differential
equation

(5.3) dile(z, s) + (icoss) F(z,s) = g(z,s),

with

;—Q

! i—1 is -—|j0|—1 ,2(|5 s
9(z,8) ==~ (7€ Jatyjol+1(2) + Jat o 2(2)) i~ o7 Tei ol D)

i« -—1 _—1is -—|jo|—1 ,—1%(]7 s
_’_?(Z 1, J7a+\jo\+1(z)+Jfa+\jo|+2(z))l ljol=1,—i(ljol+1)s

By integration of (5.3) we obtain that

z
F(Z7S) _ e—izcoss (F(07S) +/ eiz/ COSSg(Z/,S)dZ/>.
0

Since |jo| + 1 £ a > 0, by the asymptotic behavior of Bessel functions close to the
origin (see formula 9.1.7 in [2])

To(@) = ﬁ (3)

we conclude that F'(0, s) = 0, and hence

z
F(z7s) _ / e—i(z—z/)cossg(zl7s)dz/.
0

Uniform (in s and z) boundedness of F(z, s) follows from uniform boundedness of
the function

f(Z,S) = / eiz’ cos s (ifleiSJo_(Z/) + Jg+1(z’)) dZ/
0
for any o > 0. In order to prove it, we use the identity
(5.4) J(z)—\/icos(z—ﬂ—z)—&-f (2)
' NN ez 2 4 7
with

(5.5) 1€o(2)] € ——,
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which is a simple consequence of the asymptotic behavior of Bessel functions at
infinity (see formula 9.2.1 in [2]). Therefore,

zzcoss —i% s _urt _7_z>) /
(z,8) / \/ 2¢ cos(z 2 4)+sm(z 5 1 dz

/ € (TN () + €01 (2)dZ = L(2) + Ta(2).

0
By (5.5), I2(2) is uniformly bounded. We notice now that

2 . L o s o s
—g'® o= (e 2" cos (z’ - f) + sin (z’ - — = 7))

T2 4 2 4
1 2 iz’ cos s is i(zlfﬂfi) is 7i(z'7ﬂfl)
= i\ 7 (P ) SETE R g (0 ) (E D))
and since
z 6iz/(coss+l)d , 1 /z(coss+1) eyd
EE—— § A = —_— R
0 V! Veoss+1 VY Y
z eiz'(cos s—1) z(1—cos s) 7iy
0 NG \/1 — COS S VY
and

(eis + 1) (62'5 _ 1)
——|<C, | —==|<C
Vecoss +1 V1 —coss
we conclude that I;(z) is uniformly bounded.

Therefore, K (z,y) is uniformly bounded and then inequality (1.21) follows by
Corollary 1.7. O

6. PROOF OF THEOREM 1.11

In view of Remark 1.1, it is sufficient to consider the case t > 0. Let N = 3,
a > —z,and K as in (1.27). The proof of the theorem will follow from the following
estlmates for K:

(6.1) if g <0, then sup |K(z,y)| < +oo,
z,yER3
K
(6.2) if y >0, then sup K, y) < +00.

ayers 1+ (Jzfly]) 7

Before proving the above estimates, let us show how (6.1) and (6.2) imply estimates
(1.28) and (1.29) respectively, thus proving Theorem 1.11.

We notice that if a3 = 0 then a = 0 and there is nothing to prove since in
this case the result reduces to classical decay estimates for the free Schrodinger
equation.

If a1 <0, in view of (6.1) estimate (1.28) directly follows from Corollary 1.7.

If oy > 0, then (6.2) and (1.16) imply that, for some C' > 0 (independent of x

and t),
70/ (Hxl_ atln 1>|uo(y)|dy
R3 t—

c ¢ 1 [ |w)
— 55 ol aesy + = |, eay,

t3 —on [l |l
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for a.e. € R3 and all ¢ > 0, which implies

™ L+t / 1+ [y|™
6.3 = |u(x,t)| < C & U, dy.
Let us introduce the weight function w(y) = (1Qfﬁf : )2 and the weighted LP norm

1
1ol = | Uss lo@IPw()dy) 7 it 1< p < oo,
o esssup, cgs [v(y)], if p = +o0.

