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Abstract. Equilibrium problems provide a mathematical framework which includes optimization, varia-
tional inequalities, fixed-point and saddle point problems, and noncooperative games as particular cases.
This general format received an increasing interest in the last decade mainly because many theoretical and
algorithmic results developed for one of these models can be often extended to the others through the unifying
language provided by this common format. This survey paper aims at covering the main results concerning
the existence of equilibria and the solution methods for finding them.
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1 Introduction

In scientific contexts the term “equilibrium” has been widely used at least in physics, chemistry, engineering
and economics within different frameworks, relying on different mathematical models. For instance, it may
refer to physical or mechanical structures, chemical processes, the distribution of traffic over computer
and telecommunication networks or over public roads (see, for instance, [20, 32, 39, 85, 95, 103, 105]). In
economics it often refers to production competition [31] or the dynamics of offer and demand [12], exploiting
the mathematical model of noncooperative games and the corresponding equilibrium concept by Nash [89, 90].

This survey paper deals with those equilibrium problems which are relevant in operations research
and mathematical programming. Many problems involving equilibria can be modeled in this framework
through different mathematical models such as optimization, variational inequalities and noncooperative
games among others (see for instance [13]). In turn, these mathematical models share an underlying com-
mon structure which allows to conveniently formulate them in a unique format. Therefore, theoretical
developments and algorithms developed for one of these models can be generally modified to cope with the
others through the common format in a unifying language. This format reads

find 2* € C such that f(z*,y) >0 forally € C, (EP)

or equivalently
find 2" € argmin{ f(z*,y) : y€ C },

where C' C R™ is a nonempty closed set and f : R™ x R™ — R is an equilibrium bifunction, i.e. f(z,2) =0
for all z € C.

*This paper has been published in European Journal of Operational Research, vol. 227 (2013), pp. 1-11, see:
https://www.sciencedirect.com/science/article/pii/S03772217120088927via%3Dihub.
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This general problem was named “equilibrium problem” by Blum and Oettli [24], who stressed this
unifying feature and provided a thorough investigation of its theoretical properties. Until then, this format
did not actually receive much attention: Nikaido and Isoda characterized Nash equilibria as the solutions
of (EP) for an appropriate auxiliary bifunction [93] but they did not consider the problem itself in an
independent fashion; Gwinner introduced it just as a tool to develop a unified treatment of penalization
techniques for optimization and variational inequalities [44]; Antipin formulated an inverse optimization
problem as a noncooperative game and therefore in the (EP) format via the Nikaido-Isoda bifunction [7]
and provided a solution method for the general problem in [8, 9].

Indeed, equilibrium problems in the above format started to gain real interest only after the publication
of the seminal paper of Blum and Oettli. Actually, the possibility to exploit results and algorithms developed
for one class of problems in another framework was not a novelty at all: this kind of bridge already finds
roots in the analytical development of variational inequalities through the connection with optimization via
complementarity problems. Anyway, a large number of applications has been described successfully via the
concept of equilibrium solution and therefore many researchers devoted their efforts to study (EP). In fact,
nowadays there is a good theory for equilibria and a rapidly increasing number of algorithms for finding
them.

In this paper we aim at reviewing two core issues up to the state of the art: the existence of equilibria
and the solution methods. In order to make the paper as readable as possible, instead of presenting all the
technical details of the results, we propose a structured overview with different levels. In particular, the
existence results are divided into groups according to the required assumptions, while the solution methods
are classified depending on the kind of problems which are solved at each iteration. We hope that this paper
may serve as a basis for future research and stimulate further interest in equilibrium problems.

1.1 Particular cases of (EP)

In this subsection we briefly show how some of the main mathematical models for equilibria can be formulated
in the general format (EP), and we recall just a few of their recent applications.

Optimization problems: finding a global minimum of a function 9 : R® — R over a closed set C' C R"
amounts to solving (FP) with

f(x,y) = ¥(y) — Y(z).

Pareto optimization problems: given m real-valued functions ; : R® — R, a weak Pareto global minimum
of the vector function ¢ = (¢1,...,%,,) over a closed set C' C R™ is any z* € C such that for any
y € C there exists an index ¢ such that 1;(y) — ¢;(z*) > 0. Finding a weak Pareto global minimum
amounts to solving (EP) with

flayy) = max [i(y) —vi(@)].

i=1,....m

Saddle point problems: given two closed sets C7 C R™ and C3; C R™, a saddle point of a function
L:C; xCy— Risany z* = (z7,25) € C1 x Cs such that

L(27,y2) < L(x7,25) < L(y1, 23)

holds for any y = (y1,y2) € C1 x Cy. Finding a saddle point of L amounts to solving (EP) with
C = Cl X CQ and
f((@1,22), (y1,92)) = L(y1, x2) — L(z1, y2).



Complementarity problems and systems of equations: given a closed convex cone C' C R™ and a mapping
F : R™ — R"™, the complementarity problem asks to determine a point 2* € C such that (F(z*),v) >0
for any v € C, i.e., F(a*) € C* where C* denotes the dual cone of C. The system of equations F(z) =0
is a special complementarity problem with C' = R". Solving the complementarity problem amounts to
solving (E'P) with

f(:c,y) = <F(l‘),y - LL‘>

Variational inequality problems: given a closed set C' C R™ and a mapping F': R™ — R"™, the Stampacchia
variational inequality problem asks to determine a point * € C such that

(F(z"),y —a") 20, VyeC. (1)
Solving this problem amounts to solving (EP) with

f(:c,y) = <F(l‘),y—$>

If F:R®™ = R" is a set-valued mapping with compact values, then finding z* € C and u* € F(z*)
such that

<’U,*,y—.’17*>207 VyEC,
amounts to solving (EP) with

flz,y) = ug%)w, Y — ).

Given two mappings F,g : R” — R™ and a function h : R™ — (—o0, +00], another kind of generalized
variational inequality problem [104] asks to find a point * € R™ such that

(F(z"),y — g(«)) + h(y) — h(g(z7)) = 0, VyeR"
Solving this problem amounts to solving (FP) with C = R™ and

flay) = (F(z),y — g(x)) + h(y) — h(g(z)).
Notice that the presence of g and h does not allow to formulate this problem in the standard format (1).

Fized point problems: given a closed set C' C R", a fixed point of a mapping F': C' — C is any z* € C such
that * = F(2*). Finding a fixed point amounts to solving (EP) with

f(x,y) = <$_F($)7y_$>'

If F: C = C is a set-valued mapping with compact values, then finding z* € C such that z* € F(z*)
amounts to solving (EP) with

z,y) = max (r—u,y — ).

[z, y) HGF(I)< y— )

Nash equilibrium problems: in a noncooperative game with p players, each player ¢ has a set of possible
strategies K; C R™ and aims at minimizing a loss function f; : K — R with K = K; x -+ x K.
A Nash equilibrium is any z* € K such that no player can reduce its loss by unilateraly changing its
strategy, in formulas any z* € K such that

fila®) < fila®(yi))



holds for any y; € K; and any i = 1,...,p, with 2*(y;) denoting the vector obtained from z* by
replacing ¥ with y;. Finding a Nash equilibrium amounts to solving (FP) with the so-called Nikaido-
Isoda bifunction [93], i.e.,

flz,y) = Z [fi(@(yi)) = fi(a)]. (2)

On the contrary, the problem of finding a Nash equilibrium in the case of jointly convex strategies
(see [35]) cannot be formulated in the (EP) format. Anyway, the solution set of (EP) with the
corresponding Nikaido-Isoda bifunction coincides with the subclass of the so-called normalized Nash
equilibria.

Inverse optimization problems: given a closed set C C R™, m functions f; : R® — R and p functions
g; + R" — R, this problem asks to determine a parameter A* € R’ such that at least one optimal
solution z* of the minimization problem

min{ i)\z‘fl(aﬁ) : xGC}
i=1

satisfies the constraints g;(z*) < O0forall j = 1,...,p. Actually, it is equivalent to the Nash equilibrium
problem with three players in which the first player controls the z variables and aims at solving

min{ i)\zfz(x) : xEC’},
i=1

the second player controls the auxiliary variables y and aims at solving

max{ Zp:gj(x)yj : yZO}

while the third player simply chooses a vector A € R or equivalently minimizes a constant objective
function over R'}". Therefore, also this inverse optimization problem can be formulated in the (EP)
format via the Nikaido-Isoda bifunction.

