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We focus on an epidemiological model (the archetypical SIR system) defined on graphs
and study the asymptotic behavior of the solutions as the number of vertices in the
graph diverges. By relying on the theory of graphons we provide a characterization of
the limit and establish convergence results. We also provide approximation results for
both deterministic and random discretizations.
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1. Introduction

In the present work we consider epidemiological models (that is, models describing
the spreading of an infectious disease) defined on graphs. In real-world applications,
each vertex of the graph can represent a single individual, but also a group of
people living together or sharing a specific trait (for instance, people in the same
age group), or a geographical entity like a neighbourhood, a town, a region. We are
specifically interested in describing the behaviour of the model as the number n of
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vertices in the graph goes to 400 and we establish convergence and approximation
results, based on both deterministic and random algorithms. Our analysis borrows
tools from the theory of graphons, which plays a prominent role in modern graph
theory. In particular, our investigation was inspired by the available literature on
dynamical systems on graphons, largely developed e.g. in References 26, 27, 32, 33,
34, 35, 36 (see also the references therein) with a prominent focus on Kuramoto
models and nonlinear/nonlocal diffusion equations. To the best of our knowledge,
the present work is among the very first ones using the theory of graphons to
study the asymptotic properties of epidemiological models on graphs as the number
of vertices diverges (see also References 18, 23, 45 for papers with a completely
different focus).

Although the origin of mathematical epidemiology can be traced back to
Bernoulli (see References 6), nowadays the archetype of epidemiological models
is the celebrated SIR (Susceptible-Infected-Recovered or Removed) system intro-
duced by Kermack and McKendrick in References 37, 28. The dimensionless form
of the SIR system is

%zfﬂsi, %:Bsif’yi, %:
Here, the unknowns s,4,7 : Ry — R represent the percentage of susceptible, in-
fected and recovered individuals, whereas > 0 and v > 0 denote the (possibly
time-dependent) infecting and recovering coefficients, respectively. Note further-
more that the sum s + i + r = 1 remains constant in time. The analysis of SIR
models, and of more refined variants (SEIR, MSEIR, ...), has grown enormously
through the decades, resulting in a huge amount of literature (we refer e.g. to the
monographs and lecture notes References 15, 16, 19, 40, 41, to the review Refer-
ence 24 and to the references therein for extended discussions on this subject). Note
that, in its standard version above, the SIR model implicitly assumes that contacts
among individuals are uniform, i.e. that every individual has the same probability
of interacting with any other. Since this is far from being true in real life, where
social interactions are governed by complex patterns, several authors have investi-
gated epidemiological models defined on networks (see for instance References 3,

Vi .

21, 38, 39, 44 and the reviews References 42, 43). The network approach is by now
regarded as a feasible tool to describe epidemic spreads through heterogeneous pop-
ulations. The importance of taking into account the role of population heterogeneity
in the modelling of an epidemics has been stressed once more with the COVID19
pandemic, which fuelled in the last years an upsurge of research on epidemiological
models from different mathematical communities (recent works in these directions
are for instance References 1, 2, 4).

In what follows, even though we are confident that the results discussed in the
present work could be applied to refined models with more compartments (SEIR,
MSEIR, .. .), to ease the exposition we focus on the SIR model only. To discuss our
main contributions we now fix a graph G,, with n vertices labeled {1,...,n}, and
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we consider the SIR model

ds? 1 — ”
X e Y s
k=1
di.;l n 1 . n n -1 n -1 N
- > B DAL O 1) j=1,.m
k=
i

(1.1)

In the above system, s7,i%,r? represent the percentage of susceptible, infected

and recovered individuafls ;t ’ghe vertex j, whereas 7 and ~}' are the (possibly
time dependent) infecting and recovering coefficients. (A?k/) j.k=1,...n is the adjacency
matrix which describes the connections (edges) between the vertices: the (possibly
time dependent) coefficient A?k indicates the weight given to the edge between
the vertices j and k. If j and k are not connected, then A7, = 0. We consider
graphs which contain no loops and no multiple edges, undirected (edges are not
oriented) and with nonnegative weights. These characteristics of G,, translate into

the conditions

AY; = 0 for every j, Ay = Aj; >0 forevery jk=1,...,n. (1.2)
Note however that in the present work we actually never use the no-loops condition
AY; = 0. System (1.1) is augmented with the initial conditions

s7(0) = s}, i7(0) =1d}o, 17(0)=17, forevery j=1,...,n (1.3)

and in view of modelling considerations they are such that
0< 870,050,750 < 1, siotijo+riog=1 forevery j=1,...,n, (14)
which as we will show (see Lemma 2.2 in §2) implies that the solution satisfies

0 < s7(t),i7 (), 77 (t) <1, s7(t)+i7 (t)+r}(t) =1 forevery j =1,...,nand t € Ry.

(1.5)
In a nutshell, the present paper aims at discussing the n — +oo limit of system (1.1).
To do so, we rely on the celebrated theory of graphons, which has recently flourished
with a series of fundamental works like References 7, 8, 9, 10, 11, 12, 13, 5, 29, 31. In
general, a function W € L'([0,1]%R) is called a graphon if W (x,y) = W (y, ) (see
Definition B.1 in Appendix B). We refer to Appendix B for some rigorous definitions
and a brief overview, mainly based on Reference 9, of the main results concerning
graphons related to the present paper. Here we just mention that the basic idea of
the theory of graphons is to identify a given graph G,, with n vertices and adjacency
matrix (Aj;)jk=1,.n With a piecewise constant function Wg, : [0,1]> — R (the
step-graphon) defined on the unit square. By considering a uniform partition of
10, 1] into n intervals

no_|J-117J .
I] .:|n,n|:, ]—1,...,71, (16)
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Fig. 1: A simple graph G with n = 6 (leftmost), its adjacency matrix (center) and
the pixel representation (rightmost) of the graphon Wy associated to G as in (1.7).

and setting
Wg, (x,y) = Afy if (2, ) € I} < Iy, (1.7)

for G,, satisfying (1.2), the piecewise constant function Wy, fullfills Wy, (z,z) =0,
Wg, (x,y) = Wg, (y,z) and Wg, > 0. In Figure 1 is given the so called pixel picture
of the graph. On the left there is a simple graph® G,, with n = 6, on the middle its
adjacency matrix and on the right the pixel picture of the piecewise constant step-
graphon Wy, . Here, the little squares have all edge length 1/n. The 0's entries in
A correspond to white squares, the 1’s to black squares. The origin (0,0) is placed
at the upper left corner, in analogy with indexing matrix elements.

To apply the theory of graphons to system (1.1), we need to identify functions
defined on the set of vertices of G,, with functions defined on the unit interval. To this
end, for a graph G,, with n vertices we consider a vector valued function (u})i=1,... »
defined say on R, where each component u} represents the value attained at a
given vertex j of G, . In this work, we will always identify the vector valued function
(ul)i=1,...n with the scalar piecewise constant function u™ defined on Ry x [0,1]

7

given by
u(t,x) = Zu?(t)]lljn (z), (1.8)
j=1

with 17» denoting the characteristic function of the interval I, defined in (1.6).
In this framework, the (formal) limit of (1.1) is thus the system

Bus(t,x) = —s(t, ) / Bt )W (t, 2, y)i(t, ) dy

Opi(t, x) = s(t,x)/o B, YW (t, z,v)i(t,y)dy —y(t, x)i(t,z) (t,z) € Ry x [0,1]

Or(t, x) = ~(t, x)i(t, x).

(1.9)
We augment (1.9) with the initial condition

s(0,2) = so(x), i(0,z) = ip(x), r(0,z) = ro(x) (1.10)

#Hence Ajy € {0,1} for all j,k
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and in virtue of (1.5) we assume
0 < 59,170,170 < 1, So+ig+ro=1 a.e. on [07 1]. (1.11)

The notion of solution for system (1.9) we will consider in this paper, which we
refer to as distributional solution, is made precise in the next definition.
Definition 1.1. Fix T € (0,00] and W € L{ _([0.7] x[0.1]*;R), B,y €
L>(0,7] x [0,1;R) and sg,ip,70 € L*([0,1;R). A triple (s,i,7) €
L> ([0,T] x [0,1];R?) is a distributional solution of the Cauchy problem (1.9),
(1.10) if for every (p,,n) € C° ([0,T) x [0,1]; R?) we have

_ / 50(2) (0, 2) d
0
1 1
/ / i(t, 2) (B (t, 7)1 (t, @) (2, ) +5(t, @) (2, 2) / Bt )W (t, 2. y)i(t, y)dydadt
R.J0 0
1
_ / io(2)(0, z) dz
0

/ / r(t,x)@m(t,x)+’y(t,m)77(t7m)i(t,x)dxdt:/ ro(x)n(0, x) dx.
Ry JO 0
(1.12)

Clearly, the approximation and convergence to the continuum model (1.9) of
the corresponding discrete models (1.1) hinge on suitable properties of the graphon
under exam. We anticipate here that our analysis will exploit two different sets of
assumptions on graphons: on the one side we take L? graphons (cf. Case 1), on the
other side we take L' graphons with almost everywhere bounded degree function (cf.
Case 2). For this reason, each of our main results will report in a single statement
what happens in both situations, distinguishing between Case 1 and Case 2. Since
it is readily seen that none of these conditions implies the other one, we believe it
is interesting to treat both cases, thus obtaining results that apply to a wider class
of graphons (see also (i) right after Theorem 1.3 below for a further comparison
between the two assumptions).

Our first result, Proposition 1.1, guarantees the existence and uniqueness of a
distributional solution (in the sense of Definition 1.1) to the Cauchy problem (1.9),
(1.10).

Proposition 1.1. Fiz T > 0 and W € L! ([O,T] x [0, 1]2;R) satisfying W > 0
and sg,i9,70 € L>([0,1];R) satisfying (1.11). Assume furthermore that -, €
L>([0,T] x [0,1];R) satisfy v,8 > 0 almost everywhere on [0,T] x [0,1]. Then
if either of the following conditions hold:

e Case 1 W € L% ([0,T] x [0,1]%R); or



Math. Models Methods Appl. Sci. Downloaded from www.worldscientific.com
by UNIVERSITY OF PAVIA on 03/24/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

February 6, 2024 14:23 WSPC/INSTRUCTION FILE ADS2024°02°06

6 B. Ayuso de Dios, S. Dowvetta, L. V. Spinolo

e Case 2 there is a constant K4 > 0 such that

1
€ss sup / Wi(t,z,y)dy < Kq; (1.13)
t€l0,T], z€[0,1] JO

then the Cauchy problem (1.9), (1.10) admits exactly one distributional solution
satisfying
0<s,i,r<1, s+i+r=1, a.e on[0,T]x[0,1]. (1.14)

Prior to state our first main result, we recall the meaning of the so called cut
norm || - ||g, which for a graphon W is defined as

// W (z,y) dzdy| , (1.15)
SxT

where the supremum is taken over all pairs of measurable subsets S, T in [0, 1]. This
norm is the prototypical one in the theory of graphons (see the whole discussion in
Appendix B). We can now state our first main convergence result.

