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Abstract

We compute quantitative bounds for measuring the discrepancy between the distribution of
two min-max statistics involving either one pair of Gaussian random matrices, or one Gaussian
and one Gaussian-subordinated random matrix. In the fully Gaussian setup, our approach
allows us to recover quantitative versions of well-known inequalities by Gordon (1985, 1987,
1992), thus generalizing the quantitative version of the Sudakov-Fernique inequality deduced in
Chatterjee (2005). On the other hand, the Gaussian-subordinated case yields generalizations
of estimates by Chernozhukov et al. (2015) and Koike (2019). As an application, we establish
fourth moment bounds for matrices of multiple stochastic Wiener-It6 integrals, that we illustrate
with an example having a statistical flavour.
Keywords: Min-max Statistics; Random Matrices; Gaussian Vectors; Gaussian Fields; Gaussian

Analysis; Probabilistic Approximations; Malliavin Calculus.
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1 Introduction

1.1 Overview of our contributions

Within the theory of Gaussian processes an important role is played by inequalities of the Sudakov-
Fernique type. These results consist in comparisons between extremal value statistics of two distinct
Gaussian objects, for example, the maxima of two Gaussian random vectors with different variances.
The classical Sudakov-Fernique inequality states that, if (Xi,...,X,) and (Y1,...,Y},) are centered
Gaussian random vectors such that E((X; — X;)?) < E((Y; — Y;)?) for all pairs of indices, then

it ¥0) < B, ) "

The inequality (1) first appeared in the works of Sudakov [21, 22] and Fernique [8], and a proof

is also due to Alexander [2|. Vitale [23] was able to remove the zero-mean assumption with the
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weaker condition that E((X17 e ,Xn)) = E((Yl, e ,Yn)). Similar inequalities have been studied by
Gordon [9, 10] and Kahane [12] in the more general setting of higher-dimensional tensors (X, 4,....4,),
where the maximum of the classic Sudakov-Fernique inequality is replaced by quantities of the type
min;, max;, - - - Xy, 4,,...i,- In [11] Gordon also studied the comparison between the sums of the first
k ordered statistics of two Gaussian random vectors. See e.g. [1, 18|, and the references therein,
for a sample of applications of estimates directly related to (1) — ranging from the geometry of
Gaussian fields, to stochastic differential equations and statistical mechanics.

Whereas the aforementioned results are mostly qualitative, in the reference [3] one can find a
quantitative counterpart to (1), using integration by parts formulas (see also |1, Section 2.3]). More
precisely, in [3] it is established that, if the two Gaussian vectors X and Y have the same mean,

then

‘E( max XZ-)—E< max YZ-
ie{l,...,n} i€{l,..,n

\/max\E ((X; — X;)?) —E((Yi = Y;)?)|logn. (2

In the first part of the present work, we extend the study of quantitative bounds of the type (2)
to the setting considered by Gordon [9, 10, 11] of min-max statistics of Gaussian random matrices.
To motivate the reader, we report below one of our principal contributions on the matter — see

Section 2 for a full statement and for its proof.

Theorem. Let (X;, ;,) and (Y}, j,) be two nxm Gaussian random matrices with the same expectation.
Then

’E(mlnmaxX“ 12) - E(mln max Y;, Z2)
11 192 11 12

< \/Z max ‘E((Xil,iz - le,j2)2) - E((Yil,iQ - le,jz)z)‘

11,82,71,52

[0 e o e

We will see that our techniques also allow one to recover as special cases virtually all comparison

statements for min-max statistics (and their generalizations, like sums of order statistics) proved in
[9, 10, 11]. In particular, an interesting application of our findings is the comparison between the
order statistics of two Gaussian random vectors, once they are regarded as min-max of particular

Gaussian random matrices. For instance, we can show that

[E(X(n-1)) = E(Y(n-1))| < xf+1\/max]E ((Xi — X;)?) — E((Y; — Y))?)|logn,

where the index (n — 1) indicates the second maximum coordinate of a n-dimensional vector. See
Corollary 1 below.

It is apparent that bounds such as the ones described above, involving only first moments
of extremal statistics, cannot completely describe the similarity between the distributions of the
involved quantities. To overcome this shortcoming, Chernozhukov, Chetverikov, and Kato have

established in references |4, 5| (which crucial installments of the so-called CCK theory) bounds on



the Kolmogorov distance between the laws of the maxima of two Gaussian random vectors, so as
to give a more precise description of their closeness. In order to achieve their results, the authors
employ some novel anti-concentration inequalities for the maximum statistic of a Gaussian random
process. These contributions have been recently extended by Koike in [13] — to which we refer the
reader for a more comprehensive overview of the CCK theory — where bounds are established on the
discrepancy between the maxima of a Gaussian random vector and a smooth Gaussian-subordinated
random element.

In Section 3 (see, in particular, Theorem 2) we generalize some of the results from [4, 5, 13] to the
aforementioned setting of min-max statistics of random matrices: in particular, we derive a bound
for the Kolmogorov distance between the laws of the min-max statistics of two random matrices, one
of which is Gaussian. In order to do so, we need to recover some new anti-concentration inequalities
suitable for our purposes; see for instance Proposition 9 and Lemma 10 below.

One important by-product of our findings are estimates involving matrices of multiple Wiener-Ito
integrals (see e.g. [20, Chapter 2]), to which we will devote Section 4. As an example of application
of such estimates, suppose that every entry (i1,i2) of an n X m matrix is given by the following

random quadratic form

d d
Fihiz = Z Ai1,i2 (uﬂ})fufv - E( Z Ai1,i2 (u,v)gu&)),
u,v=1 u,v=1
where A;, i,(+,-) is a real-valued symmetric matrix for all (i1,72) and (&1,...,&q) is a d-dimensional

Gaussian random vector. If (Xj, ;,) is a n X m centered Gaussian random matrix with the same

covariance structure as (Fj, ;,), then one has that

dkol(min max Fj, ;,, min max X, ;,) < C’max(E(F4 ) — 3E(F? )2)1/6n2/3(10g m)'/3 (log nm)?/3.
12 1

g o 01,0 11,0
i i 41,62 1,22 1,22

where C' > 0 is an absolute constant and dge1(U, V') stands for the Kolmogorov distance between the
distribution of the random variables U, V' (see |20, Appendix C]). An illustration of these findings —
inspired by the statistical theory developed in [13] — is presented in Section 4.2.

1.2 Notation
For m € N, we write [m] to indicate the sets of integers {1,...,m}. For k € [m], p € [k],
{a1,...,ap} C[m] and {b1,...,bs} C [m] \ {a1,...,a,}, we define the sets

g, ={L c2m:|L| =k},

gt g colml L) =k {ay,...,ay} C L and {by,... by} C 20"\ L}.

Note that [£] = () and |€}} bl"'bq| = (ZL__IZ;__;).

For z = (z1,...,24) € R let z;, € {21,...,2q4} be the k-th ordered statistics of its components,



i.e.

inz =z <...< <.z = "
M2 =20) S0 S 2k S Ha) T WAX

If 2 = (2i1,i0) (i1,i2)en)x[m] € R™™, we write its i1-th row as z;, . = (2i;,1,--+,2i;,m) € R™. In
particular z;, () indicates the k-th ordered statistics of the vector z;, . and z. ) stands for the vector

(Z1,(k)> - - - » 2n,(k)) € R". Throughout the paper, we will refer to the quantity

minmax z := min z; (,) = Min max z;,
i1€[n] ’ i1€[n] iQG[m]
as the min-maz statistic of the matrix z. We will always work on a fixed probability space (2, F, P)

and write E for the expectation with respect to P.