As showed above, many problems have been proposed and studied which belong to the class of equilibrium
problems. Due to the huge number of applications, it is not possible to cite all the corresponding references.
We provide some references to books or surveys on such topics (see [2, 15, 35, 36, 59] and references therein)
together with some recent papers about economic problems [33, 46, 60, 61, 62, 73, 77, 79, 86, 87, 8§],
environmental problems [34, 42, 71], and problems arising from Information and Communication Technolo-
gies [2, 3, 10, 11, 53, 94, 102, 111].

1.2 Organization of this paper

The paper is divided into two parts: Section 2 is devoted to existence results, while Section 3 is devoted to
solution methods.

Section 2 first recalls the well-known Knaster-Kuratowski-Mazurkiewicz Theorem, which is a basic tool
to prove the existence of solutions of an equilibrium problem. Next, the most significant known existence
results are divided into three groups based on the assumptions they require. In Section 2.1 we state a basic
existence theorem and analyze the topological and algebraic ingredients which are needed to prove it. Then,
we describe how the basic existence theorem can be extended by weakening some of its assumptions. Section
2.2 deals with the existence results based on generalized monotonicity assumptions on the bifunction f and



their connections with the above mentioned basic theorem. Section 2.3 describes some results which do not
need convexity assumptions on the set C' or on the bifunction f.

Section 3 describes the most significant known algorithms for finding equilibria and analyzes the assump-
tions which allow to obtain convergence results. The section is divided into two subsections. Subsection
3.1 is devoted to methods based on successive convex optimization. The section includes methods based
on a fixed-point reformulation of the equilibrium problem, the so-called extragradient methods, and descent
methods based on gap or D-gap functions. Subsection 3.2 concerns regularization methods based on succes-
sive approximations of (EP). The section covers the proximal point and the so-called Tikhonov-Browder
methods.

2 Existence results

Since the solution set S of an equilibrium problem can be given as the intersection of a family of sets, the
so—called Three Polish Theorem [54] by Knaster, Kuratowski and Mazurkiewicz provides a powerful tool to
achieve existence results for the solutions of equilibrium problems.

KKM-Theorem. Let C' be a subset of R™ and T : C = R" be a set—valued map satisfying the following
conditions:

(KKM1) T is a KKM-map, that is any point of the convex hull of any finite set {x1,z2,...,x,} C C belongs
at least to T(x;) for some i, i.e.,

P
conv {z1,%2,...,2p} C U T(x;),
i=1
(KKM2) T(x) is closed for each x € C,
(KKM3) there ezists x € C' such that T'(z) is compact,

then

() T(x) #0.

zeC

This result was originally stated in R™ and later it was extended to the case of an infinite-dimensional
topological vector space by Ky Fan [37].

2.1 The classical results

The KKM-Theorem is fundamental for ensuring a sufficient condition for the existence of solutions of (EP).
Indeed, let us consider the set—valued map

T(y)={zcC : f(z,y) > 0}

Since S is clearly the intersection of the above sets, i.e.,

S=)Tw),

yeC

we examine which assumptions on f and C' are enough to satisfy the assumptions of the KKM-Theorem.
We recall that C' is a closed set and f(z,z) =0 for all z € C.



If C is bounded and f(-,y) continuous for every y € C, then T(y) is compact for every fixed y € C' and
therefore Assumptions KKM2 and KKM3 hold. Moreover, the convexity of C and of the functions f(z,-)
for every fixed x € C implies that T is a KKM-map (Assumption KKM1). Therefore, we get following basic
existence theorem for (EP).

Basic existence theorem. Suppose that
(A1) C is conver,
(T1) C is bounded,
(A2) f(x,-) is convex for each x € C,
(T2) f(-,y) is continuous for each y € C,

then S is nonempty.

As underlined above, the main ingredients of the previous result are four, two of a topological character
(the boundedness of C and continuity of the functions f(-,y)) and two of an algebraic character (the convexity
of C' and of the functions f(z,-)).

Starting from this result, we show how it is possible to weaken these assumptions. To our knowledge, the
history of existence theorems for equilibrium problems can be traced back to 1972 when Ky Fan [38] proposed
a famous minimax result in a real Hausdorff topological vector space, which implies a stronger result than
the above basic existence theorem. His result is based on two simple statements of fact. Since the upper
semicontinuity of a function is equivalent to the closedness of each its superlevel set, then Assumption T2 can
be weakened to the upper semicontinuity of f(-,y). Instead, Assumption A2 of convexity of f(z,-) can be
weakened to the quasiconvexity of the functions f(x,-) which is equivalent to the convexity of their sublevel
sets, and it implies that T is a KKM-map.

The next step is to replace Assumption T1 with weaker conditions, which clearly have to involve some
suitable form of coercivity on f. The first result was presented in [25]. Under the same assumptions of the
Ky Fan result but Assumption T1, the authors replaced the boundedness of C' with the following coercivity

condition

Ir>0, JyeC with |Jy]| <r st. 3)
flz,y) <0, Vo el with |z| >,
where || - || denotes the Euclidean norm, proving that the solution set S is nonempty and bounded. Actually,
the result was given in a real Hausdorff topological vector space, which required to state the coercivity
condition in a more complex form. Furthermore, the upper semicontinuity of f(-,y) can be replaced by the
weaker assumption

liminf f(2',y) < f(z,y), Va,yeC,
' =z

under this same coercivity assumption [6].

2.2 Results under generalized monotonicity

The existence of a point y € C such that f(z,y) = —oo as ||z|| — oo with € C' guarantees the coercivity
assumption (3). In particular, this condition holds if f(z,-) is convex and f is strongly monotone, i.e., there
exists v > 0 such that

f@y) + fly.x) < —Allz =yl Yo,y eR™ (4)
Indeed, fixed any y € C, there exists o € R such that

fly,2) > ally — 2|, VzecR"



since f(y,-) is convex and f(y,y) = 0. Hence, (4) implies
fla,y) < —vllz —yl* = allz -y = —o0

as ||z]| — oo with € C. Moreover, the strong monotonicity of f ensures that the equilibrium problem has
exactly one solution within this framework. Unfortunately, strong monotonicity is a sharp assumption. For
instance, if f describes an optimization or a saddle point problem, it is never satisfied. Anyway, it paves the
way towards a different approach for obtaining weaker coercivity conditions.

One of the most common approaches to weaken the coercivity condition (3) is based on strengthening
the assumption of quasiconvexity of f(x,-) while introducing suitable conditions on f weaker than strong
monotonicity.

The basic concept of monotonicity for bifunctions is an adaptation of the well-known definition of mono-
tonicity for variational inequalities. A bifunction f is said to be monotone on C if

fl@,y)+ fly,z) <0, Vaz,yeCl.

This condition is satisfied by a large number of equilibrium problems, for instance optimization and saddle
point problems. If f describes the variational inequality (1), then it is monotone on C' if and only if the
operator F' is monotone on C, i.e.,

<F(I)_F(y)’x_y>20a VI7yEO.

The corresponding concepts of strict monotonicity are defined analogously just requiring strict inequalities
to hold.

The crucial point for the analysis of coercivity conditions weaker than (3) is based on the relationships
between S and the solution set of the Minty equilibrium problem, which reads

find y* € C such that f(x,y*) <0 forall z € C. (MEP)

The Minty equilibrium problem was initially introduced for variational inequality [78] and its relevance to
applications was pointed out in [43]. A well-known result, formulated by Minty in [78], states the equivalence
of the Minty and Stampacchia variational inequalities under continuity and monotonicity assumptions of the
involved operator.

An analogous relationship holds between the solution set S of (EP) and the solution set M of (M EP).
Indeed, the inclusion S C M is an immediate consequence of the monotonicity of f: if x* € S, then it belongs
also to M since f(y,z*) < —f(z*,y) for every y € C. Actually, the inclusion holds whenever f(z*,y) > 0
implies f(y,z*) < 0 for every y € C. This leads to a weaker concept of monotonicity introduced in [19]. A
bifunction f is said to be pseudomonotone on C if the implication

flz,y) >0 = f(y,2) <0

holds for every x,y € C. Clearly, every monotone bifunction is also pseudomonotone and pseudomonotonicity
is sufficient to guarantee the inclusion.

The converse inclusion M C S holds if f(-,y) is upper semicontinuous for any y € C and f(z,-) is
explicitly quasiconvex for any = € C, i.e., it is quasiconvex and the inequality

f(x7ty1 + (1 - t)yQ) < max{f(x,yl), f(il?, yQ)}

holds for any y1,y2 € C with f(x,y1) # f(z,y2) and any ¢ € (0,1). In the recent years, the assumption
of upper semicontinuity has been deeply weakened in [18] introducing the concept of upper sign continuity.