IWlg:= sup
S, 7C[0,1]

Theorem 1.1. Fiz T > 0 and let {G,}nen be a sequence of time-dependent
weighted undirected graphs with adjacency matriz satisfying (1.2) and

T
lim [ Wo, (b)) = Wt )l dt =0 (L16)
0

n—-+4oo

for some graphon W € L'([0,T] x [0,1]%;R). Assume furthermore that either of the
following conditions holds:

e Case 1 there is a constant Ky > 0 such that
IWa, |22 j0.11x[0,112:%) < Ko for every n € N; or (1.17)
e Case 2 there is a constant IX1 > 0 such that
€ss sup /1 Wg, (t,x,y)dy < Ky for every n € N. (1.18)
te[0,T], z€[0,1] Jo
Recalling the notation (1.8), assume also that the coefficients B™,~™ satisfy
0< 8", 4" <M a.e on[0,T] x [0,1],
B™ — B, ¥ — v strongly in L'([0,T] x [0,1];R)
for some constant M > 0 and some functions B,y € L*([0,T] x [0,1];R). If

s™,i",r"™) is the solution of (1.1), (1.3) for given initial data s§,ify, vy satisfying
0-%-T0
(1.4) for every n, then we have up to subsequences

(5™, r™) 2 (s,4,7)  weakly® in L=([0,T] x [0,1];R3) asn — 400, (1.20)

(1.19)

where (s,i,7) : [0,T] x [0,1] — [0,1] is the distributional solution of (1.9), (1.10)
satisfying (1.14) and attaining the initial condition (1.10) for some data (So,%0,70)
satisfying (1.11).
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Some remarks are in order. First, assumption (1.16) is entirely natural from the
point of view of graphon theory in view of the analysis in References 9, 12. We
refer to Appendix B and in particular to Remark B.2 for a more technical discus-
sion, here we just mention that assumption (1.16) is satisfied (up to subsequences
and vertices relabelling) in two very relevant cases: (i) if {G,},en is a dense® se-
quence of graphs such that ||[Wg, ||zr(0,7]x[0,1)2;r) is uniformly bounded for some
p > 1; (ii) if {G,}nen is a sparse sequence of graphs satisfying suitable topological
assumptions (see Appendix B for the precise conditions), then (1.16) holds true up
to renormalization®, i.e. provided we replace G,, by G,,/IIWg, |11 (j0,7]x[0,1)2:R)-

Second, both conditions (1.17) and (1.18) pass to the limit, i.e. they are satisfied
by the limit graphon W in (1.16), see respectively Lemmas 2.4-2.5 below. This
implies that the limit system (1.9) satisfies the assumptions of Proposition 1.1 and
in particular that there is a unique solution of the Cauchy problem (1.9), (1.10)
satisfying (1.14). This in turn ensures that, by fixing the initial data (1.10) of the
limit problem, then there is no need to pass to subsequences in (1.20), as the whole
sequence converges.

Third, by looking at the proof of Theorem 1.1 one realizes that, if G, is a
sequence of random graphs satisfying (1.16) and either (1.17) or (1.18) almost surely,
then (1.20) holds almost surely.

Finally, Theorem 1.1 can be regarded as a convergence result: given a sequence
of graphs {G, }nen satisfying (1.16) for some W, we characterize the asymptotic
behaviour of the corresponding sequence of SIR models (1.1).

In the next results, we somehow adopt the opposite viewpoint: given a graphon
W e LY([0,T] x [0,1]%;R) satisfying suitable conditions and the corresponding sys-
tem (1.9), we look at discrete approximations to the solution of (1.9). Our approach
here focuses on the approximation of W by sequences of graphs constructed in such
a way that the corresponding solutions of (1.1) converge to the solution of (1.9).
Obviously, different samplings of W provide different approximating graphs and the
actual convergence of the specific approximation to the limit problem depends on
the considered discretization. In this work, we study both deterministic and random
approximations. However, before discussing in detail our results in this direction,
we stress immediately that all the sampling procedures we take into account retain
much more information on the limit graphon W than the rather mild assump-
tion (1.16) required by Theorem 1.1. As a consequence, all the convergence results
we obtain (see e.g. (1.24)-(1.25) and (1.29)-(1.31) below) hold in a much stronger
topology than the one in (1.20).

We now introduce the deterministic approximation we consider. Let n € N,

bWe refer to Appendix B for the definitions of dense and sparse sequence of graphs
¢Actually, condition (1.16) is directly satisfied with no renormalization by sparse graph sequences
too, but this is of limited interest since the limit would be the trivial function W = 0
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recall (1.6) and set

<u>pni= n/ u(x)dz for every j=1,...,n, Yu € LY([0,1];R),
I3

<U >prxipi= n2// U(x)dx forevery j,k=1,...,n, YU € L'([0,1]%R).
I;lxlg

(1.21)

Given a possibly time-dependent graphon W, for every n € N we then let G, be
the possibly time-dependent graph with n vertices and adjacency matrix

Te() =< W(t, ) >mxip - (1.22)

We can now state our first approximation result.

Theorem 1.2. Fiz T > 0 and assume W € L'([0,T] x [0,1]%;Ry) is a non-
negative time-dependent graphon. Let 3, € L* ([0,T] x [0,1];R) and sg,i9,70 €
L>(]0,1];R) satisfy B,y > 0 and (1.11), respectively. Set
Bi(t) =< B(t,)) >1r, () :=<(t,") > forae teR andj=1,....n
5?,0 =< 50 >1n, i?,o =< i >1m, 7‘5{0 =<ro >pr foreveryj=1,...,n

(1.23)

and let G, be the graph with adjacency matriz (A;Lk)j7k:17,,,,n defined in (1.22).
Let (s™,i", ™) be the solution of the Cauchy problem (1.1), (1.3) written using the
notation (1.8). Then, provided (s,i,r) is the distributional solution of (1.9), (1.10)
satisfying (1.14), the following results hold:

e Case 1 if W € L*([0,7] x [0,1]*;Ry) then

lim ess SUP(HS(t, ) =" lezqogm i) = lz2onz)
n=+0 40,7
) = (o, ) = 0
(1.24)

e Case 2 if W satisfies (1.13) then

lim ess sup(Hs(t7 ) ="t Mz + [l ) — " (& )z 0,1:m)
n—=+00 40,7
+W@J—W@0Mwwmﬂza
(1.25)

Note that with the sampling procedure defined by (1.22) and (1.23) the resulting
discretization coincides with a discontinuous piecewise constant Galerkin approxi-
mation to (1.9). In particular, if for instance 8 is as in (1.23) and we define 3"
using the notation (1.8), then " is exactly the L2-orthogonal projection of 3 onto
the space of piecewise constant functions on the uniform partition of [0, 1] of granu-
larity 1/n. Similarly, if W(¢,-) € L?([0,1]%;R) the matrix (A%, ()1<jk<n in (1.22)
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coincides with the L2-orthogonal projection of the graphon W (%,-) onto the space
of piecewise constant functions on the uniform cartesian grid of [0, 1]2.

We now introduce our second sampling procedure, which belongs to the fam-
ily of the so called W-random graphs introduced in Reference 20, popularized by
Reference 30 and then widely used in the context of graphon theory. However, we
stress that we will discuss such procedure only for time-independent graphons, so
that the remainder of our analysis here will apply only to this kind of graphons (see
(ii) right after Theorem 1.3 below for further details on this point).

Inspired by the construction given in References 27, 35, for any graphon W €
LY([0,1]%;R,) and for o €]0,1[ fixed, we introduce the scaled sparse W -random
graph n®G(n, W,n~%) as the graph with n nodes and adjacency matrix given by

P(A}, =n®) =< wr >pnx1p, where Wn = min{1l,n"*W},

(1.26)
P(A%, =0) =1 P(Al, =n®).

The scaling factor n~“ is the so called target edge density of the graph and it does
enter in the definition (1.26) of the matrix probability distribution. On the one
hand, it dictates the level to trim the unbounded graphon W. On the other hand,
it allows to ensure that the cut-off in the minimum acts only on part of the edges.

Remark 1.1. The construction considered in References 27, 35 (and more generally
the definition of the so-called sparse W-random graph in the theory of graphons)
is slightly different from (1.26). In Reference 27, 35 the sparse W-random graph
G(n,W,n~%) has adjacency matrix

P(AY, =1) =< wr >rrxrp , Where W= min{1,n”*W},

. (1.27)
P( ?k =0)=1-<W" >rexIy -

Here, we consider directly the scaled sparse W-random graph n®G(n, W,n=%) as
defined in (1.28) since that is the graph capable of approximating the graphon W.

In the case of bounded graphons W € L*([0, 1]%;[0,1]) it is standard to choose
a = 0, so that the adjacency matrix of the resulting graph boils down to a random
matrix with entries following the Bernoulli distribution

]P)(A;Lk = 1) =< W >I.’7KL><]LL s P(A;lk = O) =1-<W >[.;L><]};L . (128)

Such sparse W-random graph is denoted here by G(n, W).
We now state the main results for the random approximation to (1.9) given by
the scaled sparse W-random graphs n®G(n, W,n~%) as random samplings of W.

Theorem 1.3. Fiz T > 0 and let W € L*([0,1]%;Ry) be a graphon and v, €
L>(]0,T] x [0,1];R) satisfy B,y > 0. Let a €]0, 1] be fized. For every n € N and
J=1..on, let B}, 47, 870,070,770 be as in (1.23) and G, = n“G(n, W,n=) be
the scaled sparse W-random graph given by (1.26). Let (s™,i", ™) be the solution
of the Cauchy problem (1.1), (1.3) written by using the notation (1.8). Then the
following results hold:
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e Case 1 if W € L%([0,1)%;Ry) and o €]0,1/2[ then

lim_esssup (ls(t,) — 5" (&) 2o + 1L ) — (6 )20y
n—=+0 +(0,T)

+r(t, ) ="t ) L2 oagr)) =0 almost surely;

(1.29)
e Case 2 if there is a constant K, > 0 such that
1
€ss Sup/ W(I,y) d?j < K(L ) (130)
z€[0,1] JO

then, for a €]0, 1],
lim esssup (|[s(t,-) = s"(t, )|l L2 o,y + [li(t,) — 3" (¢, )| L2 (0.11:m)
n—=+ +c0,T)

+r(t, ) =" (&, ) L1 oagr)) =0 almost surely.
(1.31)

We wish to note (as will be evident from the proof of Theorem 1.3) that if
W € L>=([0,1]%]0,1]), the above theorem applies with G, given by the sparse
random graph G(n, W) as defined in (1.28).

Prior to close this introduction we comment on the main novelties of our ap-
proximation results. The proof of Theorems 1.2-1.3 borrow some of the techniques
from the analysis in Reference 35 concerning the limit of Kuramoto systems and
nonlinear /nonlocal diffusion defined on graphs (see also Reference 32, 33, 34 and
Reference 14 for a different but related problem). However, with respect to previous
analyses in Reference 26, 35, 36, 27, the specific features of the SIR system allows
here to obtain the following improvements:

(i)

we relax the regularity assumptions on W, namely we require only W &
L?([0,1]%; R, ) (cf. CASE 1). This in particular implies that Theorems 1.2—
1.3 (contrary to [35, Theorem 3.1] and the main results in Ref 36, 27)
directly apply to the power law case W (xz,y) = (xy)™*, u €]0,27 . As
pointed out for instance in the introduction to Reference 7, 9 (see also the
one in Reference 36), the power law case is usually considered technically
challenging but also fascinating and compelling in view of applications, as
several real-world networks have a power law structure. From the techni-
cal standpoint, when W is an L? graphon we circumvent condition (1.13)
by a careful manipulation of the particular structure of the SIR system.
Furthermore, unlike in Reference 35, 36, 27, we can also go below the L?
summability framework (cf.CASE 2), provided we adopt (1.13) (resp. (1.30)
in the random case). Note that (1.13) (resp. (1.30) in the random case) is
for instance satisfied by the graphons W (z,y) = (z+y)™*, 1 €]0, 1], which
do not belong to L2([0,1]%R) if u > 271



Math. Models Methods Appl. Sci. Downloaded from www.worldscientific.com
by UNIVERSITY OF PAVIA on 03/24/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

February 6, 2024 14:23 WSPC/INSTRUCTION FILE ADS2024°02°06

On the continuum limit of epidemiological models on graphs. 11

(ii) for the deterministic approximation in Theorem 1.2, we allow for time-
dependent graphons. This might be particularly relevant in view of ap-
plications because it allows to consider changes in the network structure
(e.g. due to the implementation of lockdown measures). However, with the
random approximation in Theorem 1.3 our results are valid only for time
independent graphons. This limitation is technical, mainly due to measur-
ability issues on the integrals with respect to time of certain stochastic
processes arising in the computations. Hence, at present we are not able to
adapt the techniques used in the proof of Theorem 1.3 to deal with time
dependent graphons W.