2 Comparison of min-max statistics for two Gaussian random ma-

trices

2.1 Main estimates

The forthcoming statement is one of the main contributions of the present work, containing as special
cases several results evoked in the Introduction; in particular, the inequalities (1)—(2) correspond
to the case n = k = 1, m > 1 of our result; Theorem 1.4 in [9] corresponds to the case n,m > 1
and k = 1; Theorem 1.3 in [11] corresponds to the choice n =1, m > 1 and k < m — 1 — see the

subsequent discussion.

Theorem 1. Let X = (Xij i, )(i1,in)en)x[m] @4 Y = (Yiyio) (i in)e[n)xm] e two Gaussian random
matrices with B(Xi, i,) = BE(Yq, 4,) for every (i1,i2) € [n] x [m]. Define ;) ;.. 4, = E((Xiy i, —
thjz)z); %'};1'2;]'”2 =E((Yi, i, — le,jQ)Q) and let

=  max

(i1,32)€[n]x[m]
(91,52) €[] x[m]

X Y
‘71'1,2'2;j1,j2 B 7i17i2§j1,j2|'

Then, for all k € [m],

(3)

< [ 3) (e (1= s (1))

Moreover, if, for every (ia, j2) € [n] x [m],

X Y . . .
Vi1 izij1,d2 < Vivyizsj1,d2 ifiv =1

X Y . . .
Vi1 i2341,52 > RORITIWE if iv # i,



then

m m

E(min Z Xz-h(h))gE(min Z Yh,(h))-

nelnl, S L Py Y

Remark. In order to substantiate the claims preceding the statement of Theorem 1, we put forward
the following two special cases: (i) when n = 1, then X and Y are m-dimensional Gaussian vectors,
and the quantities inside the expectations on the left-hand side of (3) are the sums of the order
statistics of orders m —k+1 up to m of X and Y (in particular, when k = 1 we recover the maxima);
(ii) when k£ = 1 and no restrictions are put on n,m then the random variables on the left-hand side

of (3) are the min-max statistics of X and Y.

Remark. There is no conceptual obstacle in extending Theorem 1 to the more general case of a
d-dimensional Gaussian tensor (Xi, . i,)(i;,...ig)€[ni]x---x[ng) @0d the investigation of the quantity

(say d is even without loss of generality and k; < n; for all i < d)

ka—1 ng

k1 n2
o> Yo X)) ) )

h1=1ho=ng—ko+1 hg_1=1hgq=ng—kq+1

but we decided not to perform it explicitly, in order to keep the length of the paper within bounds.

One remarkable consequence of Theorem 1 is that it yields comparison criteria for the expected

values of order statistics associated with Gaussian random vectors.

Corollary 1. Let W = (Wi)iclq and Z = (Z;)ielq) be two Gaussian random vectors with E(W;) =
E(Z;) for every i € [d], and let v = max(i,j)e[d]ﬂE((VVi —W;)?) —E((Zi — Z;)*)|. Then, for any
h e [d],

[E(W) — E(Zp)| < ﬁ( 21log <Z> + /log h) < ﬁ<\/2h(1 tlog(d/h)) + /log h).

Proof. The key idea is that W (respectively, Z()) is the min-max statistic (see Section 1.2) of
a matrix X with (Z) rows, where each row corresponds to a distinct subset of W (respectively, Z)
with cardinality h (the order of the elements of the subset within a single row is immaterial). To
see this, observe that the rows of the matrix X described above are such that: (i) there exists at
least one row containing W) as a maximal element, and (ii) every other row contains one element
that is larger or equal to W(;). Using now Theorem 1 with n = (Z), m = h and k = 1 yields the
first bound. The second bound follows easily from the first noting that (Z) < (%)h. O

Remark. An alternate class of local comparison theorems for (vectors of) order statistics of Gaussian

matrices can be found in [7] — see the discussion following Theorem 2 below for further details.

Remark. We now show that, when m is fixed, the bound of Theorem 1 is sharp in the order of n and

k. First, let Y = 0 and X be a matrix with m columns which are the copy of a same n-dimensional



standard Gaussian vector X’. Then v = 2 for every n and

m
Z X’ilv(h) = k;X{r
h=m—k+1

It is known from extreme value theory that, as n diverges, the expectation of min;, Xz(1 is of order
VIogn (up to constants). Then, the expectation of Y 3", | X, ¢ is of order ky/logn, matching
the order of the bound (3) in this specific case.

Analogously, when n is fixed, then the bound is sharp in the order of m and k in the regime
where k,m — k < m. To see this, let Y =0 and X be a matrix with n rows which are the copy of a
same m-dimensional (transposed) Gaussian vector X’. This time suppose without loss of generality
that m is a multiple of k, m = mk, m € N and that X’ is the collection of k copies of the same

standard m-dimensional Gaussian vector X. Note that in this case

m ~
Y Xim =kmaxX;
h=m—k+1 jElm]

for all i1 € [n]. However, when 7 diverges, the expected value of max;cps X j is of order y/log m =

log(m/k), and, accordingly, the expectation of k max;cs Xj is of order

e fogn 1) = Vi hogm1)t = Vi hog (1),

where the last approximation holds in the aforementioned regime of k with respect to m. Again, we

recover asymptotically the bound (3).

The next section contains six technical results that are pivotal in the proof of Theorem 1.

2.2 Six ancillary lemmas

Lemma 1. For 8,5 > 0 and k € [m], define the function f£’5: R™™ — R by

5’6(1‘) = _Bldl()g f: ( Z exp(ﬁ Z acghgz))_é.

01=1 Legy I3
For every x € R™ ™, one has that
B"S(ac) - llog <m) < ( zmz . (h ) < 5’5(33) + ilogn
k ﬂ k — i +(h) 1 — k /85

Proof. Let d € N and z € R*. When 8 > 0 the following inequality holds

d d
éz B < P < 3 6P,
=1 =1

6



in particular
d
1 - logd 1 .
— log E ePri — < zg < =log E P, 4

Similarly for the minimum instead, it holds that, for every 3’ > 0,

. _g,,  logd
B/logz —F'zi < zq) <_EIOgZ Blzo y 257 5 (5)
i=1
For each ¢; € {1,...,n}, consider the vector z = (ZZQGL Izlng)Lesk e R(¥) and apply (4) to it.
Notice that Z(my) = h:n;k+l Tg, (n)- We get

*IOg > exp <5 > 9351,42) — 5 log <?Z> < zm: Ty (h) *IOg > exp (5 > 9%,@)

Legy beL h=m—k+1 Legy LEL
m
Now we want to isolate the minimum of the vector ( > Ty )) € R", and we use (5) to do so.
h=m—k+1

Notice that, for 8/ = 3§, we get

—ﬁlllogg;exp( —log Z eXp(ﬂ Z 1’61,62)) 56(55)

Legy laeL

e (i eols ) - s (1)
=1l () S (-5 o 3 (s 3 )] = e o (),

Legy, LEL
which concludes the proof by monotonicity. O

Remark. In [15], the authors have studied the distribution of order statistics using an approximating
function that can be seen as a particular case of f} ’5, as used in the proof of Corollary 1. In this

sense, Lemma 1 can be seen as a generalization of [16, Lemma 4(i)].