This concept is an adaption of a similar one introduced in [45] for set—valued mappings. Actually, in this
case the inclusion holds just between the two sets of local solutions.

In short, pseudomonotonicity, explicit quasiconvexity and upper semicontinuity imply S = M.

The equivalence between (EP) and (M EP) is the key tool for estabilishing weaker coercivity conditions
and the assumption of pseudomonotonicity is often required for this reason. Roughly speaking, the skeleton
of the proofs of existence is usually the following: first the nonemptiness of M is established applying
KKM-Theorem to the set—valued map

T(x)={yecC : f(z,y) <0}

Pseudomonotonicity and quasiconvexity are fundamental to show that 7' is a KKM-map. Afterwards the
inclusion M C S implies the nonemptiness of S. Moreover, the quasiconvexity of f(z,-) implies that T'(x) is
a convex set, and therefore the reformulation of (M EP) as the intersection of a family of convex sets, i.e.,

M= ()T(),

zeC

allows to reduce the Minty equilibrium problem to a so—called convex feasibility problem [14].
One of the first and most used coercivity conditions, which has been introduced for pseudomonotone
equilibrium problems, is the following;:

Jr>0st. Vaoel with ||| >r,

Jy e C with |ly|| < rs.t. f(z,y) <O0. (5)

To our knowledge, it was originally introduced in [52] for complementarity problems and later adapted to
(EP) [18]. This condition is weaker than the coercivity condition (3). Following the scheme previously
described, it is possible to prove that if f is pseudomonotone and C' is convex, condition (5) together with

(a) the upper semicontinuity of f(-,y) (or also the upper sign continuity),
(b) the lower semicontinuity of f(z,),
(c) the explicit quasiconvexity of f(z,-)

imply the nonemptiness and boundedness of S. We observe that if f(z,-) is convex, conditions (b) and (c)
are automatically satisfied. Moreover it is possible to show that the coercivity condition (5) is, in a certain
sense, equivalent to the nonemptiness and the boundedness of S. More precisely, if (a) and (c) hold and S
is nonempty and bounded, then (5) holds [18].

It turns out that the coercivity condition (5) is quite strong, since it entails also the boundedness of the
solution set S. For this reason in [18] the authors adapted to equilibrium problems the following coercivity
condition which was introduced for variational inequalities in [16]:

Jr>0st. Vaoel with ||| >r,

6
Sy € C with [y < al] s.t. f(z,y) < 0. (6)

The coercivity condition (6) is weaker than (5) and it is enough to achieve the nonemptiness of S under the
same assumptions (a), (b) and (c). Besides, condition (6) was compared with other coercivity conditions
introduced in literature (see [41, 110]) and it was proved that it is really the weakest [18]. Very recently [65]
a coercivity condition weaker than (6) has been proposed for existence of solutions of (EP). This condition
works without any monotonicity assumption on f but it requires the convexity of f(z,-) instead of just the
explicit quasiconvexity.



An analogous result of equivalence between the nonemptiness of S and a coercivity condition was proved
in [47] for bifunctions such that f(z,-) is pseudoconvex, which is a stronger property than the quasiconvexity
but it is not comparable with the explicit quasiconvexity. Nevertheless it is possible to prove [47] that if
f(-,y) is upper semicontinuous, f(z,-) is pseudoconvex, and f is pseudomonotone then S is nonempty if and
only if the following condition holds

V{zp} € C with |zgl| = 0o, Iy € C st
f(zk,y) <0, for every sufficiently large k.

In the last years quasimonotone equilibrium problems have been considered [18]. We recall that the
bifunction f is said to be quasimonotone on C' if the implication

flz,y) >0 = f(y,2) <0

holds for every z,y € C. Cleary, every pseudomonotone bifunction is also quasimonotone. Unfortunately,
quasimonotonicity is not enough to ensure the equivalence between (EP) and (M EP). Nevertheless the
quasimonotonicity of f paired with the coercivity condition (6) ensures the nonemptiness of S provided that
upper semicontinuity and quasiconvexity assumptions are strengthened [18].

2.3 Results without convexity

In order to avoid any assumption of convexity both for the constraint set C' and for the bifunction f, some
authors (see for instance [1, 17, 72] and references therein) proposed a different approach in which the
existence of solutions for (EP) is obtained assuming that the bifunction f satisfies the following triangular
inequality

o) < F@,2)+ f(2,9),  Vayz€C, (7)

The first results are a consequence of a generalization of the famous Ekeland’s variational principle to the
equilibrium problem. For instance, if f satisfies (7) and C is bounded, the existence of a solution for (EP)
has been proved in [17] along with the following further topological assumptions on f:

e lower semicontinuity and lower boundedness of f(x,-) for any = € C,
e upper semicontinuity of f(-,y) for any y € C.

Moreover the same result holds if the boundedness of C' is replaced by the coercivity condition (6).
Following a different approach, the same results are achieved in [27], for instance removing the assump-
tions of lower boundedness and upper semicontinuity.

3 Solution methods

Throughout all this section we suppose that C' C R™ is a nonempty closed convex set and the equilibrium
bifunction f is continuously differentiable and f(z,-) is convex for all z € C. In this way we can describe
solution methods for (F'P) in a unified common framework. Actually, some methods simply require that f is
continuous (or even satisfies weaker continuity assumptions) and exploit the subgradients of f(z,-) instead
of the gradient V, f of f with respect to the second argument y.

It is worth remarking that this framework includes all the assumptions of the basic existence theorem of
Section 2.1 except for the boundedness of C'. Indeed, all the algorithms require it or alternatively additional
assumptions implying one of the coercivity conditions of the previous section, so that the existence of a
solution is always guaranteed.



In this framework (EP) is equivalent to the variational inequality

find 2* € C such that -
(Vyf(x*,x*),y —z*)>0forall y € C,

in the sense that the soluton sets of the two problems actually coincide [26]. Therefore, any method for
variational inequalities could be applied to solve (EP) through (8). For instance, projection methods for (8)
have been developed in [100, 101]. Clearly, all the assumptions required by algorithms for the operator of
the variational inequality must be satisfied by the gradient mapping G(z) = V, f(x, x).

Whenever f is pseudomonotone, (EP) reduces through the equivalent Minty equilibrium problem to
finding a point in the intersection of a family of convex sets. Therefore, any method for the so-called convex
feasibility problem (see [14]) could be applied to solve pseudomonotone equilibrium problems. For instance,
methods based on (gradient) projections [49] and analytic center cutting plane techniques [99] have been
developed.

All the other solution methods we review share a common feature: the bifunction f is modified by
adding some (parametric) term, generally in order to improve the properties of the bifunction which is
actually managed by the algorithms. We classify the solution methods into two large families according to
the nature of the additional term: the first family is based on optimization techniques as each iteration of the
algorithms requires the solution of at least one optimization problem, while the second is based on successive
approximations of (EP) with equilibrium problems with better properties.

3.1 Methods based on successive optimization

One possible approach to solve (EP) through the solution of a sequence of optimization problems is due to
its reformulation as a fixed point problem. Indeed, since f(z,x) = 0, «* solves (EP) if and only if it is a
fixed point of the multivalued map

®(z) = argmin{ f(z,y) : ye€C },

ie, z* € ®(z*). Therefore, the fixed point iterative scheme A= <I>(a?k) could be exploited, solving
one convex optimization problem per iteration. Actually, there are a few reasons why this approach is not
effective: unless C' is bounded, ® might not be defined everywhere; even where it is defined, it is generally
multivalued and thus rules to choose among different solutions would be needed; finally, even if it is single-
valued, it is not necessarily continuous.

If ® is defined on C, then the value function

p(z) = —f(z,®(x)) = —min{ f(z,y) : ycC}

allows to reformulate (EP) as a constrained optimization problem. In fact, ¢ is a gap function, i.e., it is
non negative on C and z* € C solves (EP) if and only if ¢(z*) = 0 [76]. Therefore, (EP) is equivalent to
finding the global minima of ¢ over C'. Anyway, ¢ obviously inherits all the troubles of ®.