Paper outline

The remainder of the paper is organized as follows. In §2 we collect some preliminary
results. In §3 we discuss the proof of Proposition 1.1 and of Theorem 1.1. §4 contains
the proof of Theorem 1.2 for the deterministic approximation, while in §5 we present
the proof of Theorem 1.3 for the random approximation. The paper is completed
with two appendices. Appendix A collects the main notation used in the paper,
whereas Appendix B comprises a brief overview of some definitions and results on
graphons (providing in particular sufficient conditions for (1.16) to hold).

Norms notation.

In the remainder of the paper, symbols like ||u||, will be used to denote the L? norm
of u when computed with respect to all the variables u depends on. Conversely, when
the LP norm of u is computed only with respect to some of its variables, we will
use the full notation indicating explicitly the space of integration. Moreover, for the
sake of brevity we will often omit the value space when it is equal to R, writing e.g.
Lr(0,1),LP([0,T] x [0,1]) to denote LP([0,1];R), LP([0,T] x [0, 1]; R).

2. Preliminary results

In this section we collect some subsidiary results that will be useful for the subse-
quent analysis. Precisely, in §2.1 we prove existence and uniqueness of the solution
for the discrete SIR system (1.1), whereas in §2.2 we establish a priori estimates for
distributional solutions of the continuum SIR system (1.9). In §2.3 we show how
conditions (1.17) and (1.18) for a sequence of graphons W,, imply corresponding
conditions on the limit graphon W. In §2.4 we recall a standard convergence results
for integral means that will be frequently used in the following.

2.1. The discrete SIR model on graphs

The following lemma is a direct consequence of the Cauchy Lipschitz Picard Lindel6f
Theorem on existence and uniqueness of solutions of ODEs. In the statement we
use the notation (1.8).
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Lemma 2.1. Fizn € N and assume ﬁ]”,'yjn, ARy € L>(Ry) satisfy 83,77, A%y >
0 a.e. on Ry, for every j,k = 1,...,n. For every given initial condition (1.3)
satisfying (1.4) there are v > 0 and a unique solution s" :[0,v] x [0,1] = R
of the Cauchy problem (1.1), (1.3).

Note that the above lemma only provides local-in-time existence and uniqueness.
However, the local-in-time solution can be extended for every ¢ > 0 and hence it is
actually a global in-time-solution s™, "™, 7™ : Ry x [0,1] — R. This is a consequence
of the following lemma. The proof is standard, but we provide it for the sake of
completeness.

Lemma 2.2. Under the assumptions of Lemma 2.1, the solution of the Cauchy
problem (1.1), (1.3) satisfies (1.5).

Proof. The equality in (1.5) follows from the fact that by adding the three lines
of (1.1) we get that the derivative of s} (t) + 17 (t) + 7 (¢) vanishes.

Next, we point out that s} (t) = 0 for every ¢ € R is a solution of the equation
at the first line of (1.1). By the uniqueness part of the Cauchy Lipschitz Picard
Lindeléf Theorem, this implies that, since s7, > 0, then s7(¢) > 0 for every t. We
now prove that zj( ) >0, for every j = 1,...,n. As a ﬁrst step, we establish the
proof under the further assumption

Al >0, forevery j,k=1,...,n. (2.1)
We separately consider the two possible instances:

INSTANCE (A): i > 0 for every j =1,...,n. We set
t:=sup{t € Ry:ij(7) > 0for everyj =1,...,n and every 7 € [0,¢[}.

We point out that ¢ > 0 and we now show that ¢ = +o0o. Assume by contradiction
that £ < +oo and, just to fix the ideas, assume that i (f) = 0. Note that, in this
case, it must be s7(¢) > 0. Indeed, if it were s7(t) = i7(t) = 0, then r7(¢) = 1.
However, (0,0, 1) is an equilibrium for the component (s7,},r}) (as for any other
component), so that it would follow s, = i, = 0, r{y = 1, contradicting the
assumption 7 , > 0. Hence, s{(f) > 0. Then there are two possibilities:

(i) 45(t) = --- =4"(t) = 0. Since (sV,...,s%,0,...,0,77, ...,7") is an equilib-
rium for (1.1) for every (s7,...,s",r, ..., "), this implies ¢7'(0) = --- =
i”(0) = 0, which contradicts the definition of INSTANCE (A).

(ii) there is k such that i(f) > 0. Since A%, > 0 and s}(f) > 0, this implies
that dif! /dt > 0 at ¢t = ¢ and again contradlcts the definition of .

INSTANCE (B): there is j = 1,...,n such that i}, = 0. Note that, if s7, =i =
0, then vy =1, (s}(t),i7(t),r} (¢ )) (0,0,1) for every t and the j-th component
does not interact with any other component in the system. Therefore, without loss of
generality we can restrict our attention only to the components j for which s7, > 0.
Just to fix the ideas, we assume ¥, = 0. If igy = --- =i} o = 0 then by arguing
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as in item (i) above we conclude that i} (t) = --- = i*(¢) = 0 for every ¢, which in
particular yields our claim. If there is & such that 4} , > 0, then di? /dt >0 att =0
for every j for which 7, = 0 (since Ajy > 0 and s}, > 0 by assumption). This
implies that 4% () > 0 for every j = 1,...,n and t €0, o[ for some sufficiently small
o > 0. We can then consider the Cauchy problem obtained by coupling (1.1) with
the datum assigned at o/2 and apply the same argument as in the previous case.

To conclude the proof of the inequality ¢} > 0 we are left to remove the as-
sumption (2.1). To this end, we rely on an approximation argument: we fix ¢ > 0,
replace A7 with A%, +e¢, for every j,k =1,...,n, and term sE(t), 155 (t), r7°(t) the
corresponding solution of the Cauchy problem (1.1), (1.3). Since Al +e >0, by the
previous step 7°(t) > 0 for every ¢ and every € > 0. By the continuous dependence
of the solution of ODEs on parameters, i7°(t) converges to i} (t) as ¢ — 0 and this
implies i% () > 0.

Finally, since for every j =1,...,n we have 7} > 0 and ¢ > 0, then dry/dt >0
and this yields r7 > 0. O

2.2. A priori estimates for distributional solutions of (1.9)

We now derive a preliminary result which will be useful in the next section to
establish Proposition 1.1.

Lemma 2.3. FizT >0, W € L* ([0,T] x [0,1]%R) and 8,y € L>=([0,T] x [0,1]).
Let (s,i,7) € L*([0,T] x [0,1];R3) be a distributional solution of (1.9) satisfy-
ing (1.14). Then, either:

e CasE 1:if W € L2 ([0,T] x [0,1]%R), then s, 0,0 € L* ([0,T] x [0,1])
and

10esll2, 10sil2, [10erll2 < CUIWl2s [[Blloos [[7]l00), (2.2)

where C(||W |2, 118]loos 17]loo) s a suitable constant only depending on ||W||z2, || 8]
and ||Y]loos or
e CASE 2:4f (1.13) holds true, then O;s,0:i,0ur € L™ ([0,T] x [0,1]) and

1051005 [10rillocs 102700 < C(EK s [[8]loos IVlloo) (2.3)

where C(K 4, ||B]loos |7lloc) is a suitable constant only depending on Ky, ||5]lco and
[V lloo-

Proof. Let (s,i,r) be a distributional solution of (1.9) satisfying (1.14). Owing
to (1.12), the distributional derivatives (9;s, 0yi,0;r) are given by the right hand
side of (1.9) and hence are locally summable functions. We now separately consider
the following two cases.



Math. Models Methods Appl. Sci. Downloaded from www.worldscientific.com
by UNIVERSITY OF PAVIA on 03/24/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

February 6, 2024 14:23 WSPC/INSTRUCTION FILE ADS2024°02°06

14 B. Ayuso de Dios, S. Dovetta, L. V. Spinolo

Case 1: W € L? ([0, T] x [0,1]%R). By using Jensen’s inequality we get

T ,1 T ,1 1 2
| [ostopasa= [ (—su,x) / B(t,y)W(tmy)i(t,y)dy) dudt
0 0 0 0 0
T 1 1 2
<Ml [ [ (/ W(t,x,wdy) dudt
0 0 0
Jensen T 1 1
S s B / / / W2(t, 2, y)dydaedt
0 0 0
(1.14) T 1 1
<7 s / / / W2(t, 2, y)dydedt
0 0 0

which yields a control on the first term in (2.2), and relying on a similar argument
we control also the other terms in (2.2).
CASE 2: W satisfies (1.13). We get

1 (1.14) 1
|Ors(t, )| = —S(tvw)/ Bt )W (t,z,y)i(t,y) dy’ < Blleo ‘/ Wt z,y) dy‘
0 0
(1.13)
< KdllBllo-
By using an analogous argument we control the other terms in (2.3). O

2.3. Limit conditions coming from (1.17) and (1.18)

Lemma 2.4. CASE 1. Assume (1.16) and (1.17). Then the limit graphon satisfies
W 1| 22 (0,77 0,112:r) = Ko-

Proof. Owing to (1.17), we have that, as n — +o00 and up to subsequences, Wg, —
V weakly in L?([0,T] x [0, 1]?), for some limit function V' € L?([0, T] x [0, 1]?) with
IVl2 < Ko by weak lower semicontinuity. To conclude, we have to show that
V = W. By the uniqueness of the distributional limit, it suffices to show that

T
lim /0 //[071]2 E(t,z,y)[Wg, — W(t,x,y)dzdydt =0 (2.4)

n—-+oo

for every test function & € C°(]0, T[x]0,1[?). By the Stone-Weierstrass Theorem,
to verify (2.4) it suffices to show that for every n € C°°([0,T]), ¢, € C>=([0,1])
we have

T
im [ ) / /[0)1]2 (@) () [Wa, — W](t, 2, y)dadydt = 0. (2.5)

n—-+o0o
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To this end, we point out that

/ / / y)[Wg, — WI(t, z,y)dxdydt
0 1]2

// Wg, — W](t,z,y)dzdy
[0, 112

dt

< ||?7||co/ VN [We, — W](t, z,y)dxdy| dt
[0, 1
_ Y(y)
= [Inllcollellcollllco Wg, — W(t, z,y)dxdy| dt
0 12 llelleo [[¥]lco

T
< 4H?7Hco|\<ﬁ||co||l/}Hco/O IWg, = WIE, - )llodt,

where the last step is a consequence of the properties (B.2) of the cut norm recalled
in Appendix B. By (1.16), this yields (2.5) and concludes the proof of the lemman

Lemma 2.5. CASE 2. Assume (1.16) and (1.18). Then the limit graphon W sat-
isfies (1.13) with K4 = K;.

Proof. For a.e. t € [0,T], we have W (t,-,-) € L'([0,1]?) and, owing to (1.16) and
up to subsequences,

lim [[Wg, () =W(t, -, )llg = 0. (2.6)

n——+oo

For any such ¢, we fix & €]0, 1] Lebesgue point for the map x — / W (t, z,y)dy,

which belongs to L'(0,1). We fix ¢ < min{#, 1 — 2} and point out that, by combin-
ing (2.6) with the definition of cut norm (1.15) we have

(1.18)
/ / “(t,z,y)dydx = lim / / Wg. (t,x,y)dyde < 2Kye, (2.7)
Tr—E€ Tr—E€

n—-+oo

which in turn implies owing to Lebesgue’s Differentation Theorem

. (2.7)
/ W(t,&,y)dy = lim —/ / W(t,z,y)dyde < K;
0 e—0+ 2¢

and this yields (1.13) with K4 = K;. O

2.4. A classical approximation result

We now recall a standard approximation result that will be often used in the next
sections. For the sake of completeness, we briefly sketch its proof.

Lemma 2.6. Assume u € L1(0,1), U € L*([0,1]?), recall (1.6) and (1.21), set

n _ no_
u; =< U >I.;L’ Ajk =< U >I_;L><II:
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and use the notation (1.7) and (1.8). Then

u" — u strongly in L'(0,1), Wg, — U strongly in L*([0,1]?). (2.8)
If furthermore u € L*(0,1), U € L?([0,1]?), then
u" — u strongly in L*(0,1), Wg, — U strongly in L*([0,1]%). (2.9)

Proof. We only provide the proof of (2.9), the proof of (2.8) being entirely analo-
gous and slightly easier.