For h € {0,...,m}, let A C [m] with |A| = h. If h > 0 we write A = {al,.. yap} witha; < ... <
ap. It is convenient at this point to define the functions, for any i; € [n], pll,qz1 R™™ — [0, +00)

as

>, exp(B 3 @i, )

Legl tel
A A1 ,...,0p . k
pi,(z) =p; () =
" " Z eXp(ﬁ Z xill) ’
Lefy LeL



Lefy ta€L
. €Tr) =
i, () le:l Zexp(ﬁ E 5381752)

Legy la€L

n ( ZeXp(,B Z xi1,€2)>5

where we use the notational conventions p; =1 and } ;4 = 0.

Lemma 2. Let by < ... <by and B ={ayp,,...,ap, } C A. It holds

m
A h, A\B
> ph =k,
abl,...,abhzl

n

In particular, for A = B we infer that

m
ai,...,ap __ 1.h
Z Py = k™.

ai,...,.ap=1

ai,al1
1

Since p = p?ll, this implies also that

m
Z p;llhaz = (k— 1)]9?11.

az=1
az#a1

Proof. We only prove the first equation for A = 1, the general case is then similarly proved by

iteration. For any = € R"*™, one has that

m

Y (5 ) =3 X Lenon(5 3 )

a=1LegLe teL a=1LEcLy teL

Z exp (5 E IL‘il,g) i Liser)
a=1

Legy, leL

=k ) eXP(ﬁZ$i1,4)7

Lely lel

that gives the first claim. The second identity of the statement is a straightforward consequence of
the definition of ¢;,. O

Lemma 3. For all (i1,i2) € [n] x [m],

> gk
a— o —— =0.
(]17]2)€[n]><[m} axil7i28xj1?j2



Proof. A direct computation shows that

of _pi
8$i1,i2 qiq

and that 54 L
2 £P, 12 ,.J2

0iy i, 0T, jy iy 4j iy

1 i1=17 i J 12,]
+ { 1‘ g1} (_(1 + 5)]9;?17;? +p.2’]2)] (6)

11

We will evaluate the contribution of the three summands of (6) separately and show that they cancel
out to 0. Notice that 3/¢;, is a common multiplicative factor to all three so we can ignore it. We

use both properties stated in Lemma 2 to deduce that

iz, J2
P2 .
DIRL T

Gr)elmxm] D1
Yoo ()R = —(1+8)kp2,

(J1,42)€[n]x[m]

12,02 __ 1.,92
E Py, = kp;,

(J1.72)€[n]x[m]
which concludes the proof. O
Lemma 4. With the same notations and assumptions as above, one has that

>

(41,32)€[n]x[m]
(31,52)€[n] x[m]

2 £B,6
0 k. ( y oo _ X )
axil,ig ale o 21,2235]1,J2 11,223]1,]2

0
2 0T, 3,0% 4, j Vivsigigi.ge ~ Visiosii.ge )
(i1,32)En]x[m]  HP2TTII2

(j1,52)€[n]x[m]
(i1,32)#(J1.52)

X
+o . ,
11,22521,22

Proof. First, note that 'yff’i%jl =X — 20X

o = Oirigsinsia — 207, josir o analogously for Y. We can



split the first sum of the statement as

2 ¢fB,6
1 (o) X )
0T axj i Oi1insgn,ge — Tinsizign.ge
(i1,i2)€[n]><[m} 1,22 1,J2
(J1.42)€ln]x[m]
2 £f3,6
- 11,1211 ,82 11,12301,82

(i1,i2)€[n]x[m)] 04, 3,04, 4

1 ‘92]05’(S Y X
o 5 Z 81’1‘1 i28xj1 i ) (_20i1,i2;j17j2 + 20%’171'2%]'17]'2)
(i1,82)€[n]x[m] ’ ’
(31,52)€[n]x[m]
(i1,d2)#(J1,52)

2 83,0
S PRy x
2 Or..  Or. J1,32591,J2 J1,d2:1,92 )
(jr.j2)E[n]x[m] - JLI27 7102

By Lemma 3 we know that for all (a1,a2) € [n] x [m],

0% f° 5 920

_OhT A/ S
OarmOTaz b icgegm PP 20T

(b1,b2)#(a1,a2)
which allows us to conclude. O

Lemma 5. For all x € R"*™

)

L,f"; 2) >0 if i1 # 5
01y i, 0T, jy <0 if i1 = j1 and iz # jo.

Proof. Notice that we can rewrite (6) in the following way:
PR Bl ] o
Ton 0T an [51?2? i (qjl - 1{i1:j1}> + Lji =y (Piy —pﬁfpﬁ)] (7)

Obviously when i1 # j; the expression is positive. When i; = ji, notice that 1/¢;; — 1 < 0 since

gi;, > 1, being a sum of non-negative summands and one of those (corresponding to ¢ = iy) is

exactly equal to 1 . It thus remains to prove only that péf’h — pzf Zf < 0 whenever iz # jo. Writing

ye = eP%i1¢ > 0 and multiplying both sides by dLeg, exp(ﬁ Y el xiw), this is equivalent to

ZHW Z HWSZHWZ H.W,

Leg,tel  L'egy vel’ Legi el  L'eg rel’

where we also renamed i and jo as i and j, respectively, for simplicity of notation. Since we can

10



decompose the first double sum as
)IDIED D SRS 31D SRS SID S DI o
Legy L'egy!  Legy L'eg)! Legy L'eg) Leg) L'eg)! Leg) L'egy
and the second as
)SDIED IS IS S S D S SIS o8
Legi L'eg]  Leg) ey  Leg) ’eg)!  Leg) L'eg)  Leg) Leg)
it appears that the only comparison that needs to be checked is
> 2 Iwe Il we= > > ITwe Il v
Legd esdter  ver Legd es ter,  ver
By simplifying a factor y;y; on both sides, this is inequality is equivalent to

Z Z 1_[9131_[?14’S Z Z HWHW,

Legy L'ely_otel Uel’ Lely 1 L'ely 1¢eL Vel

with the caveat that here £y (respectively £;_1, £;_2) indicates the collection of subsets of cardinality
k (respectively k — 1,k —2) out of m — 2 total indexes (and not m as previously). We will show that
every double product of the LHS appears with larger multiplicity in the RHS. Let L be a multiset
of 2k indices (i.e. a set with 2k elements that can be repeated, out of a set of m — 2 total indexes).

Then, the quantity [],.; v, appears in the LHS if and only if the two following conditions are met:
e 10 index ¢ appears in L more than twice,
e there are at most k — 2 repeated indices.

Suppose that exactly » < k — 2 indices are repeated in L. Those indexes have to appear both in each
L and L' of the RHS. Then, in the LHS there are (22:7%252) ways to rearrange the remaining indexes
between L and L', while in the RHS there are (22:721_12) ways. Notice that the latter quantity is a
central binomial coefficient so it is necessarily larger than the former. O

Lemma 6. For all x € R™™, it holds that

e
(i1,i2)€[n]x[m] @i1,i2 0% 5o
(j1,42)€n]x[m]

(i1,i2)#(41,52)

< ﬁ% (m —k+an(2m — 1)k:5),

where a, ==1— 1 €0,1).