L2conservation and (6.3) yield the estimates

u('vt) Uo M

Vo Vol Ve

Then, letting, for all p > 2,

14+t

Vol

X 3

w

L%

2 p
9:1_77 p/:77
P p p—1
so that
1 1-6 0 1 1-106 0
0 1 — = p_ 7 p
Pe(ov )a p, 9 +17 P 9 +OO’

the Riesz-Thorin interpolation theorem yields

. a1 017
u(+,t) gCgp<1+3t )
vw e t2

1/p
ag \2—
([ o)
1+t™ o2y \Y
ot (58 o)

Hence, inequality (1.29) in Theorem 1.11 follows. Therefore, in order to prove the
theorem, it is sufficient to prove estimates (6.1) and (6.2).

It is well known that the link between plane waves and a combination of zonal
functions is given by the Jacobi-Anger expansion, combined with the addition the-
orem for spherical harmonics (see for example [51], [39] and the references therein).
For N = 3, we get that

—iz- 7T > /. l
(6.4) o = am [ 5 Gl 2 oo,
=0

We need to estimate the kernel K in (1.15) which, as observed in (1.27), can be
written as

LY

K(x,y) = S("rHy" \xﬂv ﬁ)

where

S(r,0,0") Zz‘b‘j o (12" )(9’),
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with by = /(€ +1/2)2 + a, ag = 3 — /(€ +1/2)2 + a. We split the sum into two
terms

lo—1 00
(65)  S(r0,0) =3 i o, (NZSO)+ D i e, ()25 (#)
£=0 =L

= 5,(r,0,0) + Sa(r,0,0'),

with £y > 0 such that ay > 0 for any ¢ < {9 and ay < 0 for any £ > £y (S is
meant to be zero if £y = 0). Our goal is to show that the singularities in the Jacobi-
Anger expansion are described by the first finite sum S; at the right-hand side of
(6.5) while the second term Sy at the right-hand side is uniformly bounded. Such
boundedness for Sy follows from the arguments below. We have that

(6.6) Sy = i i (280 (@)

{=Lg

o0 o0
=328 (0 + 3 (7, (1) — iR () 20 (0)
=4 =Ly
Lo—1

1 l(% —§ —ir0-0’ Zz—eﬂ Z(f) 9)]

3 ()~ D)) 20 )

L=y

| |
I\J

The first term at the right hand side of (6.6) is clearly bounded, since it is the
difference between a plane wave and the first (¢y — 1) terms of its Jacobi-Anger
expansion.

We first notice that the second term at the right hand side of (6.6) is bounded
for r < § if 6 > 0 is sufficiently small. Indeed from the estimates

1 t\V .2
. L(t <7<7) /4 for all ,t>0,
(6.7) |, ()] T o) \2 e orallv>0 0
) /o G) 20+1 / 2
|Z9 (9)|<Z9 (0):?7 forall@}(), 9,0 ES,
see for example [39], it follows that, if r < 4,
o0 T bz
i—byg Z(é) < 20+1 (5) /4
Zl j—az(r) 6 (77) X 47TF(bg-‘r1) T% €
=t 1=t

6 0 —a 52 a
F () < mEE) X mp sor
\f47r * T(be +1)\2 V24r \2 ['(be+1)
for some constant C' > 0 dependent on § and £y but 1ndependent of r,0,6".

Next, for r > §, we write

e}

(6.8) > (g, (r) — i ()20 (9)

=ty
= 1 T Leg(zi) (i [(iz)“%_bf - 1} ié:;(f?) dz,

z
2mir =ty
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where we have used the following representation for Bessel functions

1 r(y,_1 dZ
JV(T)—./y€2( Z)ﬁ’

21

with  being the positive oriented contour represented in Figure 1 (see [35, 5.10.7]).
We have also exchanged sum and integral, which is allowed for any r,0,6’, as we
will see below.

For convenience, we split the integral along v into the integrals I, along the
circumference of radius 1 (to be denoted as I'1), and the integral I5, along the lines
running between z = —oo and z = —1 (to be denoted as I's):

/ / / =1 + I,
r,  Jr,

Notice that, by analyticity of the integrand outside z = R~ + i0%, we can write

/f/ﬁ/;ifoﬁ (/;/g)

where I'] is the circumference of radius 1 + ¢ around the origin and I'j runs along
(=00, —1 —€) 4+ i0*%. Notice that, for the integral along I'{ UT§ since |z| > 1, one
has absolute convergence for any given 7, 6,60’ and hence the exchange of integral
and sum performed in formula (6.8) is allowed by Fubini’s Theorem.