STEP 1: we first establish (2.9) for u € C°([0,1]). For fixed € > 0, by the uniform
continuity of u there is n. such that, for every n > nc, if |# —y| < n~! then
|u(x) —u(y)| < e. This implies that, for every j =1,...,n and € I}, we have

uw)=n [ )y

J

n>ne
< n edy = ¢.
I
J

This in turn yields ||u — uy||2 < € and by the arbitrariness of € we get the desired

nf fule) ~utwldy) < | 1@ = utwiay

J

convergence result.

STEP 2: we consider the general case. For any u,v € L?(0,1) we term u" and
v™ the corresponding piecewise constant approximation, so that by using Jensen’s
inequality we get

n n 2
== [ - o= [ (n/ [u—v](y)dy) &
= =\
Jensen . n
S oo [ P =Y [ u oy = Ju- ol
j=2713 G j=171}

(2.10)

We now fix ¢ > 0 and choose v € C9([0,1]) in such a way that |lu — v|]2 < e. We
then have

(2.10)
lu—u"[l2 < flu=vlo+lo—v"[24[[0"—u"]2 < 2u—v[l2+[v=0"]]2 < 2e+[v—0"2.

By using STEP 1, we can find n. such that if n > n. then ||[v —v™||2 < e and by
plugging this inequality into the above expression and using the arbitrariness of
we obtain the desired convergence result. O

3. Convergence results for SIR model on graphs

This section contains the proofs of Proposition 1.1 and Theorem 1.1. The exposition
is organized as follows:

e we first establish in §3.1 the uniqueness part of Proposition 1.1, namely the
uniqueness of the distributional solution to (1.9), (1.10);
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e in §3.2 we prove Theorem 1.1. As a byproduct, the proof provides a con-
structive argument that yields the existence part of Proposition 1.1, con-
tingent on showing a sequence of graphs satisfying (1.16) and either (1.17)
or (1.18);

e in §3.3, we prove the existence part of Proposition 1.1 by exhibiting a
family of graphs satisfying the above requirements. This concludes the proof
Proposition 1.1.

3.1. Proof of the uniqueness part of Proposition 1.1

We fix two distributional solutions (s1,41,71) and (sg,i2,72) satisfying (1.14) and
we separately consider CASES 1 and 2 below.

CASE 1: W € L? ([O,T] x [0, 1]2;R+). We set uy := 81 + i1, ug := Sg + io
and we recall that, owing to Lemma 2.3, (s1,i1,71) and (sg,i2,72) have Sobolev
regularity and the equalities in (1.9) are satisfied pointwise almost everywhere. By
using Holder’s and Young’s inequalities we get

d [t 1
T [s1 — 82)?(t, x)dx = 2/ [s1 — $2][0ss1 — Ops2](t, x)dx
0 0

1 1
L, / 51 — sal?(t, ) / Bt y) Wt . y)is (t, y)dyde
0 0

>0

1

- 2/0 SQ(t’ I)[Sl y 52}@? T) 0 6(t7 y)W(t’ Z, y)[il - iQ](t7 y)dyda:

Holder
< 2llsalloellBllocl WAt -5 )22 0,112y 51 (8 ) =528, )l 20,0 2 (E ) =2 (s )l L2 0,1)
(1.14),i;=u; —s;, You
<

2/ Blloo W (E, -5 )l L2 (j0,1)2)

3 1
< Blor e ) =sn(t Mo + 0 (t:) = walt

Next, we point out that
O|ur — ug] = v[i1 — ia] = y[ur — ua] — y[s1 — s3] (3.2)
and by using again Hélder’s and Young’s inequalities this yields
d [
dt Jo

/ / S (t, ) — ua(t, z)]2dz — / ls1(t2) — sa(t, 2)|[ua (b ) — s (t, 2)]dz
JOo 0

Holder, Young 3 9 1 9
< 17lloc | llun(t, ) —uz(t, ) z2g0,0) + G ls1(t ) =2t z20,0) | -

(3.3)

[up — ug)?(t, x)dx
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Combining (3.1) and (3.3) we get

d
@ haa(t,) =t Moy + s () = 5ot o]
7
< T8Il Wt oy + Iloe] [t ) = 3t Mg
(8 ) = w2t ) 3oy
and by Gronwall Lemma this implies |uq(t,-) — uz(t,~)H%2(071) + |s1(t,-) —
52(tv')||2L2(0,1) = 0 for every t € [0,T]. Since i1 = u; — 81, i2 = ug — S2 this in

turn implies s1 = s9, iy = ip a.e. on [0,7] x [0,1] and, since 1, = 1 — 1 — iy,
ro = 1 — $9 — 49, it also implies 71 = r5 a.e. on [0,7] x [0, 1].

Case 2: W € L' ([0,T] x [0,1]%*;R;.) satisfies (1.13). As before we set uy :=
$1 + i1, U2 := S2 + 13 and we get

d .
%|51 — So|(t, &) =sign[sy — $2][0rs1 — Orsa|(t, x)

= — signlsy — sol[s1 2] () / Bt y)W (¢, 2, y)in (t,y)dy

>0

+ signlsy — s2]sa(t, 2) / Blt,y)W (¢, 2, y)[ir — i) (t, y)dy

(1.13),(1.14),W>
<

0
Kal|Bllo[ix = 2]t )l L 0,1)

(1.13),(1.14)
< KallBllso st — s2](t )l o 0,1) + lur — u2](t; )l (0,1 |-

(3.4)

By (3.2) we get

%H[m — a)(t, )L 0.1) < [Vlloo | llsr = s2] (85 )l Lo 0,1y + [lfun = w2l (t )l Lo 0,1)

(3.5)
and combining (3.4) and (3.5) with Gronwall Lemma we get ||[s1—s2](t, )| L (0,1) =
0 and |[[ug — u2](t, )|z (0,1) = O for every t € [0,T]. Arguing as in the previous
case this in turn implies s; = $g, i1 = i2, 1 = r2 a.e. on [0,7] x [0,1].

3.2. Proof of Theorem 1.1

We now provide the proof of Theorem 1.1. Let {G,, }nen, {8" }nen and {¥"},en be
fixed as in the statement of the theorem. Recalling the notation (1.8) we observe
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that (s™,i™,r™) is a distributional solution of

1
8ts"(t,gc) = —Sn(t7$)A ﬂn(t,y)Wgn (t7$ay)ln(t7y) dy

Opi™ (t,x) = s"(t,x)/o B (t,y)Wg, (t,x,y)i"(t,y)dy — " (t,z)i"(t,z) x €[0,1]

O™ (t,x) =" (¢, x)i" (¢, x)

(3.6)
and satisfies the initial condition s™(0,-) = s, ¢"(0,-) = g, r™(0,-) = rf. This
implies that for every (p,1,7) € (C° ([0,T] x [0,1]))® we have

[ [ e (et - oten) [ 5200, i) ay) v
-/ )0, 2) d

/0 /0 i"(t,x) (O (t, ) — " (t, ) (¢, z)) dadt

T L (3.7)
[ it [ e nWe, ()i tp) dydsds
o Jo 0
1
= /ig(x)d)(o,x) dx
0
T 1 1
/ / r(t, )0 (t, x) + " (¢, x)n(t, x)i" (¢, v)dxdt = / rg (x)n(0,x) dz .
o Jo 0
We recall the bounds (1.5), which owing to the notation (1.8) imply
5™ loos 13" loos 17" floe <1 (3.8)
and we conclude that, up to subsequences,
st =Y, " =Yg, ™ =" weakly™ in L°°([0,T] x [0, 1]), (3.9)
for some limit function (s,i,7) € L>([0,T] x [0, 1]; R?). Also,
sg =" s0, g — i, 15 —" 1o weakly™ in L*>(0,1), (3.10)

for some limit function (sg, ig,70) € L>([0,1]; R3). We now pass to the limit in (3.7)
by separately considering the two cases.

CASE 1: we assume (1.17) and proceed according to the following steps.
STEP 1A: since (s™,i",r™) is a distributional solution of (3.6), by (2.2) and
recalling (1.17) and (1.19) we conclude that

10:5™ (|2, 104" [|2, [|04r" |2 < C(Ko, M). (3.11)
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We now show that this implies that, up to subsequences, for every ¢ € L2([0,T] x
[0,1]?

0,1]%)

T (1 1 T 1 1

/ /w(t,x,y)s"(t,az)i"(t, y)dxdydt%/ / / W(t,x,y)s(t, x)i(t, y)dzdydt,
o Jo Jo o Jo Jo
(3.12)

that is the product s"(t,z)i"(t,y) weakly converges to s(t,z)i(t,y) in L*([0,T] x
[0,1]?). To this end, we point out that for every fixed n € N, since 9;s™, d;i™, dyr™
are all L? functions owing to (3.11), we can select a representative of (s™,i",r")
(which a priori as L® functions are only defined up to negligible sets) such that
the map ¢t +— (s™,i",r")(t,-) is continuous from [0,7] to L?(0,1) endowed with
the strong topology. In the following we will always work with this representative,
which allows us to give a meaning to the value (s",4",7")(t, ) € L?(0,1) for every
te[0,T].

Using the L* bounds and a standard diagonal argument we can extract a further
subsequence such that for every g € [0, 7] N Q we have

5n(Q7 ) =7 S(Qa ')v Zn(Qa ) - Z(Q: ')7 ,r,n(q’ ) - T(q’ ) Weakly* in LOO(()? 1)
(3.13)
Next, we fix t € [0,T] and a test function ©» € L2([0,T] x [0,1]?). We also fix a
sequence of rational numbers g — t as kK — +00. We then have

/ w(t,x,y)sn(tw)i"(t,y)dxdy—// U(t,z,y)s(t, 2)i(t,y)drdy
[0,1]2 J10,1)2

IN

| / ) ey ~ / e
0,1]2 0,1]2

E}

| [[ e s @y [ e s 0 ey
0,1 0,1

By

+ //[ | w(t,:r,y)sn(qk,w)i"(qk,y)d:cdy—/[ | P(t,z,y)s(qr, ©)i(qr, y)dady
0,1]2 0,1]2

Cr

+ / /[ L )sta @itan )y ~ / Pt paady
J0,1)2 0,1]2

Dy

(3.14)
We now estimate each of the above terms separately. Note that

By < (s ) llzzon2) 18" leo [18™ (2 ) — 8™ (qks )l 2201 (3.15)
<1
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and, owing to Jensen’s inequality,
1 1 gt 2
570 = " Moy = [ 5700 =P = [ [0 ar] o
dk

Jensen 1oyt 9 (3.11)
< |qk—t|/ / (078"™(7,))drdx < C(Ko, M)|qr — 1],
0 Jak
(3.16)
so that plugging the above inequality into (3.15) we get
E’fi < O(K(%M)”w(ta B ')HLQ([O,I]Q) V |Qk N tl) for every n.