Proof. Again, we evaluate the contribution of the summands of (6) separately. We make use

11



extensively of Lemma 2. We start with the case i1 # ji:

2p72
p— 71{: pr—
B Z ‘ Liy i2axj1 J2 o Z qzlqjl
(i1,32)€[n]x[m] ' ' (i1,92)€[n]x[m]

(J1,52)€[n]x[m] (J1,52)€[n] X [m]
1751 171

—or?(1- Y %) <or?(1- %)

11€[n] £

The last inequality is due to the fact that the terms 1/g;, are positive and sum to 1, in particular
by the Cauchy-Schwarz inequality the sum of their squares is minimized when all of them are equal
to 1/n.

For the case i1 = j1, we make use of the expression (7) in which both summands are non-positive,

in such a way that we can write

1 PR
Z ‘ 04y i, 0T, jo

(i1,i2)€[n] x[m]

1 1 ;
D L G R ]

(i1,i2)€[n)x [m] *" "

(J1,42)€n]x[m] Jj2€[m]
11=J1 12772
i27#£j2

1 + 5 5 ; p§27.]2
TP I Crit=3 D DI
(i1,i2)€[n] x[m] ! " (i1,i2)€[n]x[m]
J2€[m] J2€[m]
i27#j2 i27#j2
The first sum can be estimated as follows:
1+6 0N 1+ 5 ;
Z ( q; - (Ji‘2>pipzf B Z ( q; q ) Z pff
(ini2)€m]x[m] " u (in,i2)€[p)x[m] "t j2€[m]
Jo€[m)] io#jo

i2#£j2
0 0
- X (e

(inin)emx[m) - 1 I

- Y (-2 (- T o)

e T i iz€[m]
(- D) (res(1-1),

where we used the fact that the numbers {p:f }isepm) sum to k, so that the minimum of 3, (pﬁ)2

is k2/m, again by the Cauchy-Schwarz inequality. Concerning the last summand, we obtain

p22’]2 piz
y M s Ly s aenfoeen
Granemlxim] T Grin)emlxim) T jaeim] (rinenlxm] 0
Jo€[m] ioF#j2

i27#£j2

Note that the sums over the indexes i1 # ji (respectively, io # j2) make sense only when n > 1

(respectively, m > 1) but those expressions are 0 anyway, if that is not the case. Merging the three

12



contributions, one deduces the desired conclusion. O

We are now ready to prove Theorem 1.

2.3 Proof of Theorem 1

Once the analytical lemmas presented in the previous section are established, the proof follows from
a classical interpolation technique — already exploited e.g. in [3, 18] or |20, Chapter 6]. Without
loss of generality, we can assume that X and Y are independent. Let pi, i, = E(Xi, 4,) = E(Xj, 45)-

Rnxm

For ¢ € [0, 1] we consider the random interpolation matrix Z; € whose entries are given by

(Zt)ilﬂé =vl1l- t(Xil,iz - Mihiz) + \/i(}/ihiz - Nil,iz) + iy g

Note that Zy = X, Z1y =Y and E((Z)i, i,) = iy i, for all ¢t € [0,1] and all i1,42 € [n] x [m]. We
also define ¥ (t) := E( ,f ’5(Zt)), in such a way that ¢ is differentiable with derivative

1 3f6’5 Yi, iy — fi i X o — s
Y(t) = = Z E k (%) s ~ Mivge  Xjrgs — M2 |\
2 (j1,42)€[n] x [m] T3 2 ( Vit Vit ) )

Moreover, integration by parts yields

82f

0Tiy i, 05, j,

B( )W) = Y vim( D

(Zt)) T31,i2;51.52
awjzuz (i1,d2)€[n]x[m]

and

9 8,8 52 B,6
E( fk (Zt>(Xj17j2 - Mjh]é)) = Z V19— tE(i(th Oi1,i2351.52"

8$]Z7J2 (11,l2)€[n]><[m] 8ajzl Zan.]l »J2
Plugging both previous identities into the initial one, we obtain

/ 1 0 576 Y X
(4 (t) = 9 Z E(ax O - (Zt)> (Ui17i2§j1:j2 B ai17i2§j17j2)'
(i1i2) €[n] x[m] I
(J1,52)€[n] X [m]

Note that, by construction,

1
E((/P(YV)) — B2 (X)) = (1) — (0) = /0 (1) dt

Using Lemma 4 in combination with Lemma 5 shows that under the conditions on the signs of
Vitiniivigs — Yivsinijr jo S Per assumption, )’ >0, hence E( g’g(X)) < E( E’J(Y)), from which the

second claim of the theorem follows by letting 5 — oo, thanks to Lemma 1. Again, Lemma 1
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combined this time with Lemma 6 and

B C0) ~ BUPAON] < sup 0] < 25 (m— k4 an(2m — ko),

tel0,1] 4
shows that
‘E <i?él[2] hmz—:k—f—l Xih(h)) F (Zrlrél[g} hmz—:k:ﬂ Yih(h)) ‘
Bk 1 1 m
< %(m — k4 an(2m — 1)ké)y + %logn—}— Blog (k‘)’

that for k£ € [m — 1] is minimized by

B mlog () B (m —k)logn
p=2 (m — k)ky and 0= \/kan(Qm —1)log ()’

yielding bound (3). For k = m the bound is trivially true since the LHS is 0. O

3 Comparison of min-max statistics of two random matrices, one

of which is Gaussian

3.1 The language of Malliavin calculus

The reader is referred e.g. to the monograph [20] for a detailed discussion of the concepts presented
in this subsection.

Let $) be a real separable Hilbert space, and write (-,-)g to indicate the corresponding inner
product. In what follows, we will write G = {G(h): h € $} to denote an isonormal Gaussian process
over £, that is: G is a (real) centered Gaussian family indexed by $ and such that E(G(h)G(g)) =
(h,g)g, for all h,g € $. Denoting by o(G) the sigma-field generated by G, every F € L?(c(G))

admits a Wiener-Ité chaos expansion of the form
F=EF)+> Ify), (8)
q=1

where f, is an element of the symmetric gth tensor product $®¢ (which is uniquely determined by
F), and I,(f,) is the g-th multiple Wiener-Ité integral of f, with respect to G. One writes F' € D2
if

> adll fallfea < oo

q>1

For F' € D2, we denote by DF the Malliavin derivative of F. Recall that DF is by definition a

14



random element with values in ). The operator D satisfies a crucial chain rule: if ¢ is a mapping
on R™ of class C'! with bounded derivatives and if F, ..., F,, € DY2, then o(F,...,F,) € D2,

and also

m
Dy(F, ..., Fy) = Z@i(p(Fl, ...,Fn)DF;.
=1

For general p > 2, we write F' € D' if F € LP(o(G)) NDY? and E(||DF||%) < 0o. The adjoint of
D, customarily referred to as the divergence operator or the Skorohod integral, is denoted by d and

satisfies the duality formula,

E(6(u)F) = E((u, DF)g)

for all F € D%2, whenever u: £ — § is contained in the domain Dom(4) of 4.