The auxiliary principle provides an adequate technique to overcome all the above drawbacks. Given any
a > 0, consider the equilibrium problem

find x* € C such that

EP,
fx*,y) +ally —2*|]?/2 > 0 for all y € C. (EF2)

Indeed, it is equivalent to the original equilibrium problem as the solution sets of (EP,) and (EP) coin-
cide [75]. Therefore, algorithms for (EP) can exploit all the properties that the additional term ||y — x||?
provides to the bifunction of (EP,). In fact, the corresponding argmin function

Dy (x) = argmin{ f(z,y) +olly—z|?/2 : yeC}

10



is defined everywhere and single-valued for any « € R™ since the objective function of the inner optimization
problem is strongly convex. Moreover, the corresponding value function

Qo(z) = —min{ f(z,y) +ally—=[*/2 : yeC}

is a continuously differentiable gap function for (EP,) and thus also for (EP).

Most algorithms actually solve directly (EP,) for some fixed « > 0 or at most consider a sequence of
parameters « bounded above and away from 0, while just a few solve (EP) exploiting a whole range of
parameters for ay | 0 or a T +0o. While any fixed « satisfying the requirements of the algorithms provides
a good choice, concrete strategies for the choice of the sequence «y are compared in [21, 22, 23].

Finally, it is worth remarking that the quadratic regularization term ||y — z||? can be replaced by any
Bregman distance [29, 40, 51], i.e. any

D(z,y) = g(y) — g(x) — (Vg(x),y — =),

where g : R™ — R" is a differentiable strongly convex function (other than the squared norm), or by a more
general bifunction [75, 76] preserving the good features of the auxiliary problem which have been described
above.

3.1.1 Fixed point methods

The fixed point approach can be effectively exploited to solve (EP), applying the iterative scheme to (EP,)
for some fixed a > 0. In fact, the fixed point iteration z**1 = @, (z*) is well defined and it amounts to find
the unique optimal solution z**1 of the convex optimization problem

min{ f(z",y) +ally —2*|[*/2 : ye O} (9)

The whole sequence {x*} converges to the unique solution of (EP) provided that f is strongly monotone
with constant v and there exist c¢1,co > 0 such that the triangular inequality

Fl@y) + fy,2) = f(@,2) — alle —y||* — cally — 2| (10)

holds for all z,y,z € C, while the above parameters satisfy the inequalities v > ¢; and 2¢o < « [75]. The
rate of convergence of the algorithm is linear [84], in fact

2! —2*|| < VK [Ja* — 27|

holds with K = [1 —2(y — ¢1)/a], where z* is the unique solution of (EP). The rate of contraction vK can
be improved under a triangular condition stronger than (10), solving two strongly convex problems at each
iteration instead of a single one [98]: the objective function of the first depends upon the points obtained
in all the previous iterations while the second is the usual fixed point iteration (9).

It is worth noting that the uniqueness of the solution follows from the strong monotonicity assumption,
which is rather restrictive. Actually, convergence can be achieved also if f is pseudomonotone whenever (10)
holds with ¢ = 0, f(z,-) is Lipschitz continuous on C' uniformly in z, i.e., there exists L > 0 such that

and « is replaced by a sequence {ay} such that the series whose terms are 1/a3 is convergent [91]. Actually,
both the above sets of conditions on f are particular cases of a more general set of conditions ensuring
convergence [91], which moreover are satisfied if f(z,y) = (F(z),y — «) and the operator F is co-coercive
on C i.e., there exists v > 0 such that

(F(y) — F(x),y —x) > 1||F(z) — F(y)||*>, Vax,yeC.
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Furthermore, this fixed point approach can exploit also bundling techniques by replacing the convex
function f(z*,-) in (9) with suitable linear approximations in such a way that the fixed point iteration asks
for the solution of an easier optimization problem [91].

Another family of methods for solving (EP) can be developed applying the fixed point approach to
the variational inequality (8). Actually, in order to exploit the basic iterative scheme rather restrictive
assumptions such as monotonicity and Lipschitz properties of the gradient mapping G(z) = V, f(z, x) are
needed. Anyway, they can be dropped and convergence can be achieved under the (pseudo)monotonicity of
f if the fixed point iteration

y* = argmin{ (Vyf(:ck,xk),y — 2"+ ally—2¥|?/2 s yeC )},

or equivalently y* = 7o (2F — o=V, f(2*,2%)), i.e., y* is the projection of 2% — a~1V, f(z*, 2*) onto C, is
combined with a suitable line search along the direction y* — 2* and appropriate further projections [55, 70,
106]. Chosen the parameters 6, 3,7 € (0, 1), the line search identifies a point z* = z¥ + 5™ (y* — 2*) where
m is the smallest non-negative integer such that

F(2F,a®) > 708™(V, f(a,a"), 2" — "), (1)
In turn, z* provides the hyperplane
HY = {2 €R" : (V,f(zF a%), 2% —z) = f(2%,2%) }

which strictly separates z* from the solution set of (EP). Therefore, the next iterate is obtained projecting
onto C' the projection of z* onto H*, i.e.,

P = w0 f(F a2 ) IV () ) (12)

with 7 = 1. Actually, the method converges also if the projection onto H* is somehow relaxed taking any
n € (0,2). Moreover, z*+!
and 2*. It is worth noting that if the functions f(-,y) were concave, and therefore the gap function ¢ were
convex, and z¥ € ®(x*), then (12) would be a step of a relaxation subgradient method for the minimization
of .

can be alternatively chosen as a convex combination of the projection in (12)

3.1.2 Extragradient methods

In order to weaken strong monotonicity to pseudomonotonicity, another approach relies on a double step
procedure: the fixed point iteration

" = argmin{ f(a*,y) +ally - 2*|?/2 : ye C'}

T
is taken as a predictive intermediate step followed by the correction step

a" ! = argmin{ f(z*,y) + ally — 2¥|*/2 : ye C }.

The whole sequence {z*} converges to a solution of (EP) provided that C is bounded, f is pseudomonotone
and there exists A > 0 with o > A such that

[f (v, w) = flz,w) = f(v,y) + fz,y)| < 2A][|v = z[|[[w — y| (13)

holds for all v, w,z,y € C [40]. Notice that (13) means that the functions f(v,-) — f(z,-) are Lipschitz with
constant 2A|lv — z|| and the functions f(-,w) — f(-,y) are Lipschitz with constant 2A||w — y||. Since C is
bounded, these conditions surely hold if f is twice continuously differentiable. The boundedness assumption
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on C can be removed provided that f satisfies the triangular condition (10), instead of (13), and a <
min{1/2c;,1/2¢2} [97]. Furthermore, when C is a polyhedron, the regularization term ||z — y||? can be
replaced by an interior-quadratic term to perform unconstrained minimization [92]: this term is actually
composed of two parts, one plays the role of a barrier function to keep the iterates z* in the interior of C
while the other is a quadratic convex regularization function which exploits the linear description of C'. In
case C' =R’ the usual regularization term can be used along with the barrier part [4].

In order to drop the triangular condition (10), the correction step can be replaced by a suitable line
search along the direction z¥ — z* and a double projection [92, 97]. Chosen 3 € (0,1) and n € (0,2), the line
search identifies a point z¥ = 2% 4+ 8™ (2% — 2*) where m is the smallest non-negative integer such that

F5, %) = f(F,2%) > nalla® — 2¥|]?/2, (14)

and the next iterate is obtained projecting onto C the projection of 2* onto the separating hyperplane H*
just like in the combined relaxation method described at the end of the previous subsection. It is worth
noting that the line searches (11) and (14) are different as they relate to different predictive steps but they
both aim at separating strictly the current iterate from the solution set of (EP).

Alternatively, if C' has a nonempty interior, it is possible to replace the predictive step with the following
projection

k—1
F=nc|z+a! Zvyf(xj,xj)
j=1

where T belongs to the interior of C, and replace also z* by ¥ in the correction step [96]. In this way the
centroid of the correction iterates, i.e., (! + --- + z¥)/k, converges to a solution of (EP) provided that f
is monotone and the gradient mappings V,, f(x, -) are Lipschitz continuous uniformly in x for some constant
L <a.

3.1.3 Descent methods

As already explained at the beginning of Section 3.1, the gap function ¢, allows to reformulate (EP,), and
thus (EP), as a constrained optimization problem, whose global minima are indeed the solutions of the two
equilibrium problems. Though ¢, is continuously differentiable, in general it is not convex and therefore
finding its global minima is not an easy task.

One possibility to overcome this difficulty is to consider assumptions which guarantee that any stationary
point of the minimization problem

min{ pq(z) : z€C} (15)

is actually a global minimum, and thus solves (EP). This “stationarity property” holds if f is strictly
V-monotone on C (see [21, 76]), i.e.,

(Vaf(z,y) + Vyf(z,y),y—x) >0, VayecCwithz#y, (16)

while it does not hold if f is V-monotone on C, i.e., the left-hand side of (16) is just greater or equal to
0. Actually, no relationship holds between these conditions and the monotonicity assumptions which have
been exploited in the previous sections. Anyway, they can be considered some kind of monotonicity too: in
fact, f is surely (strictly) V-monotone on C' if the mappings V. f(z,-) + V, f(z,-) are (strictly) monotone
on C for any x € C.