By an analogous argument, we get BX < C(K, M) ||y (1, -, N zzqo,2)V/ gk — .
Owing to (3.11), we have

O™ — Oys, Opi™ — Oyi  weakly in L?([0,T] x [0,1]),

and by recalling (3.16) and using the lower semicontinuity of the norm with respect
to the weak convergence we get

1t 1t
/ / (Ors(r, ) 2drdz < C(Ko, M), / / (Ori(r, ) 2drdz < C(Ko, M).
0 Jqi 0 Jar

Hence, arguing as before this yields Dy < C(Ko, M)||¥(t, -, ) z2(10,12)V/ |ax — t],
for every n € N. To conclude, we fix ¢ > 0 and choose k in such a way that
E} + By + D} < ¢, for every n. Next, we recall (3.13) and choose n. in such a way
that C}} < € for every n > n.. By the arbitrariness of ¢, this implies that the left
hand side of (3.14) vanishes in the n — 4occ limit for a.e. ¢ € [0,T]. By Lebesgue’s
Dominated Convergence Theorem this yields (3.12).
STEP 1B: we show that the limit (s,,r) in (3.9) is a distributional solution of (1.9),
(1.10). We subtract (1.12) from (3.7) and in particular we get

/OT /01 <5n(t7x) /; Bt y)Wag, (t,z,y)i"(t,y) dy

~sttn) [ Bt W i i) plt.0) do|

IN

T 1 1
/0 /0 A (W, (t,2,y) = Wt z,y)) B (t,y)s" (¢, 2)i" (t, y)p(t, @) dyddt

I

T 1 1
+ / / / W (t, 2, 5) (8™ (£, )™ (£, 2)i" (t,y) — Blt,y)s(t,2)i(t,y)) olt, 7) dydads

I
(3.17)
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for every p € C2°([0,T] x [0,1]%). We first control Io:

T 1 1
Izé/o /0/0W(t,x,y)[ﬁ"(t,y)—5(t,y)18”(t,fﬂ)i"(t,y)%(t»w)dydxdt

=121

/O W(t,z,y)B(t,y)[s" (¢, x)i" (t,y) — s(t, x)i(t,y)]e(t, ©) dydadt) .

=12

To see that Iso vanishes in the n — 400 limit it suffices to point out that Wp €
L2([0,T] x [0,1]?) and then use (3.12). To deal with I; we observe that

|\6n|\oc7\|1n\|oo<1
I / / / W (t,z,y)|8"(t,y) — B(t,y)|dydzdt
1/2

Holder ” )

< |Willzzqo11x[0,1)2 </ / 18" (t,y) — B(t,y)] dydt)

/2

(1.17) " 3

< Ko (/ / 18™(t,y) — B(t,y)] dydt)

T 1 1/2
"2 ek, (/ / zf”u,y)—ﬁ(t,yndydt)
0 0

and by (1.19) the right-hand side of the above equation vanishes in the n — +oo
limit. Going back to (3.17), this shows that I converges to 0. Let us focus now on
1. We set

. 1™ loosll5" | <1 (1.23)
L= (180 lls™ oo 1" oo Il 0 < 1Blocllllos < Ml -

By multiplying and dividing I; by L and making use of (B.2) in Appendix B, we
get

(We, (& z,9) = Wit,2,9))- ||s(nt||i) g|i) ﬁﬁ("tlli) [ Ewoo) dyde ‘“’
T
<L / - / (Wa, (. 2,y) — W(t,2,9)) (., 2)g(t, ) dyda| di
Jo Hf(f )Hoo<1 [0,1]2

llg(t, ) loe <

B.2)

( . T
< 4L/ 1We, — Wigdt %
JO

~>)0 as n — +00.

This implies that I; — 0 as n — 400 and hence that the left hand side of (3.17)
vanishes in the n — o0 limit. By relying on similar arguments, one can pass to
the limit in all the other terms in (3.7) and show that (s,4,7) is a distributional
solution of (1.9), (1.10).
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CASE 2: we assume the family of graphs satisfy (1.18). The proof follows the
same argument as in the previous case, so we only provide a sketch and highlight
the points where there is some difference. By using the proof of Lemma 2.3 and
recalling (1.19) we conclude that

||at3anx>7 ”atinnom HatrnHOO < C(K17]V1)7

which implies that there is a representative of (s, ¢,7) such that the maps ¢t — s(¢, ),
t — i(t,-), t — r(t,-) are continuous from [0,7] in L*°(0,1) endowed with the
esssup (strong) topology. The goal is now to show that this implies that, up to
subsequences, for every ¢ € L([0,T] x [0, 1]?)

T 1 1 T 1 p1
| [ [t @i @adsdydes [ [ ot sttt pdsdyar.
o Jo Jo o JoJo
(3.18)
The proof follows the same lines as the proof of (3.12): up to subsequences, we
have (3.13) and hence, for a given ¢t € [0,T], we have the splitting as in (3.14),
where now

By <Y, Moz lls™ @ ) = s™(qrs )l e (0,1)

and by using the continuity of the map ¢ — s(¢,-) from [0,7] — L*°(0,1) we con-
clude that [|s™(t,-) — 5" (qx, )| L=(0,1) 15 arbitrarily small, provided gy is sufficiently
close to t. By reasoning similarly we can show that the other terms on the right
hand side of (3.14) are arbitrarily small and hence establish (3.18). The rest of the
proof in CASE 2 works as in CASE 1.

Remark 3.1. The term s7 only interacts with n=' 37" | Bi(t) A} in system
(1.1). This allows us to pass to the limit in the integral term in the first equation of
(1.9). From the point of view of applications it would be also meaningful to consider
the following SIR system:

n

dS i(t 1 an n . n n -n
90 0> A — B 1) 1))
k=1
0 ) L ST B AL DD + B OSOIO —Wise) =1 .
=1
dr;(t N
W50 _ i)
(3.19)
where the interaction of the node j with itself is not scaled by the factor n~! since

it is somehow independent from the size of the network. The proof of Theorem 1.1
does not directly extend to (3.19) because from the weak* convergence of s and
1" alone we cannot infer that the product s"(t, z)i" (¢, z) converges to s(t,x)i(t, ).
As a matter of fact, the argument in the proof of Theorem 1.1 shows that there
is T e L*([0,7] x [0,1]), 0 < w < 1, such that (s™,i",7™) converge weakly* in
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L*> ([0,T] x [0,1]) to a distributional solution of

Os(t,x) = —s(t,a:)/o B, )W (t,x,y)i(t,y)dy — B(t, ) (t, x) x € [0,1]

1
&me:%uwz;Muwwﬁwwﬂ@yMy+MLMﬂt@fvﬁxMum

Or(t, x) = y(t, z)i(t, x)
satisfying the initial condition (1.3).

3.3. Existence of distributional solution of (1.9)

We can now provide the proof of the existence part of Proposition 1.1. Let W,
T, 7, B, So,%9,70 be as in the statement of Proposition 1.1. Owing to the proof
of Theorem 1.1, to establish the existence part of Proposition 1.1 it suffices to
exhibit sequences of graphs {G,, }nen, coefficients {8"},en and {7"}nen and initial
data {(s§,if,78) nen such that (1.16), (1.19), (3.10) and either (1.17) or (1.18) are
satisfied.

We define 8™, v™ and (sg,if,rf) by using (1.21), (1.23) and the notation (1.8).
Note that, if 8 and v} are as in (1.23), then

B2 < 18lloer RO < Illoer for every k=1,...,n and ae. £ € [0, 7]
(3.20)
and, by using (2.8),

lim_[7(t,) ="t pron =0, T [18(,) = 5"(6)lwo =0

n—-+oo

for a.e. t € [0,T]. Owing to Lebesgue’s Dominated Convergence Theorem and
to (3.20) this yields

T

T
g@;é I8, )85 Mironds =0, tim [ (s, )=y ) s o yds =0
(3.21)

This implies that both conditions in (1.19) are satisfied. To establish (3.10) we use
again (2.8). We now verify the assumptions on Wg, . If W € L%([0,7T] x [0,1]%R,),
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then by Jensen’s inequality

||Wgn<,,~||L201]2)—2// iy

J,k=1
(1.22) Z// (< Wt ) > 17 x1p) dady
jk 1 7L><I7L
Jcnscn 9
Z // < W=t ) >rrxap dady
Jk 1 n><1’”/ J
3 // 2(t,,y)dady = W (t,-, 3o
= "><I”

(3.22)

for a.e. t € [0,T], and this yields (1.17) with Ko = ||[W|ls. If W € L([0,T] x
[0,1]%; R, ) satisfies (1.13), we have

n

ess sup / W, (t,x,y) dy (1£2) ess sup Z/ < W(t,-") >roxrr dy
te[0,T7], z€[0,1] €01, j=1,....n . J I J

= esssup // W (¢, 2, y)dzdy
te[0,T], j=1,...,n | oy

= ess sup n/ / W (t,z,y)dyds
t€[0,T], j=1,...,n =+ Jo

(1.13)
< €SS sup n Kd dr = Kd,

te[0,T], j=1,...,n I
(3.23)

which yields (1.18) with K7 = Kjy. We are left to verify (1.16). To this end, we
recall that, owing to (B.2) in Appendix B,

||U(t, o) )”D < ||U(t, Y ')HLl([O,l]?) for a.e. t € [O, T] (3.24)

for every time-dependent graphon U € L'([0,T] x [0,1]?). Next, we combine (2.8)

and either (3.22) or (3.23) with Lebesgue’s Dominated Convergence Theorem to get
T

lim HWgn(S,~,~) 7W(S,~,~)||L1([0,1]2)d8 :0,

n—-+o0o 0

which owing to (3.24) yields (1.16).

4. Deterministic Approximation to SIR on Graphons

This section presents the convergence analysis for the deterministic approximations
o (1.9), i.e. the proof of Theorem 1.2. We consider each case of the theorem sepa-
rately.
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4.1. Proof of Theorem 1.2 (Case 1)

We first prove the following a priori estimate on the L2-error of the approximation
at each fixed time.

Lemma 4.1. Under the same assumptions as in the statement of Theorem 1.2
(CASE 1) we have

||8(ta ) - Sn(ta ')H%?(O,l)—i_ ”i(fﬂ ) - in(t’ ')”%2(0,1) + ”T(t? ) - Tn(tﬂ ')”%2(0,1)
< B(lso — 55113+ llio — g 3+ o — r513) W)

t
+B [ (18W = B"We oMo + 17(5:2) =" o) s

for every t € [0,T], where B is a suitable constant only depending on T, || B||co, ||7|loo
and ||W||2.

Proof. We rely on a Gronwall type argument and proceed according to the follow-
ing steps.

STEP 1: we subtract the first line of (3.6) from the first line of (1.9) and multiply
the result by 2[s — s™]. This yields

Bels — " (t,x) = =2[s — s" (¢, w)A Bl Y)W (t, z,y)i(t, y)dy

Jl(t,:l/’)

1
—2s"(t, )]s — s"](t, ) /O (B Y)W (t,2,y)i(t,y) — B"(t,y)Wg, (¢, 2, y)i"(t,y)) dy .