The generator of the Ornstein-Uhlenbeck semigroup, written L, is defined by the relation LF =
— 21 Uq(fq) for every F as in (8) such that }_ -, q2q!\|fq\|%®q < 00. The pseudo-inverse of L,
written L~!, is the operator defined, as L™'F = — do>1 %Iq(fq), for all F € L?(0(G)) as in (8).

The fundamental relation linking the objects introduced above is the identity
F =E(F)-§(DL7F),

which is valid for any F' € L?(o(G)) (this relation implies in particular that, for every F € L?(a(Q)),
DL~'F € Dom(9)).

The notation and setting introduced above will prevail for the rest of the section; also, we will

systematically assume that the underlying Hilbert space $) has infinite dimension.

3.2 Main estimates

We now fix the following objects: for n > 1 and m > 2, X = (X, i, ) (i iz)e[n]x[m] 15 @ centered Gaus-
sian random matrix with covariance matrix (0iy iy 2 ) (i1 ,ia), (1 j2)€ln] x [m] (Without loss of generality,
we can assume that X is extracted from the isonormal Gaussian process G); F' = (Fy, iy ) (i1,i2)€[n] x [m)]
is a centered random matrix with entries Fj, ;, € D2, We also write 0y, ;, as shorthand for
Var(X;, ,), 0 = MiN,e(m] Ty ips & = MiNG, i )en]x[m] Tir iz AN T 1= MAX(, iy)eln]x [m] Tir iz-
For simplicity, we will now work with statistics such as the ones appearing on the left-hand
side of (3) only in the case k = 1. To this end, recall that we write minmax X to indicate
min;, ¢[p] MaX;,e[m] Xip,ip and analogously for F. Our main findings are contained in the statement
of the forthcoming Theorem 2, providing an upper bound on the Kolmogorov distance between the
distributions of the min-max’s of X and F'.
In this section, we make the mild assumption that the covariance structure of the random matrix
X is such that
P(|{(i1,i2) € [n] x [m] : X;, 4, = minmax X}| > 1) = 0; (A)

in other words: we require that, with probability one, there exists a unique pair (i, j.) such that

Xi, j. = minmax X. This is, for instance, the case when corr(X;, 4,, Xj, j,) < 1 for all distinct

15



pairs (i1,42) and (ji,j2), or when X is the matrix associated with the order statistics of a vector
W, whose components verify corr(W;, W;) < 1 for all ¢ # j, built as described in the proof of
Corollary 1. Indeed, by construction, the argument of the min-max of such a matrix is always
unique with probability 1.

The next statement is the main achievement of the present section. In the special case n = 1, it
generalizes both [4, Theorem 2| and [13, Theorem 2.1|. Note that reference [4] only deals with the

case in which both F' and X are Gaussian.

Theorem 2. Let the above assumptions prevail, suppose that ¢ > 0 and let

A=E (in i;)ré?ﬁx[m}KDFihiw _DL71FJ'1,J‘2> = Oiyin3j1,d2 ‘) . 9)
(J1,52)€[n]x[m]
(a) Let ap,; = E(maxbe[m} fj—:;), O, = %Z?:l Qi and Pnm = n/lognm. Suppose that there

exist constants ¢,(’" > 0 such that { < o < & < ('. Then, there exists a constant C > 0,
depending only on (,(’, such that

Sup}P(minmaXF < z) — P(minmax X < x)‘

z€R
< Cny/log nm(log m)'* max (1, /@, log(1/A)/*) VA.

(b) There exists a universal constant C > 0 such that

(@}

sup|P(min max F' < z) — P(minmax X < z)| < —n+/Alognmlogm. (10)
z€R

S|

Remark. If F'is Gaussian, then the quantity A appearing in (9) is simply the maximal discrepancy
— in absolute value — between the entries of the covariance matrices. In this special case, our
bounds can be compared with |7, Theorem 2.1]. In particular, specializing such a result to maxima
(r = d in the notation of |7]) yields an estimate on the left-hand side of (10) where the mapping

1/2 is replaced by an application of the type (n,m) — n®mb, with

(n,m) — n(logm)/?(lognm)
a,b> 1, and A2 is replaced by a index of discrepancy between the two covariance matrices which
is of the order A, for A converging to zero. We also observe that — reasoning as in [13, Corollary
2.1] — the bounds in the statement of Theorem 2 continue to hold if the matrices F' and X are
replaced by those with entries |Fj, ;,| and |Xj, 4,|, respectively (up to a change in the exact value of

the absolute constants C,C).

We proceed with the proof of Theorem 2. First, we need a bound on the second derivatives of
the composition of a smooth function with the approximation function f,f % defined in Lemma 1
(note that, in the statement below, we consider a generic k € [m] despite only k£ = 1 being relevant

for the present section).
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Lemma 7. Let g: R — R be twice continuously differentiable with bounded first and second deriva-

tives. Then for all (i1,12), (j1,j2) € [n] X [m],

82(90 575) 5 pl:2 pj2 5 pizpjé
B = g ()L g ()80

Li=jn} io, J i2,]
+ —(1+ 8)pizp’2 + pi272 }
&L‘il,izag}jhh iy 95, i ( ( ) e ’ )

Gir 4js iy '
In particular

Z 82(90f5’6)

< k?g" oo + 28k (1 + 6K) ||| co-
8:1:1-171-26xj17j2

(41,32)€[n]x [m]
(41,52) €[] x[m]

Proof. By the chain rule we have

9%(go f°)

axim’z 8le \J2

axilﬂé axilﬂé

2 ¢f3,6
"y

)

= g"(f2°) +g'(f7°)

8*%2'171'2855]'17]'2
which yields the statement because of the computations above. The last inequality follows from the
computations of Lemma 6, with the difference that here also the diagonal indexes are taken into

account. O
The next statement generalizes Lemma 5 in [4].

Lemma 8. Let W be a Gaussian random matriz in R™™ with Var(W;, ;,) = 1 for all (i1,i2) €
[n] x [m] and (A) holds. Then the distribution of minmax W admits a density with respect to the

Lebesgue measure given by

gnm(2) = (2) Y Hi(2)Gi(2),
i=1
where
Hi(z) = P(ig% Wi ¢ = minmax W ‘ ;2[22(] Wi = z)
and

() .- E(W; )z—E(W,;)? o : ’ -
Gi(z) =Y e P (Wi = s Wiy [ Wi = 2).

Moreover z eE(Wiv‘)"‘_E("VM)QP(VVHg = MaXye ] Wi ‘ Wik = z) s non-decreasing as SOON as
E(W;x) > 0.

Proof. Exploiting assumption (A), one hast that, for every real ¢,

n
P(minmaxW < t) = E P<max Wi ¢ = minmax W N max W; , < t).
=1 Lem] Le[m]
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Writing

P(max Wi =minmax W N max W; , < t)
¢€[m] te[m]

t
= / P<max W, ¢ = minmax W ‘ max W o = z),ui(dz),
] te[m]

— oo Le[m

where p; stands for the law of maxc,) Wi ¢, we deduce the desired conclusion from Lemmas 5 and
6 in [4]. O

The following is a generalization of [4, Theorem 3|. For every ¢ > 0 the anti-concentration

function of a r.v. Y is defined as

L(Y,e) =supP(|Y —z| <e).
zeR

If Y if absolutely continuous with essentially bounded density f then it follows from the definition
that
L(Y,e) < 2| flleo;

where |||/« is the essential supremum.