We start estimating the integral along I'y. Taking into account that

be— (E+3) =\(€+ 1) +a—L—t= 32 +0(),

we have that
2 - \\2
. (@-‘r%)—bg —_1l = — a a’i (log(lz)) O(l)
(6.9) ) =53 2@+ P
= J171(Z,€) + Jl,g(z,f) + J1,3(Z,€)

log(iz) +

as £ — +oo uniformly with respect to z € I';. Since 2% and 2(+32) have a branch-
cut at z € R™, the function log(iz) will also have a branch-cut at z € R™, as well
as the function (zz)% that will appear below. From (6.9) the contribution of the
right hand side of ( 6.8) on I'; can be written

N £) pr
I = 1 /r e(-2) (Z (Jl &0+ 1200 + Jis(= g>)<9)> %

omirs - (iz)t+z

=Nha+T2+T3,

where every summand 714, ¢ = 1,2, 3, corresponds to the integrand with the cor-

responding J; ;. Since on I'y we have that |z| = 1 and then ’65(2_%) =1, from

the estimate |Z(§e) ()] < Z£L we deduce that, if r > 6,

< const5_1/2,

(o ]
2041
|J1,3] < const r1/2 Z —;

0=ty
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and hence |71 3| is bounded. Concerning J; 1, we notice that

> 79 g alog(iz) — 1
(6.10)  —alog(iz) ) Z;Tﬁ)(iz)*% = _15777() > P60 0)(iz) "2
=0 £=0
1 a(iz)"zlog(iz) 1  a(—iz)3 log(iz)

dr 1420-0'4 — & Am /2020 0) — 1

where we have used the well-known identity (see for example [39])

Zéf) ()

(6.11) T

=P(0-0),

with P, being the Legendre polynomial of index ¢, and the identity (see Formula
22.9.12 in [2])

V1=2wt +w?’

which is valid for |w| < 1. Hence, identity (6.10) is valid for |z|] > 1. Therefore

(6.12) iPe(t)we = !
£=0

log(iz)(—iz)2 dz
V22 +2i2(0-0) -1 2

(6.13) J11 ~ (Bounded terms) — a 1/ c5(-1)
8m2irz Jr

1
where the first term at the right-hand side of (6.13) represents a finite sum of terms,
that are needed to complete the series (6.10) from ¢ = 0 to £ = ¢y — 1, and which
are uniformly bounded. Since [e2(*=1/#)| =1 forall » > 0 and 2z € T'y, if 1 —(0-6')?
does not approach zero, i.e. if 0 -6’ stays far away from =41, the second term at the
right hand side of (6.13) is uniformly bounded with respect to € — 0%, r > §, and
1—(6-0")?% > 6, due to the integrability of the two square root singularities of the
integrand at z4 = —i(0-6) £ /1 —(0-6')2.

When (0-0") = F1, the two square root singularities at z4 collapse into a stronger
singularity at z = +i. Let us discuss e.g. the case (6-6") = —1 (the case (6-0") =1
can be treated similarly); then

(6.14) lim J5(o-1) (7i2)2 log(iz) dz

e—=0* Jpe z—1 z

= n2ie’ + PV/ e5(:-1) log(zz.) (fiz)% %
I z—1 z

Equation (6.14) is simply the Plemelj-Sokhotskyi formula (see for instance [1]) for
the limit of Cauchy integrals when approaching a singular point. The first term
at the right hand side of (6.14) is clearly bounded. The second term at the right

hand side of (6.14) is a singular integral of the function e (*~%) M which
is differentiable for z = € with ¢ in the neighborhood of % (remind that the
discontinuity of the argument of z is along the negative real line).