Jz(t,:v)

(4.2)
Recalling that 5, W > 0 by assumption and that ¢ > 0 owing to (1.14) we have
Ji(t,z) <0 fora.e. (t,z) € [0,T] x [0,1]. (4.3)

To control Js, we split it as

| Jat, @) < 21" (8 2)[s — s"](¢, 9:)/0 Bt y)W(t,z,y)li — i”](t,y)dy‘
J21

25" (t,2)[s — 8"](t,w)/0 (6 )8 Y)Wt 2, y) — B (Y)W, (t,myy)]dy‘ :

+

Ja22
(4.4)
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By using Holder’s and Young’s inequalities we get
1 (3.8)
/ng(txdx<2/ |s — 5™ tx/ﬁty W(t,z,y)li —i"|(t,y)dydx
0

Holder
< 2[|Blollls = 8™t 20,0 IlE = ™1, ) 22 0,0 IW (E 5 )l L2(j0,12)

1Bl I 2, Maqorey [lls = 571 Moy + i = 8716 Mooy -
(4.5)

To control Jss, we point out that

/0 i”(t,y)’ﬁ(ty)W(t,w,y) = B"(t,y)Wg, (t,z,y)|dy

- . (3.8) .
<||i"(t, MLz llBW = B"Wg, (t,z, )20y < NBW — 8" Wg,](t, z, ) £2(0,1),
and combining (3.8) with Young’s Inequality we get
1
/0 Joa(t, z)dz < [|s — 5n||2L2(0,1) +[[[BW — B8"Wg, ](t, -, ')||2L2([0,1]2) . (4.6)

Coupling (4.2), (4.3), (4.4), (4.5), (4.6) we get

d 1
7 / |s — s"|2(t, x)dx
0

< BllollW (. ) ey [lls = 5"t oy + i =) a0)] 47
+ s = 8™t ) F20.0) + NBW = B"Wg,1(t, -, )72 (0,172)-
STEP 2: we set v := s + 4, v := s" 4+ 4" and point out that owing to (3.6) we
have
Ohlv = v"] = —yi +4"" = —y[v — 5] + 9" [0" — "]
= —v" s = "] ="y ="+ 5" [y = 7"].
This yields
O[v — v™?
= =29[v — v)* +29[v — v"[s — 8"] = 20n[v — 0"][y = ¥"] + 25" [v — V"[y = 7"]
<0

and by integrating, recalling (3.8), noting that 0 < v,v™ < 1 and using Holder’s
and Young’s inequalities we get
d [t ny2 n 2 n 2
o | o=t a)de < 1yl | lfv = v"](E lIz2g0,1) + s = ™I llz2g0,0)
+2[[[v = vt )12 0,0) + 2Ny = Y"1 L2 0,0)-
(4.8)
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STEP 3: by combining (4.7) and (4.8) and pointing out that [|[i—i"](¢, ) |29 1) <
2o — 0710t 2oy + s — 57106, )2 0n,) e st

d n n

s = 51t Moy + o = 018 2o
< IBW = B"Wa, )t ) Eaqo.e) + 20y = 2166 Mo
s = 81t Mo [0l (6, Mo ey + oo + 1]

+ [ —v"](, ')H%?(o,n [2H5||oo||W(t7 5 Mezqoay2) + 1lleo + 2}
r =

n

Owing to Gronwall Lemma and to the identities ¢t = v — s, ¢ = v™ — 5™, 1—w,

r™ =1 —v"™ we eventually arrive at (4.1). |

4.1.1. Conclusion of the proof of Theorem 1.2 (CASE 1)

In view of Lemma 4.1, to establish Theorem 1.2 (CASE 1) we are left to show that
the right hand side of (4.1) converges to 0 as n — +oo uniformly in ¢ € [0,T].
Owing to Lemma 2.6, we get for the initial data

. 2 _ . .2 _ . _n2 _
ngrfoo [so = sgllz =0, HETOO lio — g ]|z =0, nllg-ir-loo [ro—rgllz=0. (4.9)
Arguing analogously as in (3.22), we obtain
18", )le20,1) < NBE ez, 1@ )20, < V(@ ez (4.10)
for a.e. t € [0,T]. Using again (2.9) from Lemma 2.6, we get
. n 2 _ . n 2 _
ngr—ir-loo ||B(t7 ) - 5 (ta ')”LZ(OJ) =0, nllf—{-loo ||7(t7 ) - (ta ')HLQ(O,l) =0

for a.e. t € [0,T] and by virtue of the Lebesgue’s Dominated Convergence Theorem
together with (4.10) this yields
T

T
ngrfoo 0 Hﬁ(tv ')_5n(tv ')”%%O,l)dt =0, ngrfoo 0 ||IY(S’ ')_’Vn(sa ')”%Z(O,ﬂds =0.
(4.11)

Next, we use Holder’s inequality and point out that
IIBW = 8" WG, It Iz o, 112)
2
< (I1BW = B"WI(t. M2 o.s) + I18™W = 8"Wo, (8., 2o
- A 2
< (IBW — B"W1(t, - Mz + 186 zow o IIW = W, )t M0,
< 2[BW = B W(t, -, )2 (o,112) + 208" M Foe 0,0 [V = W, 3t M 20,172 -

(4.12)
We now want to show that
T
. n 2 _
Lam ; [1BW (s,+,+) = B"W (s, )12(j0,1y2)ds = 0. (4.13)

:=H,
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To this end, it suffices to show that, for every subsequence {I1,,};jen, there is a
further subsubsequence {Hnjh}heN such that limp_ 4o Hnjh = 0. We therefore
fix an arbitrary subsubsequence {H,,}jen and notice that from (3.21) it follows
that there is a subsubsequence " (t,x) that converges to 5(t,x) for a.e. (¢t,z) €
[0,T7] x [0,1]. This implies that W " (t,x) converges to Wj3(t,z) for a.e. (t,z) €
[0,T] x [0, 1]. Hence, the bound

(W™ = BII* < [WP[lI8™ [l + 11Blloc]® < 4IWIIBII3,  a-e. on [0,7] x [0,1]2

together with the Lebesgue’s Dom-
inated Convergence Theorem yields limp_ 400 H”J;,, = 0 and concludes the proof
of (4.13). Owing to (2.9), (3.22) and to the Lebesgue’s Dominated Convergence
Theorem we also have

T
lim ; W (s,+,-) = W, (5,5 ) 720,127 ds = 0. (4.14)

n——+o0o

Substituting (4.13) and (4.14) into (4.12), using (4.11) and (4.9) and recalling (4.1)
we eventually arrive at (1.24).

4.2. Proof of Theorem 1.2 (Case 2)

The proof follows the same argument as for (CASE 1) ,so we only sketch and high-
light the points where there are differences. We subtract the first line of (3.6) from
the first line of (1.9) and multiply the result by sign[s — s™]. Next, we integrate in
space and arguing as in STEP 1 of the proof of Lemma 4.1 we get

d 1
%/ |s — s™| (¢, z)dx
0

< /01 /01 Bt,y)W (t,x,y)|i —i"|(t,y)dydz + /01 /01 B B”Wgn(t,x,y)dydx.)
(4.15

From the symmetry property W (t,z,y) = W(t,y, x) we immediately get
1 1 1 1
|| st e odody < Bl [l 7160 [ Wit )dody
o Jo 0 0

(1.13) o
< KallBllsoll[i = a"1(t, )l L1 0,1)-

By plugging the above inequality in (4.15) and then arguing as in the proof of
Lemma 4.1 we arrive at

lls = ")t Mot I = )8 Mo, + 1 =710
<D(llso = st i+ llio = it 1+ lIro = 7i 11 )

t
D [ (18w = W, Gssw Mo + 1 = 7715 o s
0
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for every t € [0,T] and for a suitable constant D only depending on T, Ky, ||8]|co
and ||y|| - Hence, we need to ensure convergence of the right hand side of the above
expression. We first point out that

H[BW_BHWQTL](& " ')”Ll([oﬂz)
<18 = "I (s, s oy + BTV — W 1G5, Moy -

The first term in the above sum can be further estimated by

1 1

(1.13)
S Kd”[ﬂ_671](87')‘}111(0,1)7
while to control the second term it suffices to note that, by construction,
187l < [1Blloo and this implies [I[8°(W — Wg,)](s: Mz o) < I8lllW —
Wa, 105, 21 (o,2)-

The rest of the argument is basically the same as for CASE 1 in §4.1.1, the main
difference is that to control ||[[W —Wg, |(s, -, -)||z1(j0,1)2) We use (2.8) from Lemma 2.6
instead of (2.9).

Remark 4.1. As pointed out in Remark 3.1, from the point of view of applications
it would be also reasonable to consider the SIR model (3.19). As a matter of fact,
the proof of Theorem 1.2 does extend to (3.19). More precisely, under the same
assumptions as in Theorem 1.2, the solution (s™,i",r™) of (3.19) satisfies (1.24),
provided s,4,r : [0,T] x [0,1] — [0,1] is the distributional solution of

Ops(t, x) = —s(t, ) ’ Blt, Y)W (L, z,y)i(t,y) dy — B(t, x)s(t, x)i(t, z) x € [0,1]

Oi(t,z) = s(t, x)/o B(t,y)W (t,x,y)i(t,y) dy + B(t, x)s(t, z)i(t, x) — (¢, x)i(t, z)

Or(t, z) = ~y(t, 2)i(t, x)

coupled with the initial condition (1.10).

5. Random approximation: convergence analysis of the random
samplings

In this section we present the convergence analysis for the random approximation
as stated in Theorem 1.3.

The proof is inspired by the argument used in Reference 35 for Kuramoto sys-
tems. In short, at each step of the approximation, we will introduce an auxiliary
deterministic SIR system on an averaged graph and split the total error of the
approximation in two components: a random error (between the original random
model and the auxiliary averaged one) and a deterministic error (between the av-
eraged model and the limit one).
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The exposition in §5 is organized as follows. In §5.1 we review some preliminary
probability results. In §5.2 we pass from the random to the averaged model. The
proof of Theorem 1.3 is carried out in §5.3 for CASE 1 and in §5.4 for CASE 2.

5.1. Preliminary results

We begin by stating (without proof) three classical results in Probability Theory.
The first one is the Borel-Cantelli Lemma (see for instance [17, Chapter 3]).

Lemma 5.1 (Borel-Cantelli). Let {&,}nen be a sequence of events in a probabil-
ity space (2, F,P) and set € := limsup,,_, ;oo En = ey Upsp En- I enP(En) <
oo, then P () = 0.

The second tool is Chebyshev’s inequality: let X be a random variable on a
probability space (2, F,P) with bounded second moment. Then,

Var(X)

P(X —EX|24) < )

for every t > 0, (5.1)

where Var(X) := E((X - E(X))Q) — B(X?) — E(X)2.

The third tool is Hoeffding’s inequality: let X5, ..., X, be independent randon
variables on a probability space (€2, F,P) such that a < X; < b almost surely for
every ¢ = 1,...,m, for some a,b € R. Then, for every ¢t > 0 it holds

P <Z X; — ZE(XZ) > t) < exp [_m(b—a)Q] , for every t > 0,
i=1 i=1

'

We now recall that, for u™ as in (1.8), the L? and L' discrete norms are defined by

(5.2)

1 & 1 2mt?
. ;Xi — 7 ;E(XZ) > t) < exp {(b—a)2] for every t > 0.

1/2

lu™flz =1 ~ Sl ), uth = 52 |uffl, (5.3)
Jj=1 j=1

and the discrete Holder’s inequality reads

n n 1/2 n 1/2
Zl‘/?/: < (ZZE?) (Zy12> for every Ti, ..., Tn,Y1,---,Yn e R. (54)
i=1 i=1 i=1

Furthermore, note that, adapting the argument given in Lemma 2.2 to prove
(1.5), if A%, is the random variable (1.26) and (s",i",r") is the solution of the
Cauchy problem (1.1), (1.3), written according to the notation (1.8), then

0 <s},if,r7 <1, sj+if+r] =1 almost surely and for a.e. (¢,z) € [0,T] x [0,1].

(5.5)
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5.2. From a random to a deterministic model: the SIR system on
the averaged graph

For any given n € N and starting from the sparse W-random graph G, =
n®*G(n, W,n=%) (or G, = G(n,W)) we consider the averaged graph, denoted by
G, defined by setting

(1.26)
='n

noi= E(AT) ©<W" >pnyqp, where W" =min{l,n"*W}.  (5.6)

Using always the notation (1.8) we denote by (57,4",7") the solution of the SIR
system on Qn

ds?(t) 1 n . .
Zit = _Sj (t)ﬁ;ﬁk (t)A]ka(t)’
din(t 1™ -
Zzlt( ) - S?(t)ﬁ Zﬂ,’;(t) TR (t) — ()i (1) i=1.....n
k=1
gty
# =7 (t) j t),

(5.7)
coupled with the initial conditions (1.3). Note that the coefficients B; and v and
the initial data s7,,i7,,7}, are as in (1.23). Note that the above system (5.7) is
indeed a deterministic approximation to (1.9).

From the definition of the averaged graph G,,, and depending on the regularity
of W, we can derive the following estimates that will be useful for our analysis:

e Case 1: if W e L?([0,1]%;R,) then
2
jk

Z Zn< /n/n xydacdy)

7,k=1 7,k=1
Z w [ [ e 68
jok= I
<Y [ [ e = wig:

jk=1

e Case 2: if W € L!([0,1]% Ry ) satisfies (1.30) then

n
(5.6) 1 = 1
n [e3% n
= E A% E <SWE>paps > < W >y

== ZnQ /n " W (x,y)dxdy (5.9)
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Note furthermore that, by construction,

AT n (5.