Lemma 9 (Anti-concentration inequality, first variant). There exists C' > 0 that depends only on o
and & such that for alle >0

L(minmax X, ¢e) < Ce (Z am,i + nmax(1, log(g/s))).
i=1
Proof. We divide the proof in two steps.

(i) Reduction to unit variance. Let > 0 arbitrary and let

Xi17i2 -z +

Oiy,ia

Wi17i2 =

e

Then p;, i, = E(W;, 3,) = z(2 — 1) > 0 and Var(W;, ;,) = 1. Let Z := minmax W. Since

g Jil,iQ

the function min max is non-decreasing in each argument, we have

X .
P(jminmax X — 2| <¢) < P( minmaxM‘ < E)

i 2 Ty ig g
) Xiji,—T €
gsupP(mlnmaXLqufy‘g—) (11)
yeR 3! 12 Oy io ag o
€
= supP(]Z—y| < —).
yeR g

(ii) We proceed with bounding the density of Z. Since W, i, ~ N (i, iy, 1), by Lemma 8, assuming
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(A) we have that the density of Z has the form
gnm(2) = 9(2) Y Hi(2)Gi(2) < 9(2) ) Gi(2) (12)
i=1 '

We know from [4, Lemma 7| that

max(z — Z — ., 0)?
2

©(2)Gi(z) < 2max(z,1) eXp(— ) <2Z+am;+1),

where Z = x(% - %), hence
B n

Inm(2) 2 (F+ ami + 1)
=1

In particular, for all y € R and ¢ > 0 we have
€ £ w
P(|Z -yl < §> <4’ 2(z+am,i +1)
1=
and using step (i) we get

n
P(lminmax X —z| <¢) < supP(\Z—y| < E) < 4& Z(E‘Fam,z’ +1)
veR g 2

Repeating the argument with z < 0 one gets instead, one gets
€ 1 1 =
P(lminmax X —z| <e) <4-— (n|x|(f - :) + E 1 —}—am,i).
g g 0 i=1

If c =7 = o then P(|min max X — x| < 5) < %5 Yoo 1+ am,i. On the contrary if o < @, note that
the claim is true trivially for o/ < 1. If € < ¢ instead, for || > ¢+ E(% Yoy Qmi \/M),
since the min-max is a Lipschitz function, we can use the Gaussian deviation inequality (see |14,
Theorem 7.1|)

P(jminmax X — z| <¢) < P(minmax X > [z| — ¢)
— N
P(minmaxX > g Zami +E\/210g(g/s))
n
i=1
< P(min max X > E(minmax X) +E\/210g(g/5)> <

IN

)

€
o

where we used the fact that £Y7  apm; > lZ?:lE(maxize[m} Xii,) > E(minmax X), since

- n

min max X < max;,ef, Xii, for all i € [n]. When |z < e+ (>0 am; + 1/2log(a/e)) < |z] <

1
n
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o+ 0 (23 am; + v/2log(a/e)) instead, we get
€
i —zl<e) <4 - =
P(jminmax X — 2| <¢) < g<n|x|< )—f—Zl—l—aml)
£
<az(n(1-2) +n(G-1)va (512 am)
=4 n +n og(a/e) + ;a
< Ca(Z Am,i +nmax(1, log(g/a))),
i=1
which concludes the proof. O

Remark. Rewriting the bound of Lemma 9 as
L(minmax X, &) < Cne(anm + max(1,v/log(a/e)),

we see that the multiplicative factor n cannot be improved. In fact, suppose that the matrix X is
composed by n i.i.d. rows, which are copies of a m-dimensional standard Gaussian row vector X’,
and let a == E(max X’). Then

P(minmax X > z) = P(max X' > 2)",

and

diP(mlnmaxX > 2) = nP(max X' > 2)" 1; P(max X' > z).
z z

Exploiting the sub-Gaussian deviation inequality for max X’ we get that the last expression is less

or equal than

(n —1)max(z — a, 0)2)

max(z — «, 0)2)
2 )

X 2max(z, 1)exp(— 5

n exp <—
which is uniformly bounded from above by 2n(a + 1), the desired order.

The following is a generalization of [5, Lemma 4.3|.

Lemma 10 (Anti-concentration inequality, second variant). Let X be a (possibly non-centered)

Gaussian random. For all e >0
L(minmax X, & <2\f€2 \@—i— Vlogm) SQ\@En(\/i—i— Vlegm).
o
1= 1 -
Proof. Let X;, be the covariance matrix of the row vector X;, ., in particular X;, . = El/QZ + pi,
for some Z;; ~ N(0,1,;,) and p;, € R™. Note that the is-th row of El-l/ can be written as ;, i, Vi, io
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for some unit-norm row vector v;, ;, € R*™_ which yields
11,12 )

Bo = {mm max (;] i Ziy + iy )iz < 33} U {Wz € [m] v i, Zi, é /‘Hﬂ?} U Cia-

i1€[n] i2€[m] Oiy,io

i1€[n] i1€[n|

In particular, since min max X is absolutely continuous, its density f is given by

f(z) = lim P( v+e \ Bz,

e—0
for almost all z € R. For all i; € [n] we have
. T+ € — iy iy . — Hiyig € _ A2y

Cil,w—‘re = {VZQ S [ ] Uiy zZZ < ——= , CiVip € [ ] (U ZQZ < 74—— = Cll R

Tiq,ia T i Ty ,

hence

x+5 \ Bz - U Czl,ers\ U Czl T g U Z/Z” \ U Czl T g U :fin \Czl,:zf

i1€[n] i1€[n] i1€[n] i1€[n] i1€[n]

By the union bound, we deduce that

f(z) < lim 1P( Z/,i” \ Ciye)-

e—0 £
11=1

Using Nazarov’s inequality (see [17]) on each term of the last sum gives that

lim P( a/;”\C“z)<i(\[+\/log m),

e—0 ¢ s

which allows us to conclude. O

Lemma 11. For allb € R and all € > 0 there exists a twice continuously differentiable function

9= gbe such that 1 _op) < 9 < oo pre] and ||g']loe < 2/, 19" loo < 6/€2.
Proof. Following the example of [ref]|, one can see if one defines the function as

1 if z <b,

1
Gpe(2) = 30/ bt2(1—t)2dt ifb<z<b+te,

0 ifz>b+e,
it is straightforward to compute the bounds of its first two derivatives. O

The next statement represents a generalization to n > 1 of [4, Theorem 1| (case of F' Gaussian)

and [13, Theorem 2.1] (general case). Its proof uses ideas inspired by [6], a work which achieves an
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improvement of [4, Theorem 2| and [13, Theorem 2.1].