Strict V-monotonicity guarantees also that ®,(x) — x is a descent direction for ¢, at any non-stationary
point z (see [21, 76]). Therefore, a basic descent method can be devised moving away from a non-stationary
point z¥ along the direction d* = ®, (%) — 2* with a suitable stepsize ¢, € (0, 1] to obtain the new iterate
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2Pt = 2% 4+ t,.d*. Notice that, due to the choice of the stepsize, 2F*! is a convex combination of z* and
®,(z*), and hence belongs to C.
If f is strictly V-monotone and C' is bounded, then this descent method with the exact line search

ty € argmin{ @, (2" +td*) : t€[0,1] }

generates a bounded sequence {z*} such that any of its limit points solves (EP) [76]. An Armijo-type
inexact line search can be considered choosing the stepsize t;, = ™ with 8 € (0,1) and m being the smallest
nonnegative integer such that

ok + B dF) < o (z*) — 0 6™ ||d¥|?,

with 6 € (0,1). Convergence is guaranteed provided that C' is bounded, f is strongly V-monotone with
constant v > 0, i.e.,

(Vof(@,9) + Vyf(z,y),y—z) > y|ly—=z|*, Vaz,yeC,

and 6 < v [28, 69, 76].

If C is not bounded, some additional assumptions on f are needed to obtain the boundedness of the
sequence {z*}, which is a key property to achieve convergence. Whenever the value of the gap function ¢,
provides an error bound for the unique solution z* of (EP), i.e., there exists ¢ > 0 such that

Ya(x) > 0|z — :17*||2, Vazxedl, (17)

the sequence {z*} is bounded since the sequence of values {¢,(z*)} is decreasing. The error bound (17)
holds if f is strongly monotone [76] or if V. f and V, f are Lipschitz continuous and G(z) = V, f(z,z) is
strongly monotone [28], i.e., there exists v > 0 such that

(G(z) = Gy),z —y) > |z —yl]*,

or if the mappings V, f(-, y) are strongly monotone with the same constant + for all y € C' [66, 69]. Therefore,
the descent method (with exact or inexact line search) converges also in case C' is not bounded if any of the
three above additional assumptions holds too.
A descent method which does not require the strict V-monotonicity of f can be devised relying on the
concavity-type condition
f@y) +(Vaf(2,9),y —2) 20, Va,yeCl, (18)

which is indeed satisfied if f(-,y) is concave for all y € C. Moreover, it implies V-monotonicity but it is
neither stronger nor weaker than strict V—monotonicity, and it does not guarantee the stationarity property
for (15). Anyway, this concavity-type assumption paired with the boundedness of C' guarantees that ®,,(z)—x
is a descent direction for ¢, at any x € C' which does not solve (EP), provided that « is small enough [21].
This property provides the key idea of the method: if @, (z*)—2* is a descent direction for ,, at the current
iterate z¥, then a (inexact) line search is performed, while otherwise the value of « is decreased, for instance
according to some contraction factor. Convergence is achieved under (18) and the boundedness of C' [21].
The evaluation of ¢, at a given point z € R™ could be computationally expensive if the description of C

involves nonlinear convex constraints, i.e.,
C={yeD : ¢y <0, i=1,...,m}

where D is a polyhedron and ¢; : R™ — R are nonlinear convex functions. If the ¢;’s are (continuously) dif-
ferentiable, linearizing these constraints around z means replacing C' by the outer polyhedral approximation

P(z)={yeD : ¢z)+ (Ve(z),y—z) <0, i=1,...,m}.
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In fact, C C P(xz) C D. Modifying the inner optimization problem defining ¢, (z) in this way leads to the
function

Pa(x) = —min{ f(z,y) +ally —|[*/2 : y € P(z) },

which is indeed a new gap function for (EP) [22] and moreover the computation of its values amounts
to minimize a strongly convex function subject to linear constraints only. Anyway, there is no longer any
guarantee that the unique minimizer of ¢, (z) belongs to C' and hence the descent procedure may fail to
produce a new iterate belonging to C'. Therefore, the introduction of a penalization term and procedures to
control the penalization parameter are needed. Whenever D is bounded, convergence is achieved provided
that f is strictly V-monotone [23] or satisfies the concavity-type condition (18) [22].

Gap functions can be exploited also to reformulate (EP) as an unconstrained optimization problem. The
approach is based on a pair of gap functions which provide the so-called D-gap function

Pap(T) = palz) — @s(2),
where 0 < a < (. Indeed, the global minima of the unconstrained minimization problem
min{ pas(xz) : z€R" } (19)

coincide with the solutions of (EP) (see [67, 107]). Clearly, ¢, inherits the differentiability properties of
o and @g but in general it is not convex (just like ¢, and ¢g), thus it could be difficult to find a global
minimum.

However, if the mappings V. f(z,-) + V, f(z,-) are strictly monotone on R™ for any # € R, then each
stationary point of ¢, is actually a global minimum of (19), and thus solves (EP) [107]. Actually, descent
methods for ¢,ps require stronger assumptions: if the mappings V, f(z,-) are strongly monotone with the
same constant v > 0 for all x € R™ and uniformly Lipschitz continuous, then there exists p > 0 such that
¢ap and the corresponding argmin function ®,5 = ®, — 3 satisfy

(Vas (@), Pap(@) + ps(@)) < —v([@ap(@)l| + plls(x)])?/2 (20)

for all x € R", where s(z) = afz — @ (x)] — Blz — ®s(x)] (see [30, 67]). The stationarity of a given
point 2% is equivalent to ®,s(2z*) = 0 and s(z¥) = 0. If this is not the case, then (20) guarantees that
d* = ®,5(z%)+ ps(z¥) is a descent direction and an inexact line search can be performed along this direction.
The resulting method converges provided that the sequence {z*} is bounded [30, 67]. Since the sequence of
values {pa5(z%)} is decreasing, it is enough to guarantee that the sublevel sets of p,s are bounded: this is
true if V, f is Lipschitz continuous and G(z) = V, f(z, z) is strongly monotone [30, 67] or if the mappings
V, f(-,y) are strongly monotone with the same constant for all y € C' [108].

Another descent method based on the D-gap function ¢,p relies on the same direction d* = @, (z%) — =
which is exploited also by the descent methods for ,: if pas(x® + d*) < npas(z*) holds for some fixed
parameter 7 € (0,1), the new iterate is 2**! = 2% 4 d* while otherwise an inexact line search along either
d* or —V,s(z") is performed. The method converges to a solution of (EP) provided that the mappings
V. f(z,-) are strictly monotone for any € R™ and V,, f(-,y) are strongly monotone with the same constant
for all y € C [108, 109].

k

3.2 Regularization methods

Regularization methods for equilibrium problems rely on a well-known solution scheme already developed for
nonlinear equations, optimization problems and variational inequalities. The key idea is to solve a sequence
of auxiliary equilibrium problems whose solutions converge to a solution of (EP). More precisely, at the
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k-th iteration any regularization method finds an exact or approximate solution of the auxiliary equilibrium
problem

find z* € C such that
f(@*,y) + ap(z* —ub y —2*) > 0 for all y € C,

k ¢ R™ are the parameters whose choice determines the different algorithms. The

where ap > 0 and u
additional term is called regularizing because it allows to strengthen the monotonicity and V-monotonicity

properties of the original bifunction f. In fact,

frlz,y) = fla,y) + ax (@ — ¥,y — )

is strongly monotone if f is monotone and strongly V-monotone if f is V-monotone. All the methods
described in Section 3.1 can be applied to solve the auxiliary problems. The sequence of the solutions of
the auxiliary problems converges to a solution of (EP) under suitable generalized monotonicity or coercivity
assumptions on f.

In the following we classify the regularization methods into two subclasses: the proximal point and the
Tikhonov-Browder methods. In the first subclass the parameter u* depends upon the previous iterate(s)
and the parameters oy, are kept fixed (or bounded above and away from zero) while in the second u” is
independent from the previous iterates and ay, | 0.