5.3. Proof of Theorem 1.3 (Case 1)

In what follows we always assume W € L2(]0,1]%;Ry). We start by proving the
following lemma, which provides an estimate (with probability one) on the difference
between the random approximation (s™, ",

(3™,i", 7™) solution of the associated averaged model.

r™) and the deterministic approximation

Lemma 5.2. Under the same assumptions as in the statement of Theorem 1.3
(CASE 1), let 8,3, 7 : [0,T] x [0,1] — R be the solution of the Cauchy problem
(5.7), (1.3). Then

tim [llfs” = 5"t )z + 187 =718 ) ze0 + N = 7162 2oy | = 0

n—-+oo

(5.11)
P-almost surely and for a.e. t € [0,T).
Proof. We proceed according to the following steps.
STEP 1: we subtract (1.1) from (5.7), multiply the result by 2[5} — s7], use
discrete Holder (5.4) to obtain
d — [ -n -n
ﬁ[&‘? - 5?]2 = Z/BI?A]/CZ]C ZB [ gk’k nklﬂ
>0
(3.20),(5.5) ‘57‘1 7 577| - An |7n 2 n n| An AT
2”ﬂ”®©%zf4jk‘lk il + ——— Zﬁklk{ k}
k=1
(5.4),(5.5) 57 — 57| (& VR s
4),(5. st — gM - . ~ "
< 2Bl (Z[ ;W) (Z [if — zzl2> + 2[5 — s1Z0(t),
k=1 k=1
where we have set
n Sn(t) - n -1 AT n
Z3(t) = =3 B (i (8) | A, — A7 (5.12)
k=1

Hence, summing over all nodes and using the discrete Holder Inequality (5.4), we
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have
d n
at 215~ T
7j=1
n 1/2 n n [An ]2 1/2 n
- . _ ik =n 7
<ol (SR S (S IRE) ey - iz
k=1 j=1 k=1 j=1
. 12/ LY 1
(5-4) o n |2 n n|2 [Ajk]2
< 2Bl (Dol -l ) (Xl | X
k=1 j=1 j,k=1 .
<||[W 12 by (5.8)
1/2 1/2
2| D - 2
Jj=1 Jj=1
g - “n .n - - -n n -
< Bl Wl 3 18 = 212 + 1Bl [IW N2 + 1) 3 157 = 712+ D27
j=1 j=1 j=1

(5.13)

Next, we use an argument similar to the one in the proof of Proposition 1.1 in §3.1.
We sum the first two equations in (1. 1), mbtract it from the sum of the first two

equations in (5.7) and set 07 := 8 + 7, v} := s} + i} to get
d *’I’l n nrsn n
2107 =il = =77 0] —vf] + 7[5 — 7. (5.14)

Multiplying the above equation by 2[v7 — v7] we find

P gt e A L
>0
(3.20),Young
< il |55 — 312+ oy — 2]

which in turn entails
d - 1 - . —-n n
=3 = < Dl [ D157 = SR+l —f ] (5:19)
Jj=1 j=1 j=1

STEP 2: we combine the estimates (5.13) and (5.15), and note that

n n n
Dol =P <2y Jop —op P +2) ] IsE - spP
k=1 k=1

k=1

Recalling now the expression of the L? norm (5.3) and applying Gronwall Lemma,
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we eventually arrive at

I[o™ = w1t Z20,1) + 15" = "1 ) Z2 0,1y

n

_1 _
< exp[Bt]ﬁ /0 exp[—BT] Z(Z;L)2(T)d7 almost surely and for every t € [0, T,

j=1
(5.16)
for a suitable constant B only depending on ||BHOO, [I7]lc and ||[W]|2. Owing to the

equalities 07 1= 87 4147, v} 1= s} +4}, 7} =1 -0}, 1 = 1 — v}, to establish (5.11)

it suffices to show that the rlght hand side of (5. 16) vanishos in the n — +o0 limit,
almost surely. To this end we notice that

n n T
DS M- anp [ el Bell (PR ()
— — T —
(A, — AT (A7, — AT,) / (s () 2 (B2 BRig)(r) exp|— Brldr

(5.17)

To control the first term in the above sum, we point out that almost surely we have

n
0<—/ exp[— {Z i (7) ]k_A;'Lk|2:|dT
k=1

(5.5),(3.20) 1
<

18llco =5 e Z ]k\ / exp[—Br|d

7,k=1

7l

U= 1

Note that {|fl?k — A;?k|2}j,k:1,v..,n are independent random variables and, thanks
0 (1.26) and (5.6), satisfy

0<|A}, — A% > <n**  almost surely

together with

(A7, — A% )%) = E([A7]?) — [B(A7)]2 (2% n2e

j SWE>poay 1= < W™ >y

<n?
(5.18)

Hoeffding’s inequality (5.2) then yields

n n 2
AT n AT n t
DA = AL = D E(AR — AR >t <exp (‘2 |:n2a+1:| ) :
J,k=1

jk=1
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Setting ¢ := n® with 8 €]1+2a, 3[ in (5.19), we apply Borel-Cantelli Lemma to the
event

En = Z|A Z]E‘A |

Jk=1 j,k=1
to obtain
n
lim n=3 A — AT 2 < hm n- E( A A" 2 lim nf3
n—-+o0 Z | jk jk‘| = Z | jk| )+n~>+oo
J,k=1 J,k=1
(5.18) S
< lim n? 14+ lim nf 3 =0 almost surely.

n—+oo n——+oo

We now turn our attention to the second term in (5.17). We first observe that,
owing to (5.5) and (3.20), we have

T T
0< / [5?(7)]2[51?22 iy ) (T) exp[—Br]dT < H3||:x/ exp|—Br]dr almost surely.
0 0

Next, notice that for k # ¢ the random variables A?k — A7, and A?z — A7, are
independent, which together with the linearity of the expectation implies

Z Z (A?k_ ;Lk)(_?e— ?z)

J=1 k=1ksl
S - AT n AT n (5.10)
=Y > E(A - ARE(4} - 4%) =70,
J=1 k=1 k#l
Hence, Chebyshev’s inequality (5.1) yields

Z Z (AT — AJy) (Afy — AJy) > t

=1 k6=1ks0

9 (5.20)
1 = S AT n AT n
<SELDD D (A - AR)(AL - A7)
J=1 k0=1,k#£0
The linearity of the expectation allows us to write
2
E Z Z [ 7?1@ - A?k] [A?e - A?z] = Z Z E([ 7?1@ - ?k]z[[l?e - ?5}2)
j=1 kf=1k#e j=1 k=1
k#L
i,j=1 k,£,h,m=1
k,&h,mEI

with the set of indices Z := {k,é,h,m =1,....n:k #Lh#mlk#hVL#
m] A [k # mV € # h]}. Observe that the independence of fl?k — A% and (5.10)
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guarantee that all the terms in the second sum above vanish. Precisely, if k = ¢, h #

m,k £ h,k#m

E((Afy, — Ajy) (Afe — Afp) (A7), — A3 (A7, — A7)

= E(Afy, — AJy)E(A7, — A )E(AG, — Aj)E(AL, — A5,)

(aee m

(310

and arguing similarly one finds

E((Afy — AFy) (AF, — AGp) (Af), — A7) (A, — Ajin)) =0 for every (k, £, h,m) € T.
(5.21)
As for the terms in the first sum, since k # ¢, the independence together with (5.18)
gives
_ - _ _ (5.18)
E([ASy, — AP [AT, — AJ?) = E([A, — ARPIE(A}, - AT]%) < o' (5.22)

Plugging (5.22) and (5.21) into (5.20) we arrive at

n n
_ = = , 1y 1 o
P lnY " > AL - ARJIAT, - A >t < —gnt Tt = gnted
J=1 kb=1,k#£t
By setting t := n?, with o €]2(a—1), 0], the right hand side of the above expression
boils down to n**~3729, Then, since 4o — 3 — 20 < —1 we can apply the Borel-
Cantelli Lemma and conclude that

n n
nllgloo n=3 Z Z |AT, — Al AT, — AT, | < nll)rfoo n’ =0 almost surely.
G=1 kf=1k#l
This eventually implies that the right hand side of (5.16) vanishes almost surely in
the n — 400 limit and completes the proof of Lemma 5.2. O

We consider the splitting of the error
s—s" = (s—5")+ (5" =s") i—i" = (i—i")+(@"=i") =" = (r=F")+([F"—r") .
Hence, by virtue of triangle inequality and Lemma 5.2, to conclude the proof of
Theorem 1.3 it suffices to show that

lim {II[S = 5"t M r20,0) + Il = "1 220,y + [ = 71 ) 2200,y | = 0

n—-4+oo

for every t € [0, T]. Observe that (37,i",7") is a deterministic approximation (with
a particular sampling of the graphon W) of (1.9) and in particular the proof of
Lemma 4.1 works for (37,i",7") provided we replace Wg, by the step graphon Wg.
of the averaged graph G,, (with (fljk)jyk:l ,,,,, n defined in (5.6))) and guarantee that
W, converges to W in the L?-norm (corresponding to (4.14) in §4.1.1). Therefore,
arguing exactly as in §4.1.1, the only point we need to show is that

Jim W =W, |2 = 0. (5.23)
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Now recall G,, is the averaged graph of the scaled sparse W-random graph defined
through (1.26) and based on the trimmed graphon with target edge density n®*. We
now introduce an auxiliary graph, denoted by @L, defined through the adjacency
matrix as in (1.22), i.e., the L?-orthogonal projection of W on the space of piecewise
constant functions on [0,1]2. Then, considering the associated step-graphons, the
standard triangle inequality gives

W — W, ll2 < IW — W, 2 + [Wg, — W, -

Owing to estimate (2.9) from Lemma 2.6, the first term in the above sum vanishes
in the n — +o0 limit. To control the limit of the second term, Jensen’s inequality
directly gives

| <W >pmyn —n® < W >IrxIp 2

”W@n - Wg |2 = Z = >
k=1
Jensen
Z // — min{n*, W }] (z,y)dzdy
o g

= // [W — min{n", VV}]2(;L*7 y)dzdy .
[0,1]?

As limg,, o0 [W — min{no‘,W}f(:z;,y) = 0 for ae. (x,y) € [0,1]> and |[W —
min{n® W} < 2W on [0,1]?, then Lebesgue’s Dominated Convergence Theorem
yields (5.23) and this concludes the proof of Theorem 1.3 (CASE 1).

5.4. Proof of Theorem 1.3 (Case 2)

In this subsection we assume W € L1([0,1];Ry) to satisfy (1.30). The proof in this
case follows the same lines as that of CASE 1 above, so we only provide a sketch
focusing on the points where the arguments are different. We first show that

Jim [l - 5 o + 16 = s + 15— 6 o =0

(5.24)
P-almost surely and for a.e. t € [0,T]. To this end, we subtract (1.1) from (5.7),
multiply the result by sign(§? - s?) and get

jf|5 spl < — Z/BI?AJIC k+ Z

k=

>0

n

s1gn i sy s] in
Zﬂklk k)

(5. 5) (3.20)

meA e,
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where we have set
sign|[s
n . ]
HI() = § :gk@k AT,

This implies

d n n
a3t < S S S
=1

j=1 k=1

. (5.25)
< K, ||5HooZ|Zk—lk|+ZHn

We then set v} := 57 +i§‘, v = s +i and point out that owing to (5.14) we have

d _ _ ~
1T = v < =1 = of a1 — 831
| ——

>0

so that summing the above expression over j, recalling (5.25), using the inequality
|17 —i| < |0} —v}|+]5} — s}, the definition of the L' norm as in (5.3) and applying
Gronwall’s Lemma we arrive at

8™ = "1t ML,y + I =1 Lo

T
< el [ esplDe Y0 1 (r)ar

n B y T _
S (A7, — A7) exp[DY /0 exp[—Drlsign[s? — s"][s" Bpiz])(r)dr
(5.26)

almost surely. In the above expression D is a suitable constant depending only on
[1B]ls0; I7]lco and K4. To control the right hand side of (5.26), note that

(5.5),(3.20)

/ exp|—Drlsign[s} — sj][s] Brix](r)dr| < Hﬁlloo/ exp[—Drldr (5.27)
0 0

almost surely. Also,

and
no‘[< wn >IJ7-”><I;? —1] < A?k — ;-Lk <n*<W" >ij1ng .
Hence, Hoeffding’s inequality (5.2) yields
n

1 AN n th 2
P n2 Z( T AL >t <exp| -2 e '

J,k=1
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By choosing now ¢t = n" with n € Ja — 1,0[ and applying Borel-Cantelli Lemma we
obtain

1
lim —

n——+oo ’rL2 ; n——+oo
J

Z (A =A%) < lim n" =0 almost surely.

k=1

Coupling with (5.27) implies that the right hand side of (5.26) vanishes almost
surely in the n — +oco limit, establishing (5.24). The rest of the proof of Theorem
1.3 (CASE 2) follows mutatis mutandis as in the proof of Theorem 1.3 (CASE 1)
and is therefore omitted.