Proposition 1. For all functions g as in Lemma 11, it holds

logm 4 logn) 2n(2 + \/210gm) A
B Bo '

Proof. We may assume that F' and X are independent, without loss of generality. Consider their

[E(g0 fP(F)) —E(go0 /(X))| < (% + A0+ 5>§) (e

[

interpolation given by

Z(t) = VtF + 1 - tX,

for all t € [0,1]. Let ¢ == gy 0 f°. Then 827@(3;) = 0 whenever f7°(y) ¢ [z,2 +¢]. In

)
R

view of Lemma 1 this also implies that e
0? 1 1
790(Z(t)):0 if minmaxZ(t) ¢ [x— Ogm,m—{—e—l— Ogn} = 1I. (13)
a:vil’,@ 81']'1,]'2 6 /85

Now consider the function ¥(t) :== E(¢(Z(t))). Then ¥ is differentiable in [0,1] with derivative

equal to

L dp Fs X. .
W'(t) = = Z E (Z(t)) (22 Dz ),
(41.42)€[n] x[m] (8xj17j2 ( Vi m>>

By independence and integration by parts we deduce that

8(,0 62(p

Z E (Z(t)),/ - Z E 7(Z(t))o-i1,i2;j1,j2 .

(1.2 €[] x [m] (8%”2 1_t) (i1,i2)€[n] <[] (8”“""”'28%42 )
(j1,42)E[n]x[m]

Analogously, arguing as in the proof of [20, Theorem 6.1.1] yields that

> E Z)=22) = 3 E(:————(Z(1)(DFi, 4, ~DL7Fj, 3,) ).
(J1,52)€[n]x [m] (8xj1’]2 \/%) (@h?z%G{n}x{m} <am111228xhdz )
J1,J2)ENn|Xm

Hence, we obtain

0 _
v(t) = > E(W(Z(ﬂ)(an,iza—DL lel,j2>—%iz;jl,jQ))-
11,22 J1,J2

Because of (13), the above identity can be also rewritten as

0%

1
V() == E(1;(mi 704))— 2 F
(t) 5 Z < 7(min max (t))8%171'28%17j2

(i1,i2)€[n] x[m]
(J1,52)€[n]x[m]

(Z(t))(<DFZ'17i27 _DL_le1,j2>_Ui1,i2;j17j2)>'
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Now we can use Lemma 7 with £ = 1 and Lemma 11 to perform the bound

W) < (55 +60+0)2)B(1iminmax Z2) max ((DFs i, ~DL™ Fy o) = i) )
Since X is independent of the collection {F; (DFi, i, )i, iseln]x[m]; (DL~ YF2) s J2€ln]x[m] }> using
the law of total expectation we can write

E(lf(minmax Z(t))ilggffJQ((DFil,ig, —DL7'Fj, ;) — ail,i2§j1:j2))
= E(P(mmmaxZ )eI|F)E ( max ((DF;, iy, ~DL™'Fjy j,) = iy inijr o) | F))

11,12,J1,J2

Now, for all yu € R™*" fixed we have

1 1 1
P(mlnmaxZ EI|F ,u) E(minmax(\/fﬂ+,/1_tX)’§(€+ Ogm+ Ogn))

g po
logm n logn> n(ﬂ+ \/logm)
B 36 20/1—t

where in the last inequality we used Lemma 10. Since the previous bound is uniform in g we can

g(s+

eventually conclude that

|E(¢(F)) — X))| </ |W ()| dt
logm  logny\n(2+ /2logm) /1 dt
1+ A
(+5(+))<+5+ﬁ5) - o VIt
(3 logm logn 2n(2+ \/210gm)
—(5—2+ﬁ(1+5)g)(e+ Tt ﬁd) - A,
which concludes the proof. O
Lemma 12. For alle > 0 and all a,b € R, we have
. . A
P (minmax F < b) < P(minmax X < b+ 3¢) + Cnlog nm~/logm o (14)
a
A
P(minmax F > a) < P(minmax X > a — 3¢) + Cnlog nm+/logm o (15)
g

where C' > 0 is a universal constant.

Proof. Fix € > 0 and let = loge m 5= llggg;;, so that logﬁm = 1055" = ¢. Then, by Lemma 1 we get
3 75 ,6
P (minmax F < b) < P(f7°(F) <b+e) = E(L_oprq(fL°(F))).
Now we can apply Lemma 11. For such g = gp4. . by monotonicity we get

E(L(_oopiq (fP2(F) < E(9(f7°(F))).
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Since B(1+4) = log%, by Proposition 1 we get

21 2+ /21
i —l—7Ognm)(35)2717+ 08 A

g

o) - B 00)] < (55 + 5 i
=3n(3 +4lognm)(2 + \/210gm)§

A
< Cnlognm+/logm—,
Eg

for some absolute constant C' > 0. In analogy with above, it also holds

E(9(f7°(X))) < E(1(_ooproq(f1°(X))) < P(minmax X < b+ 3¢),

which allows us to obtain (14). Analogously, we get (15) by using the reflected function g_q4c(—).
O

Finally, we need one more technical Lemma, similar to the one in [13, Lemma A.3].

Lemma 13. Consider two random variables U and V. Suppose that there exist two positive constants

€1 and g9 such that for all a,b € R

PU<DL) <PV <b+e)+e
and

PU>a)<P(V>a—e¢)+eo.

Then

sup|P(U < z) = P(V < 2)| <supP(|V — 2| < 1) + e
z€eR z€eR

Proof. Using the first assumption we can write for all z € R,

PU<z)-PV<z)=PU<2)—P(V<z+e))+ (P(V<z+e)- PV <z))

<eg+supP(|[V —z| <ep).
z€R
The second assumption provides the converse inequality. O

We are now ready to prove our main results.

Proof of Theorem 2 (a). Note that if A > 1 the result is trivially true. So we can assume A € (0,1).
Lemma 12 allows to use Lemma 13 with €; = 3¢ and g9 = C'nlognm+/logm 5%, to get

sup‘P(minmaXF < z) — P(minmax X < l‘)’
zeR
A (16)
< sup P(jminmax X — z| < 3¢) + Cnlog nm+/logm —

zeR g
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We can now use Lemma 9 to estimate the first summand, hence

Sup|P(minmaxF < z) — P(minmax X < LE)‘
zeR

<’ [35 (Z am,i +nmax(1, log(g/Sa))) + nlognm+/logm %}
i=1 =
< C'"n, |:5 max (1, apm, /10g(1/€)) 4 log nm+/log m ?}

We can estimate the right hand side by choosing

Viog nm(log m)Y/4V/A
max (1, /anm, log(1/A)1/4)’

E =

which yields

sup|P(min max F < z) — P(minmax X < z)|

zeR
_ CnyTogm(logm)/*V/A
~ max(1, /O, log(1/A)1/4)
< 2C"n\/Tog nm(log m)'/*v/A
= max(1, \/Qnm, log(1/A)1/4)

[max(l,anm, log(1/¢)) + max(1, apm, log(l/A))}

max (1, anm, Vlog(1/e), \/Iog(l/A)).

Since

g (1) = § 1og 2L VOB 1 (0,108 0, 10 ton( 1)) +108( 3]

we have that
sup|P(min max F' < z) — P(minmax X < z)|

z€ER
- C///nm(logm)l/‘lﬂ
= max(1, /anm, log(1/A)/4)
= C"ny/log nm/(log m)'/* max (1, /nm, log(1/A) /) VA,

max(l,anm, log(l/A))

which concludes the first claim.