3.2.1 Proximal Point Methods

The basic version of the proximal point method (shortly PPM) asks to find an exact solution z* of the
auxiliary equilibrium problem (EP;) with ap = a for some fixed o > 0 while the previous iterate z*1
provides the other parameter, i.e., u¥ = 2*~1. If f is monotone, then each auxiliary problem has a unique
solution since f is strongly monotone (see Section 2.1), and the sequence {z*} converges to a solution of

(EP) [80]. Moreover, if f is #-conditioned, i.e. there exist two parameters v > 0 and 6 € (0, 1] such that
—f(z,ms(x)) > ydist(x, S)?, Vaoed,

where S is the solution set of (EP) and dist(z,S) denotes the distance of = from S, then convergence is
actually achieved in a finite number of iterations [82].

Since the auxiliary problems cannot be actually solved exactly, inexact versions of PPM are essential in
the development of implementable algorithms. One way to consider inexact PPMs is to add an approximation
error € to the bifunction fj so that any solution of the approximated auxiliary problem satisfies

fk?(xkay>2_5k7 vyec

With the same choice of parameters of the exact case, the sequence {z*} generated by this inexact PPM
converges to a solution of (EP) if f is monotone on C' and the series whose terms are gj is convergent

=1 e., uF =

[80]. Taking u* as a particular linear combination of the two previous iterates z*~2 and =
o1 4 Bp (2 — 2%72) for some B € [0,1), the convergence of the inexact PPM is guaranteed if f is
monotone and the parameters ay, Bk, €k satisfy suitable technical conditions [81]. This last method can be
further extended considering auxiliary problems which are defined on convex outer approximations of C' [5].

Another way to develop inexact PPMs relies on the approximation of a solution v* of the auxiliary
problem (EP;) with a given accuracy &y, i.e., the computation of some x* € C such that ||2* — v*|| < .
Taking aj, = a for some fixed a > 0 and u* = %71, the sequence {z*} converges to a solution of (EP)
provided that f is pseudomonotone, each auxiliary problem admits at least one solution and the series whose
terms are €y, is convergent [56]. In case the Minty equilibrium problem admits at least one solution but f

is not necessarily pseudomonotone, the sequence {z*} admits limit points and all of them solve (EP) [56].
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Since the accuracy of the approximate solution of the auxiliary problems has to be controlled, some further
assumptions on f may provide the required error bound. For instance, if f is weakly monotone, i.e., there
exists § > 0 such that

flxy)+ fly,z) <Oz —y|?, Vazyel,

then the bifunctions fj of the auxiliary problems are strongly monotone with constant o — 6 whenever « is
chosen greater than 6. In this case each auxiliary problem admits a unique solution and the corresponding
gap function allows to estimate the distance from the solution (see also Section 3.1.3).

Considering a regularization term which depends only upon a subset of the variables, a partial version of
the latter inexact PPM can be also developed [58].

A further kind of inexact PPMs exploits the auxiliary problem (EP;) with v* = z*~1 + ¢* for some
arbitrary error vector e* whose norm is bounded by a suitable function of the available data at the current
k are used to build a hyperplane H* separating

k=1 onto H* or

iteration. The solution of (FPy) and the error vector e
2%~ from the solution set of (EP), and the new iterate z* is obtained either projecting
making a step from z*~! towards H*. The convergence of these methods is based on the weak monotonicity
and the pseudomonotonicity of f [48]. Notice that these methods allow for constant relative errors in the
auxiliary problems unlike the methods previously recalled, which require an increasing accuracy (up to
exactness in the limit).

In the case of infinite dimensional spaces, the weak convergence of several methods mentioned above has
been proved in Hilbert spaces [50, 80, 81, 82] and Banach spaces [48, 74]. On the other hand, the strong
convergence of some methods has been analyzed in [74, 80, 82].

3.2.2 Tikhonov-Browder methods

The basic version of the Tikhonov-Browder method asks to find an exact solution z* of the auxiliary problem
(EPy) with u¥ = 0 and it considers a sequence ay | 0. If f is monotone, then each auxiliary problem admits
a unique solution and {2*} converges to the solution of (FP) having minimal norm [83]. More in general, if

k are all taken equal to a given vector u, then the sequence {z*} converges to the Euclidean

the parameters u
projection of u onto the solution set of (EP).

Since the auxiliary problems can not be solved exactly in practice, an approximate computation of the
iterates is required. For instance, if v* is an exact solution of the auxiliary problem (EP:) of the basic
Tikhonov-Browder method and |z* — v¥|| < &, then also the sequence {z*} converges to the element of
minimal norm of the solution set of (EP), provided that ej | 0. Similarly to the case of PPMs, the error &
can be checked using the value of the gap function associated to the auxiliary problem (see Section 3.1.3).

As already mentioned, all the solution methods discussed in Section 3.1 can be exploited to approximate
the solution of each auxiliary problem. In particular, descent methods based on gap and D-gap functions
have been explicitly considered [64, 68].

In order to provide better approximations of the initial problem, non quadratic regularization terms can
be exploited. Considering a suitable strongly monotone bifunction in place of the quadratic term (z —u*, y—
x), this modified version of the basic Tikhonov-Browder method is convergent under the monotonicity of
f [64, 68]. Considering a regularization term which depends only upon a subset of the variables, a partial
version of the method can be also developed [57].

In order to drop any monotonicity assumption on f, the key assumption to guarantee convergence is a
coercivity condition more general than (6), which exploits a continuously differentiable and strongly convex
function real-valued p [63]. One method replaces the usual quadratic regularization term with (Vu(x),y—x).
The coercivity condition guarantees that (EP) and all the auxiliary problems admit at least one solution.
Moreover, the sequence generated by the method has limit points and all of them solve (EP) [63]. Taking
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w(x) = ||z||? this result allows to prove the convergence of the basic Tikhonov-Browder under the coercivity
condition (6).

Another method uses p(y) — p(x) as the regularization term and the same convergence result of the
previous method holds [63]. However, this new term helps to improve the convexity properties of the
auxiliary problems but not the monotonicity properties. In fact, since f(z,-) is convex then fi(z,-) is
strongly convex, while if f is monotone then fj is also monotone but not necessarily strongly monotone.
Even more general coercivity conditions can be exploited [65].

Actually, in order to make these two last methods implementable, some additional monotonicity assump-
tions on f are needed to control the approximation of the solutions of the auxiliary problems exploiting the
methods described in Section 3.1.

4 Conclusions

Due to the increasing relevance of equilibria in many application fields, a large number of papers on equilib-
rium problems has been published. We focused on two of the most important issues: existence of solutions
and algorithms for finding them. Among others relevant issues we recall duality and stability and sensitivity
of solutions. A related topic, which recently is getting a lot of attention, deals with algorithms aiming at
finding a common solution of an equilibrium problem and other variational problems.

Though we believe that existence and algorithms for equilibria are mature issues for a review, there are
still challenging open problems which are worthy of being investigated. Concerning existence, almost all the
known results require that f(z,-) is quasiconvex. Nevertheless, quasiconvexity is not always met especially
in problems arising from real-life applications. Therefore, some efforts should be devoted to investigating
the existence of solutions for problems in which quasiconvexity does not hold.

Algorithmic approaches have usually been developed relying on the convexity of f(x,-), since this as-
sumption allows to easily exploit convex optimization as a basic tool. We believe that some efforts should
be devoted to the development of algorithms which guarantee convergence without such a condition. Anal-
ogously, methods which do not require any monotonicity-type assumption on f are an engaging topic which
has not been tackled so far: it is very likely that for equilibria monotonicity marks the same watershed that
convexity is for optimization.

Reviewing literature about algorithms for (EP), a question naturally arises on how to select the most
suitable algorithm for a given problem. Valuable comparison between different algorithms would require
intensive computational studies in which different approaches are tested on a common test-bed and their
performances are compared. Indeed, it is a wide research topic which still needs and deserves to be thor-
oughfully investigated.

Acknoledgements. The authors wish to thank the four anonymous referees for the careful reviews and
valuable comments, which helped them to improve the presentation form of the paper.

References

[1] S. Al-Homidan, Q.H. Ansari, J.C. Yao, Some generalizations of Ekeland—type variational principle with
applications to equilibrium problems and fixed point theory, Nonlinear Analysis. Theory, Methods &
Applications 69 (2008) 126-139.

[2] E. Altman, T. Boulogne, R. El-Azouzi, T. Jiménez, L. Wynter, A survey on networking games in
telecommunications, Computers and Operations Research 33 (2006) 286-311.

18



3]

[17]

[18]

[19]

[20]

E. Altman, L. Wynter, Equilibrium, games, and pricing in transportation and telecommunication net-
works, Networks and Spatial Economics 4 (2004) 7-21.