Appendix A. Notation

For the reader’s convenience we collect here the main notation used in the present
paper.

e Ry :=10,+00]

a.e., for a.e x: almost everywhere, for almost every z, with respect to the

standard Lebesgue measure

1g: the characteristic function of the set F

|l - |l : the cut norm defined by (1.15)

dg: the cut metric defined by (B.1)

Wg: a step-graphon associated to the undirected graph G as in (1.7)

I3 see (1.6)

<u>pm, < U > xapt see (1.21)

G(n,W): the sparse W-random graph as in (1.28)

G(n,W,n=%): the sparse W-random graph as in (1.27)

n®G(n, W,n~=%): the scaled sparse W-random graph as in (1.26)

Kg4: the constant in (1.13)

Ky: the constant in (1.17)

K;: the constant in (1.18)

K,: the constant in (1.30)

C2°()): the set of infinitely differentiable, compactly supported functions

on the open set Q2

e C°([0,T]): the Banach space of continuous functions defined on the interval
[0, T], endowed with the norm

U = max |u(t)|.
lullco = max fu(t)

Appendix B. Graphons and converging graph sequences

In this appendix we briefly overview some notions and results in the theory of
graphs and graphons that we need in the present paper. The exposition mainly
follows Reference 9.
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B.1. Graphons and cut distance

Definition B.1. A graphon is a summable function W : [0,1] — R satisfying
W (z,y) = W(y,z) for a.e. 2,y € [0,1]. In the following we denote by W the set of
graphons.

Given a weighted undirected graph G, with n vertices and adjacency matrix
(Ajk)jk=1,..n, we can define a step-graphon Wy associated to G, by using for-
mula (1.7) (see also Figure 1).

As anticipated in the Introduction, the theory of graphons makes crucial use
of the cut norm defined by (1.15). The notion of cut norm was first introduced
by Frieze and Kannan in Reference 22, and its key importance for graphons has
been recently highlighted in a series of papers (see References 8, 9, 11, 12, 13 and
the references therein). In particular, as pointed out in Reference 12 the cut norm
is intimately connected with the notion of left convergence for graph sequences
(see Remark B.1 below for a very brief discussion of this point and §B.2 for some
comments about the analytic properties of the cut norm).

From the graph theory viewpoint, a serious drawback of the notion of cut norm
is the following. Assume G and G’ are the very same graph, but have different
vertex labeling. Then in general the adjacency matrices of G and G’ are not the
same and hence owing to (1.7) and (1.15) we have |[Wg — Wg/||g # 0. A way
out this issue is the notion of cut distance. To define it, we first introduce some
notation. First, we recall that a map ¢ : [0,1] — [0, 1] is measure—preserving if, for
every measurable set A C [0,1], the set ¢~!(A) is also measurable and furthermore
|¢_1(A)| = |¢p(A)|. Given a graphon W and a measure preserving map ¢, we set
We(z,y) := W(o(z), d(y)), for every z,y € [0,1].

Definition B.2. For every U,W € W, the cut distance dg between U and W is
defined as

o0(U,W) = inf [U = W7l (B.1)

where the infimum is taken over all measure preserving maps ¢ : [0,1] — [0, 1].

Note that, strictly speaking, d is only a pseudometric and not a distance since
the equality 6g(U,W) = 0 does not imply that U = W. As a matter of fact,
Sg(W,W?®) = 0, for every fixed W € W and any given measure preserving map ¢.
For this reason, we will always tacitly identify two graphons with zero cut distance.

Remark B.1 (Cut distance and left convergence of graph sequences). Let
us briefly recall the link between the cut metric and the so called left convergence
of graph sequences, redirecting to Reference 12 for an extended discussion. Very
loosely speaking, a sequence of graphs {G, },en is left convergent if the local struc-
ture of the graphs somehow stabilizes in the n — 400 limit, in the sense that the
(suitably normalized) number of copies in G,, of any given finite subgraph tends to
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a limit value as n — 400 (see Reference 12 for the rigorous definition). The con-
nection between left convergence and cut distance is unveiled by [12, Theorem 3.8]:
if {Gn}nen is a sequence of undirected graphs with uniformly bounded adjacency
matrices, then {G,, }nen is left convergent if and only if lim,,, o dg(Wg, ,W) =0,
for some bounded graphon W.

B.2. Analytic properties of the cut distance

We refer to2° for a detailed discussion of the cut norm from the point of view of
mathematical analysis. Since we have used it in the paper, we recall the relation
from [25, equation (4.1)]

Wlo < sup
15 ool e <1

W@ @)l dady| < 4IW o, (B2)

where the supremum is taken over all real-valued, measurable functions f, g defined
on [0, 1].

It is also interesting to point out that convergence in the cut norm is in be-
tween strong and weak convergence in L([0,1]?). Indeed, the cut norm induces
a weaker topology than the strong one, see [29, Section 8.3]. On the other hand,
one can show that convergence in the cut norm is strictly stronger than the weak
convergence, see [25, Appendix F]. Loosely speaking, the reason why convergence
in the cut norm is strictly stronger than weak convergence is the following. Weak
convergence in L1([0,1]?) can be characterized as convergence tested against char-
acteristic functions in the form Lgyxr, with S, T C [0,1]. Convergence in the cut
norm requires that this convergence is uniform with respect to S and 7.

B.3. Compactness results for dense and sparse graph sequences

We now quote [9, Theorem 2.13] (see also [31, Theorem 5.1] for the case p = c0).

Theorem B.1. Assumel < p < oo and C' > 0 and consider a sequence of graphons
{Whtnen CW such that |W,]||, < C for every n € N. Then there is W € W such

that, up to subsequences,

lim (W, W) = 0.

n—-+o0o

The analogous of Theorem B.1 for p = 1 is false in general, but compactness of
bounded L' balls can be recovered by adding a uniform integrability assumption,
see [9, Theorem C.7]. We now recall the following fundamental definitions.

Definition B.3. A sequence of undirected graphs {G, },en is said to be dense or
sparse if

liminf [Wg, |1 >0 or lim |Wg, |1 =0,
n—+o00 n—+00

respectively. In the previous expression, Wg,  is the step graphon defined as in (1.7).
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The quantity ||[Wg, ||1 essentially represents the edge density of the graph. Ac-
cording to the previous definition, if G,, is a sequence of dense simple graphs then
the number of edges is O(nz) as n is large enough, whereas if G, is a sequence
of sparse simple graphs then the number of edges is o(n*) as n — +oo. Given
a sequence of dense graphs {G, }nen, by applying Theorem B.1 and its analogue
in the case p = 1 [9, Theorem C.7] to the sequence {Wg, }nen we obtain useful
compactness results. The same results apply to sequences of sparse graphs, but in
this case the associated sequence of graphons converges to the uninformative limit
W = 0. As a matter of fact, however, most of the graph sequences relevant for
real-world applications are sparse, see the introduction to Reference 9. As pointed
out in Reference 9, a way to circumvent this obstruction and extract information
on the asymptotic behavior of sparse sequences is to normalize G,, and consider
the sequence {G,,/||Wg, |1 }nen. Before discussing a selection of the main results in
Reference 9 we have to introduce some further notation.

Definition B.4 ((C,n) — L? upper regular graph). Fix C,n > 0. Given p €
J1,4+00[ and a graph G with |V(G)| = n > 7! vertices and weighted adjacency
matrix A = (AM)Z’@:l, we say that G is a (C,n) — LP upper regular graph if the

following holds. Let P := {V4, ..., V;,,} be any partition of V(G) into disjoint sets
such that |V;| > nn for every j =1, ..., m. Then
. p
[Vil[V51 Ape
—_— < CP||\wglt. B.3
i,j=1 keV; LeV;

For p = oo, the definition is analogous: it suffices to replace (B.3) with

A
max | Y | < O|[Wl

Very loosely speaking, a graph G is (C,n) — LP upper regular if, whenever its
vertices are divided into a certain number of groups none of which is too small,
then averaging the edge weights with respect to the partition gives a weighted
graph with bounded L? norm. Note furthermore that if p = 1 then equation (B.3)
is always satisfied with C' = 1, so the definition is only meaningful if p > 1. We now
quote [9, Definition 2.7].

Definition B.5. Fix p €]1,+00] and assume that {G,, },.en is a sequence of sparse
graphs such that |V(G,)| = n. We say that {G,}nen is a C—upper LP regular
sequence if, for every n > 0, there is ng = ng(n) so that G, is (C +n,n)— upper LP
regular, for every n > ng.

Note that [9, Proposition A.1] implies that, if {G, }nen is a C—upper LP regular
sequence of simple graphs for some p > 1, then the average degree of G,, blows up as
n — +o00. The importance of Definition B.5 is given by the next result [9, Theorem
2.8, Proposition 2.10].
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Theorem B.2. Fiz p €]1,+00] and C > 0. Assume that {Gy }nen is a C—upper

LP regular sequence of graphs. Then there is W € W such that |W||, < C and up
to subsequences
Wy
lim dg (”,W) =0. (B.4)
n—+oo Wg, I

Conversely, if {Gn}nen i a sequence of graphs such that for some W € W with
W1, < +o00 equation (B.4) holds true, then {Gy tnen is a |W||,~upper LP regular
sequence.

In the case p = 1 the compactness result is still true provided we replace the
assumption that {G,}nen is a C—upper LP regular sequence of graphs with the
assumption that {G, }nen is a uniformly upper regular sequence, see [9, Theorem
C.13].

B.3.1. Convergence in the cut metric and convergence in the cut norm

Summing up, cut—metric convergence provides a convenient framework to discuss
the asymptotic properties of sequences of both dense and sparse large graphs. As a
matter of fact, however, one often consider sequences converging in the cut norm.
Although this might sound like a stronger assumption, the following proposition
states that the two conditions are equivalent, up to a relabeling of the vertices. For
the proof we refer to [12, Lemma 5.3] in the case p = +oo and [9, Proposition 5.2]
in the case 1 < p < oc.

Proposition B.1. If {G, }.en is a sequence of graphs satisfying the assumptions
of either Theorem B.1 or Theorem B.2, then there are W € W and, for every n, a
labeling of the vertices of G, such that

W,

-W
W,

— 0

Wo, ~Wla 50 or H

Il

O

as n — +00, respectively.

Remark B.2. By combining Theorems B.1-B.2 we can conclude that assump-
tion (1.16) is satisfied by a large class of sequences of undirected graphs. In partic-
ular, owing to Theorem B.1 it is satisfied up to subsequences and vertex relabelings
by any sequence {G, }nen such that ||Wg, ||, is uniformly bounded. If the sequence
{Gn}nen is dense, then the limit W we obtain this way is already meaningful. If
the sequence {G, }nen is sparse, then the limit is the uninformative trivial graphon
W = 0. However, Theorem B.2 implies that, in the sparse case, assumption (1.16)
is satisfied (up to subsequences and vertex relabelings) by the normalized sequence
{Gn/IIWg, |I1}nen provided {G,}nen is C—upper LP regular for some C' > 0 and
p>1.
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