Proof of Theorem 2 (b). As in eq. (16) we have We can apply Lemma 10 to obtain

c 1 log mA
sup|P(minmax F < z) — P(minmax X < z)| < *<5n\/@+ nlog nm+/log m )
z€eR el e

The last expression is minimized by choosing € = /A log nm, which yields

2C
sup’P(minmaXF < z) — P(minmax X < x)| < 7n\/Alognmlogm,

z€R g
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concluding the proof. O

4 Application to matrices of multiple stochastic integrals

We will now apply our previous findings to matrices of multiple Wiener-Itd integrals, as introduced

in Section 3.1 (whose setting will prevail throughout).

4.1 A general estimate
Let ¢, N € N and consider three sequences of natural numbers d = d(N), n = n(N) and m = m(N).
For every (i1,i2) € [n] x [m], we consider a random variable of the type

Fihiz:FN ::Iq( N )7

11,12 11,12
where [; indicates a multiple stochastic integral of order ¢ > 2 and f;, ;, = Z-1N7 in € $H®4 (when there
is no risk of confusion, and in order to simplify the presentation, we will sometimes avoid to write

the superscript V).

Proposition 2. Suppose that for all N € N, XN = (X{’Y’ig)(img)e[n]x[m] 1s a centered Gaussian
random matriz with covariance matriz (05\1[71-2;]-1’]-2)(il,h)e[n]x[m] and FN = (Fijl\/;ig)(ilﬂé)e[n]x[m} is the
random matriz described as above. Suppose moreover that there exists a constant ¢ > 0 such that

o > c for all N € N (where we used the same notation introduced at the beginning of Section 3.2).

If

A= o max ‘Uil,ig;jl,jg - E[E17i2Fj17j2]’n2(10g m)(log nm)
(i1,32)€[n]x[m]
(91,52) €[] x[m]
and
B:=  max (E(FZ41Z2) — 3E(Fi217i2)2)n4(log m)?(log nm)?4,

(i1,32) €[n] x[m]

then there exists a constant C > 0 independent of N such that

Sup‘P(minmaxFN < z) — P(minmax XV < x)} < C(AY?2 4 B4y,
zeR

Remark. The content of Proposition 2 can be regarded as further confirmation of the so-called
(multidimensional) fourth moment phenomenon (see e.g. [20, Chapters 5 and 6]). According to this
notion, if (F),)nen is a sequence of random vectors whose components belong to Gaussian Wiener
chaoses of fixed orders, then F}, verifies a multidimensional central limit theorem if and only if the
covariance matrices of Fj, converges pointwise, and the fourth cumulants of its components converge
to zero. The main contribution of Proposition 2 is that of providing (in the case of min-max statistics)
a bound with explicit dimensional dependencies. See [19] for a constantly updated repository of

papers connected to fourth moment theorems and related results.

Remark. Note that for n =1 and ¢ = 2 we recover [13, Theorem 3.1].
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Proof. We know from [13, Lemma 2.2] that, for A as defined in (9), one has that

A< max
(i1,i2)€[n]x [m]
(91,32) €[n]x[m]

- E[Fi17i2Fj17j2H

\%,z‘z;jhjz

+ Cylog? 1 (2n%m? — 1+ 7 2)  max \/E(FZMQ) — 3E(F2?, )2,

(11,i2)€[n] x[m)] i1,i0

for some constant C; depending only on g. Note that since ¢ is fixed we can bound log?(2n?m? —
1+e972) < &log?~!(nm) for some constant & > 0. The conclusion is reached by applying Theorem 2
(b) as follows

sup‘P(minmaxFN < z) — P(minmax XV < )|
zeR
1/2
<Ch ( max
(’i1,i2)€[n]><
(J1,42) €[] x[m]

— B[R, Fjy o) [n*(log m) (log nm) )

‘ 11,22371,J2
[m]

1/4

+Co max (EB(FL,,) - 3E(FE ;,)%)n (logm)(lognm)™) ",
(i1,i2)€[n] x [m] ’

where C1,Cy > 0 are constants that do not depend on N, thanks to the fact that oV is bounded

from below by an absolute constant. O

4.2 An illustration

We will now briefly illustrate our findings with an example inspired by the statistical procedures
for testing the absence of lead-lag effects in time series, as put forward in [13, Section 4.1]. See the

remark at the end of this section for a statistical interpretation of our findings.

We start by considering a 4-dimensional Gaussian process Z(t) = (B1(t), Ba(t), B1(t), Ba(t)) on
the real line, with the following characteristics: (a) each coordinate of Z is a standard Brownian
motion issued from zero, (b) B; and B; are independent, for i = 1,2, (c) the dependence among
other pairs of coordinates of Z is arbitrary. We also write B := (B, By) and B := (B, By), and

denote by W(-) = B(- — ) the process B translated by 6 € R.
For some T,b,w > 0, we now suppose to observe the process B, respectively W, at a finite set
e _ 2T LbNJT T 2T LwN

of points in time T = {0, & N BN }, respectively Tyo = {0, 25, oy s

a way that |Tp| ~ ON and |Tw| ~ wN. For every # € R, we also introduce the followmg two

}, in such

(centered) statistics U{Y (), UV (), that can be seen as special cases of the general class defined in
[13, Introduction and Section 4.1],

BN LwN] .
S ) (0
x (Wle(%) - Wl@(%ler)T» L=t iy G=nr ity
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and

[bN| |wN |

o= Y () - ()

i=1 j=1
0 ﬂ)_ 9<(j—1)T)) , , , ,
< (Wi(2%) WYy L s (=0T gy

We are interested in the fluctuations of the following statistic

VN min max|U (0)],
i€{1,2} 0Oy
where Oy is an index set such that |© x| = m(N) € N. In order to study the asymptotic properties
of the aforementioned object, it is appropriate to apply Proposition 2 to the matrix

FY = (VN[U}(0)]),

i,9)€[2] XO N’
setting ¢ = 2 and n = 2 (see the final claim in the Remark following Theorem 2).

Proposition 3. Suppose that for all N € N, XV = (X%)(iyg)e[g]X@N is a 2 X m centered Gaussian
random matriz whose columns have the same covariance matriz as the respective columns of the
random matriz FN | and denote by | X | the matriz whose entries are given by the absolute values

of the corresponding entries of X~ . Then there is an absolute constant ¢ > 0

(log m)3/?

suE‘P(minmax]X\N < z) — P(minmax FY < z)|<e N1/

e

Proof. Note that the construction of 7 and Tye ensures that assumptions [Al] and [A2] of [13,

Section 4.1] are met. Moreover, as in [13, Lemma B.7|, we have that

max E((VNU} (6))") - SE(VNUY (0)))? <
for some constant ¢ > 0 depending only on p; and py. Since n is fixed and ¢ = 2, we recover the

claimed inequality from Proposition 2. O

Proposition 3 implies that min max FV is asymptotically close to the min-max of a suitable

Gaussian random matrix as long as log|©y| = o(N/6).

Remark. There is no conceptual difficulty in extending the previous convergence results to the case
in which the correlation between B; and B; equals some non zero parameter pi, © =1,2. In this case,
given a fixed nonzero a € (—1,1), the corresponding modification of the statistics U7 (6), U ()

can in principle be used to solve the following statistical hypothesis testing problem:

Hy:p1 =0o0r pp =0, (null hypothesis)

28



Hl:p1:p2:a.

We regard this line of investigation as a separate topic, and leave it open for further investigation.
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