P.N. Anh, A logarithmic quadratic regularization method for solving pseudomonotone equilibrium prob-
lems, Acta Mathematica Vietnamica 34 (2009) 183-200.

P.N. Anh, J.K. Kim, Outer approximation algorithms for pseudomonotone equilibrium problems, Com-
puters and Mathematics with Applications 61 (2011) 2588-2595.

Q.H. Ansari, N.C. Wong, J.C. Yao, The existence of nonlinear inequalities, Applied Mathematics Letters
12 (1999) 89-92.

A.S. Antipin, Inverse optimization problems and methods for their solution, in System modelling and
optimization, Lecture Notes in Control and Information Sciences, 143 (1990) 544-553.

A.S. Antipin, The convergence of proximal methods to fixed points of extremal mappings and estimates
of their rates of convergence, Computational Mathematics and Mathematical Physics 35 (1995) 539-551.

A.S. Antipin, Equilibrium programming: proximal methods, Computational Mathematics and Mathe-
matical Physics 37 (1997) 1285-1296.

D. Ardagna, B. Panicucci, M. Passacantando, A game theoretic formulation of the service provision-
ing problem in cloud systems, Proceedings of the 20th international conference on World Wide Web,
Hyderabad, India, (2011), 177-186.

D. Ardagna, B. Panicucci, M. Passacantando, Generalized Nash Equilibria for the Service Provisioning
Problem in Cloud Systems, IEEE Transactions on Services Computing, 6 (2013), 429-442.

K.J. Arrow, G. Debreu, Existence of an equilibrium for a competitive economy, Econometrica 22 (1954)
265-290.

J.-P. Aubin, Optima and equilibria. An introduction to nonlinear analysis, Springer-Verlag, Berlin, 1998.

H.H. Bauschke, J.M. Borwein, On projection algorithms for solving convex feasibility problems, STAM
Review 38 (1996) 367-426.

M. Benzi, G.H. Golub, J. Liesen, Numerical solution of saddle point problems, Acta Numerica 14 (2005)
1-137.

M. Bianchi, M. Hadjisavvas, S. Schaible, Minimal coercivity conditions for variational inequalities.
Application to exceptional families of element, Journal of Optimization Theory and Applications 122
(2004) 1-17.

M. Bianchi, G. Kassay, R. Pini, Existence of equilibria via Ekeland’s principle, Journal of Mathematical
Analysis and Applications 305 (2005) 502-512.

M. Bianchi, R. Pini, Coercivity conditions for equilibrium problems, Journal of Optimization Theory
and Applications 124 (2005) 79-92.

M. Bianchi, S. Schaible, Generalized monotone bifunctions and equilibrium problems, Journal of Opti-
mization Theory and Applications 90 (1996) 31-43.

L. T. Biegler, Nonlinear programming: concepts, algorithms, and applications to chemical processes,
MOS-SIAM Series on Optimization, Philadelphia, 2010.

19



[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]
[31]

G. Bigi, M. Castellani, M. Pappalardo, A new solution method for equilibrium problems, Optimization
Methods & Software 24 (2009) 895-911.

G. Bigi, M. Passacantando, Gap functions and penalization for solving equilibrium problems with non-
linear constraints, Computational Optimization and Applications 53 (2012) 323-346.

G. Bigi, M. Passacantando, Descent and penalization techniques for equilibrium problems with nonlinear
constraints, Journal of Optimization Theory and Applications, doi: 10.1007/s10957-013-0473-7.

E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems, The Math-
ematics Student 63 (1994) 123-145.

H. Brézis, L. Nirenberg, G. Stampacchia, A remark on Ky Fan’s minimax principle, Bollettino della
Unione Matematica Italiana 6 (1972) 293-300.

M. Castellani, M. Giuli, On equivalent equilibrium problems, Journal of Optimization Theory and
Applications 147 (2010) 157-168.

M. Castellani, M. Pappalardo, M. Passacantando, Existence results for nonconvex equilibrium problems,
Optimization Methods & Software 25 (2010) 49-58.

O. Chadli, I.V. Konnov, J.-C. Yao, Descent methods for equilibrium problems in a Banach space,
Computers and Mathematics with Applications 48 (2004) 609-616.

G. Chen, M. Teboulle, Convergence analysis of a proximal-like minimization algorithm using Bregman
functions, STAM Journal of Optimization 3 (1993) 538-543.

C. Cherugondi, A note on D-gap functions for equilibrium problems, Optimization 62 (2013) 221-226.

A.A. Cournot, Recherche sur les principes mathematiques de la theorie des richesses, Hachette, Paris,
1838.

S. Dafermos, Traffic equilibrium and variational inequalities, Transportation Science 14 (1980) 42-54.

J. Dong, D. Zhang, A. Nagurney, A supply chain network equilibrium model with random demands,
European Journal of Operational Research 156 (2004) 194-212.

L. Drouet, A. Haurie, F. Moresino, J.-P. Vial, M. Vielle, L. Viguier, An oracle based method to compute
a coupled equilibrium in a model of international climate policy, Computational Management Science
5 (2008) 119-140.

F. Facchinei, C. Kanzow, Generalized Nash equilibrium problems, Annals of Operations Research 175
(2010) 177-211.

F. Facchinei, J.-S. Pang, Finite-dimensional variational inequalities and complementarity problems, Vol.
I, Springer-Verlag, New York, 2003.

K. Fan, A generalization of Tychonoff’s fixed point theorem, Mathematische Annalen 142 (1961) 305—
310.

K. Fan, A minimax inequality and applications, in: O. Shisha (Ed.), Inequalities III, Academic Press,
New York, 1972, pp. 103-113.

M.C. Ferris, J.-S. Pang, Engineering and economic applications of complementarity problems, SIAM
Review 39 (1997) 669-713.

20



[40]

[41]

[42]

[43]

[44]

S.D. Flam, A.S. Antipin, Equilibrium programming using proximal-like algorithms, Mathematical Pro-
gramming 78 (1997) 29-41.

F. Flores—Bazan, Existence theorems for generalized noncoercive equilibrium problems: the quasi-convex
case, SIAM Journal on Optimization 11 (2000) 675-690.

F. Forgé, J. Fulop, M. Prill, Game theoretic models for climate change negotiations, European Journal
of Operational Research 160 (2005) 252-267.

F. Giannessi, On Minty variational principle, in: F. Giannessi, S. Komlési, T. Rapcsdk (Eds.), New
trends in mathematical programming, Kluwer Academic Publishers, 1998, pp. 93-99.

J. Gwinner, On the penalty method for constrained variational inequalities, in: J.-B. Hiriart-Urruty,
W. Oettli, J. Stoer (Eds.), Optimization: theory and algorithms, Lecture Notes in Pure and Applied
Mathematics, 86, Dekker, New York, 1983, pp. 197-211.

N. Hadjisavvas, Continuity and maximality properties of pseudomonotone operators, Journal of Convex
Analysis 10 (2003) 465-475.

B. Hobbs, Linear complementarity models of Nash—Cournot competition in bilateral and POOLCO
power markets, IEEE Transactions on Power Systems 16 (2001) 194-202.

A.N. Tusem, G. Kassay, W. Sosa, On certain conditions for the existence of solutions of equilibrium
problems, Mathematical Programming 116 (2009) 259-273.

A.N. Tusem, M. Nasri, Inexact Proximal Point Methods for Equilibrium Problems in Banach Spaces,
Numerical Functional Analysis and Optimization 28 (2007) 1279-1308.

A.N. Tusem, W. Sosa, Iterative algorithms for equilibrium problems, Optimization 52 (2003) 301-316.

A.N. Iusem, W. Sosa, On the proximal point method for equilibrium problems in Hilbert spaces, Opti-
mization 59 (2010) 1259-1274.

A. Kaplan, R. Tichatschke, Extended auxiliary problem principle using Bregman distances, Optimiza-
tion 53 (2004) 603-623.

S. Karamardian, Generalized complementarity problem, Journal of Optimization Theory and Applica-
tions 8 (1971) 161-168.

A. Kesselman, S. Leonardi, V. Bonifaci, Game-theoretic analysis of Internet switching with selfish users,
in: X. Deng, Y. Ye (Eds.), Internet and Network Economics, Springer-Verlag, Berlin, 2005, pp. 236-245.

B. Knaster, C. Kuratowski, S. Mazurkiewicz, Ein Beweies des Fixpunktsatzes fiir N Dimensionale
Simplexe, Fundamenta Mathematicae 14 (1929) 132-137.