Hence, since the principal value of a Cauchy integral of a differentiable function is
bounded (cf. [1]), we conclude the boundedness of J; ; for any r > §. The fact that
the principal value integral is bounded for any r does not exclude the possibility
of its diverging as r — oo. In order to exclude this possibility, we consider a
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neighborhood in I'; of z = i:
F‘;U = {z = ei(%+s)7 |S‘ < 5 K 1}

and we integrate there for any r > 1 having into account that

is
(Z?Ee—; 5)61)2 = —g +0(1) fors~0.
Hence,
S0 ( i ) is S0
ircoss \M T 5)e 2 _ ircoss( _ T
PV/e 7i(6i571)d5—PV/e ( S—l—O(l))ds
—S0 —So
59 17 COS S ®
— _pPV / ﬂ_e dS+PV / O(l)eircoss ds.
S
—S0 —S0

1,7‘ cos s

Since PV f

—50

ds = 0, it follows that

s

9T COS § 7T + 8)615
PV/ e % =00,

Hence, the integral along I'{° is uniformly bounded for any r. The integral over

I'1\I'{° is also uniformly bounded since |e§(z_%) = 1. Hence, the principal value
integral over I'y is uniformly bounded.
If one considers the two singularities z4 sufficiently close, then, similarly to

(6.14), the integral over I'; can be written as

(6.15) / - / + /
T Arc(z—,z4) T1\Arc(z_,z4)

where Arc(z_,z4) is the small arc of I'y between z; and z_. The second integral
at the right hand side of (6.15) can be easily estimated just like the principal value
above and yields the same estimates uniformly in 6, 6’. The first term at the right
hand side of (6.15) is, after writing

2 =elGF) = 0.0 £ /1— (002,
the integral of

BZTCOSS(S+7T

\/(ei(s+’;) _ 5

-1 if s < —3
] )
elrcoss

= ———=(14+0(s—35)+0(s+53)) x s +1 ifs>3

Vs +3lls — 3 e _
—3 if —S<s<3s

—
aQ
.
™l

~—
N—
/N
Q)
.
—~
®
+
M)
~—
—~
®
+
~
~——

17 COS S
e

1 1
=U(ls O O ’
()\/|s—|—§\|s—§|+ <\/s—8|>+ <\/|S+s|>
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where |v(s)| = 1. As a consequence, we can estimate

’/ ds+O(1)

ir cos(st)

Arc(z, Z4)

e

VI—t2

——dt + 0(1)‘
< const,

uniformly with respect to r and 5. Therefore, we conclude that the integral on I'y
is uniformly bounded both in ¢ and r.
Finally, the term J; 2 in (6.9), inserted at the right hand side of (6.8), produces

L[ a2 @008 (95 200 ey d
'5/1“1 2 §(26+1)2( ) >

2mir

where the series

) oo Z(f)(e/) o
F(e,e,z)zgm(m) ¢ z—/ 0,0/, 2) dz

is the primitive in z of the series

. o0 @) o1
2Oy
9(0,0',2) = 2; W1 (iz) .

Thus, using (6.11) and (6.12), we conclude that F'(6,¢’, z) is the primitive of

(0.0, 2) = (i )’§

\/1+20 o)<

and hence, since g(,0’,z) presents a square root singularity if 8 -6’ % —1 or a
1/(z — i) singularity at z = ¢ if 6 - ' = —1, we conclude that F(6,6’, z) presents
at most a log-type singularity, which is integrable, and consequently the integral
yields a uniformly bounded contribution Ji,2. Therefore, we conclude that I; is
uniformly bounded.

We continue estimating I,

00 ) (o1
1 o o 7200 dz
Iy = T e5(==3) g iz)fte=be 1) 20 2 ) =
2 Amirs /1‘2 <Z_£O |:( ) :| (iz)2+§ z

Introducing the changes of variables, z = e*™e?, exchanging sum and integral

(arguing as above) and rearranging terms, we rewrite it in the form

Z (1) + Bi(r) = —

=4y

(F2p + J2,2)

1 .1
27TZT2 T2

where

2sin (xbe) [ 1
Ag(’r) _ S;)lz(_’f; 4) /0 e—rsmht(e—bgt o 6_(Z+§)t)dt

00 : 3 1
B(r) = 721'/ e?”sinhte(ué)t(s@bfbé _ Smﬁe(ff 2)) i
0 1 1t

and
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28
20+1
g 4

We estimate Ay by using again that |Z0€) (¢")

Z Z;l) o) A <C Z 2€+ / e—rsinht ‘e—bgt _ e—(@—i—%)t dt
e—fo {=Ly

CZ (20+1)

In order to estimate By, notice that

(sinwbg sinm(£ + ;))

|Jo,1| =

1
bg f-‘r

< C

jbe e+
1 . ) 1 . 1 1
= pr: |:Sln7'('bg —sinw (¢ + 2)] — sin by L“_; - ib/«]
N Gl T S o O SNPR . B BV
=2 \aer s \2020+1) T 820 +1)
it ar 5 ar \? s
T Tawr12 8 ((2@+1>> FOE:

By using formula (6.12), it readily follows

S 200 Bu(r)

=0y

| J2,2| =

1am

x | Kp (r,0,0' t) — iz —
[ o ) 4 \/1—ie t(0-0) —e 2t

50,2 2 277 7£tz(£) o’
_Z = ((2€i1)2+0(€_3)>1

£=ty
where K, accounts for the terms that need to be added in order to use (6.12) and

which is uniformly bounded.
Since \/|1 —ie (0-0) —e 2| > Con“‘[ for some const > 0 and, using again

that | 25" (0))] < %28,

- ittt 70 (g 1 —3
> Zy <0><(%+1)2+0<e )

=t
for some constat C' and any 6,6, we conclude the existence of other constants

s —ft
€ <2Cloglt
; ; Clog|t|

C’,C" such that
(O e[ 1
| J2,2] < / e"s‘“hte_z[ TV
0

Hence the uniform boundedness of 752 follows. We conclude then
|Sa(r,0,0")| < +o00.

+1lo g|t|} <0

(6.16) sup
r>0
0,0'esN 1

If a1 = ap < 0, then £y = 0. Hence S(r,0,6) =0 and (6.1) is proved
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If @y = ap > 0, then £y > 0. From (6.7) and the fact that ay < ag for all £ € N, we
deduce that

(6.17) |S1(r,0,0")] < const 7~ = constr~® forall 7 <1, 6,0 € SN-1.

On the other hand, from (5.4) and (5.5) we easily deduce that

(6.18) |S1(r,0,0")] < const forallr>1, 0,0 ¢ SVN1L,

Estimate (6.2) follows from (6.5), (6.16), (6.17), and (6.18). O

VRN
N

FIGURE 1. Integration oriented domain ~.

APPENDIX

The asymptotic behavior of eigenvalues u(A,a) as k — +oo is described by
Weyl’s law, which is recalled in the theorem below. We refer to [41, 44] for a proof.
Theorem A.1 (Weyl’s law). For a € L*(SN~1 R) and A € C1(SN~1,RY), let
{1e(A,a)}i>1 be the eigenvalues of the operator La o = (— i Vgn-1 + A)2 +a(d).
Then
(A.19) (A, a) = C(N, A, )k V=D (1 4+ 0(1)) as k — +oo,
for some positive constant C(N, A, a) depending only on N, A, and a.

The following lemma provides an estimate of the L>°-norm of eigenfunctions of
the operator La o in terms of the corresponding eigenvalues.

Lemma A.2. Fora € L>®(SV"1 R), A € CY(SN-LRYN), and k € N\ {0}, let 1y,
be a L?-normalized eigenfunction of the Schrédinger operator La , on the sphere
associated to the k-th eigenvalue ug (A, a), i.e. satisfying (1.12). Then, there exists
a constant C depending only on N, A, and a such that

[k (8)] < C [N —1/2,
where |-| denotes the floor function, i.e. |x] :=max{j €Z: j < z}.
PRrOOF. Using classical elliptic regularity theory and bootstrap methods, we can
easily prove that for any 7 € N there exists a constant C(N, A, a,j), depending
only on j, A, a, and N but independent of k, such that, for large k,
||¢k||W2 2N -1 < CO(N, A, a,5)(un(A,a).

TIN-1)-2(G-1) (SN-1)
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N—-1

Choosing j = | 252, by Sobolev’s inclusions we deduce that

forany 0 <a <1- 75

2

Wz’%(gf\’—l) s CO(SNTY) 5 LSV TY),

N1y | Mol

5 J, thus implying the required estimate. ([l
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