1.V. Konnov, Combined relaxation method for monotone equilibrium problems, Journal of Optimization
Theory and Applications 111 (2001) 327-340.

1.V. Konnov, Application of the proximal point method to nonmonotone equilibrium problems, Journal
of Optimization Theory and Applications 119 (2003) 317-333.

1.V. Konnov, Partial regularization method for equilibrium problems, Journal of Nonlinear and Convex
Analysis 6 (2005) 497-503.

21



[58]

[59]
[60]

[61]

[69]

[70]

[71]

[72]

I.V. Konnov, Partial proximal point method for nonmonotone equilibrium problems, Optimization
Methods & Software 21 (2006) 373-384.

1.V. Konnov, Equilibrium models and variational inequalities, Elsevier, Amsterdam, 2007.

1.V. Konnov, On variational inequalities for auction market problems, Optimization Letters 1 (2007),
155-162.

I.V. Konnov, Variational inequalities for modeling auction markets with price mappings, Open Opera-
tional Research Journal 2 (2008) 29-37.

1.V. Konnov, Spatial equilibrium problems for auction-type systems, Russian Mathematics 52 (2008)
30-44.

I.V. Konnov, Regularization method for nonmonotone equilibrium problems, Journal of Nonlinear and
Convex Analysis 10 (2009) 93-101.

I.V. Konnov, M.S.S. Ali, Descent methods for monotone equilibrium problems in Banach spaces, Journal
of Computational and Applied Mathematics 188 (2006) 165-179.

1.V. Konnov, D.A. Dyabilkin, Nonmonotone equilibrium problems: coercivity conditions and weak
regularization, Journal of Global Optimization 49 (2011) 575-587.

I.V. Konnov, O.V. Pinyagina, Descent method with respect to the gap function for nonsmooth equilib-
rium problems, Russian Mathematics 47 (2003) 67-73.

1.V. Konnov, O.V. Pinyagina, D-gap functions for a class of equilibrium problems in Banach spaces,
Computational Methods in Applied Mathematics 3 (2003) 274-286.

L.V. Konnov, O.V. Pinyagina, D-gap functions and descent methods for a class of monotone equilibrium
problems, Lobachevskii Journal of Mathematics 13 (2003) 57-65.

I.V. Konnov, O.V. Pinyagina, A descent method with inexact linear search for nonsmooth equilibrium
problems, Computational Mathematics and Mathematical Physics 48 (2008) 1777-1783.

I.V. Konnov, S. Schaible, J.C. Yao, Combined relaxation method for mixed equilibrium problems,
Journal of Optimization Theory and Applications 126 (2005) 309-322.

J.B. Krawczyk, S. Uryasev, Relaxation algorithms to find Nash equilibria with economic applications,
Environmental Modeling and Assessment 5 (2000) 63-73.

L.-J. Lin, W.-S. Du, On maximal element theorems, variant of Ekeland’s variational and their applica-
tions, Nonlinear Analysis. Theory, Methods & Applications 68 (2008) 1246-1262.

Z. Liu, A. Nagurney, Financial networks with intermediation and transportation network equilibria: a
supernetwork equivalence and reinterpretation of the equilibrium conditions with computations, Com-
putational Management Science 4 (2007) 243-281.

J. Mashreghia, M. Nasri, Strong convergence of an inexact proximal point algorithm for equilibrium
problems in Banach spaces, Numerical Functional Analysis and Optimization 31 (2010) 1053-1071.

G. Mastroeni, On auxiliary principle for equilibrium problems, in: P. Daniele, F. Giannessi, A. Maugeri
(Eds.), Equilibrium Problems and Variational Models, Kluwer Academic Publishers, Norwell, 2003, pp.
289-298.

22



[76]

[77]

[78]

[79]

[80]

[81]

[82]

G. Mastroeni, Gap functions for equilibrium problems, Journal of Global Optimization 27 (2003) 411
426.

N. Miller, A. Ruszczynski, Risk-adjusted probability measures in portfolio optimization with coherent
measures of risk, European Journal of Operational Research 191 (2008) 193-206.

G.J. Minty, On the generalization of a direct method of the calculus of variations, Bulletin American
Mathematical Society 73 (1967) 315-321.

B.S. Mordukhovich, J.V. Outrata, M. Cervinka, Equilibrium problems with complementarity con-
straints: case study with applications to oligopolistic markets, Optimization 56 (2007) 479-494.

A. Moudafi, Proximal point methods extended to equilibrium problems, Journal of Natural Geometry
15 (1999) 91-100.

A. Moudafi, Second-order differential proximal methods for equilibrium problems, Journal of Inequalities
in Pure and Applied Mathematics 4 (2003) article no. 18.

A. Moudafi, On finite and strong convergence of a proximal method for equilibrium problems, Numerical
Functional Analysis and Optimization 28 (2007) 1347-1354.

A. Moudafi, M. Théra, Proximal and dynamical approaches to equilibrium problems, in: M. Théra, R.
Tichatschke (Eds.), Ill-posed variational problems and regularization techniques, Springer, Berlin, 1999,
pp. 187-201.

L.D. Muu, T.D. Quoc, Regularization algorithms for solving monotone Ky Fan inequalities with ap-
plication to a Nash-Cournot equilibrium model, Journal of Optimization Theory and Applications 142
(2009) 185-204.

A. Nagurney, Network economics: a variational inequality approach, Kluwer Academic Publishers,
Dordrecht, 1993.

A. Nagurney, Formulation and analysis of horizontal mergers among oligopolistic firms with insights
into the merger paradox: a supply chain network perspective, Computational Management Science 7
(2010) 377-406.

A. Nagurney, J. Cruz, International financial networks with intermediation: modeling, analysis, and
computations, Computational Management Science 1 (2003) 31-58.

A. Nagurney, K. Ke, Financial networks with intermediation: Risk management with variable weights,
European Journal of Operational Research 172 (2006) 40-63.

J.F. Nash, Equilibrium points in n-person games, Proceedings of the National Academy of Sciences of
U.S.A. 36 (1950) 48-49.

J.F. Nash, Non-cooperative games, Annals of Mathematics 54 (1951) 286-295.

T.T.V. Nguyen, J.J. Strodiot, V.H. Nguyen, A bundle method for solving equilibrium problems, Math-
ematical Programming 116 (2009) 529-552.

T.T.V. Nguyen, J.J. Strodiot, V.H. Nguyen, The interior proximal extragradient method for solving
equilibrium problems, Journal of Global Optimization 44 (2009) 175-192.

23



[93] H. Nikaido, K. Isoda, Note on noncooperative convex games, Pacific Journal of Mathematics 5 (1955)
807-815.

[94] J.-S. Pang, G. Scutari, D.P. Palomar, F. Facchinei, Design of cognitive radio systems under temperature-
interference constraints: a variational inequality approach, IEEE Transactions on Signal Processing 58
(2010) 3251-3271.

[95] M. Patriksson, The traffic assignment problem: models and methods, VSP International Science Pub-
lishers, Utrecht, 1994.

[96] T.D. Quoc, P.N. Anh, L.D. Muu, Dual extragradient algorithms extended to equilibrium problems,
Journal of Global Optimization 52 (2012) 139-159.

[97] T.D. Quoc, M.L. Dung, V.H. Nguyen, Extragradient algorithms extended to equilibrium problems,
Optimization 57 (2008) 749-776.

[98] T.D. Quoc, L.D Muu, Iterative methods for solving monotone equilibrium problems via dual gap func-
tions, Computational Optimization and Applications 51 (2012) 709-728.

[99] F.M.P. Raupp, W. Sosa, An analytic center cutting plane algorithm for finding equilibrium points,
RAIRO Operations Research 40 (2006) 37-52.

[100] P. Santos, S. Scheimberg, An inexact subgradient algorithm for equilibrium problems, Computational
and Applied Mathematics 30 (2011) 91-107.

[101] S. Scheimberg, P.S.M. Santos, A relaxed projection method for finite-dimensional equilibrium problems,
Optimization 60 (2011) 1193-1208.

[102] G. Scutari, D.P. Palomar, S. Barbarossa, Competitive optimization of cognitive radio MIMO systems
via game theory, in: D.P. Palomar, Y.C. Eldar (Eds.), Convex optimization in signal processing and
communications, Cambridge University Press, Cambridge, 2010, pp. 387-442.

[103] A. Signorini, Questioni di elasticita non linearizzata e semilinearizzata, Rendiconti di Matematica e
delle sue Applicazioni 18 (1959) 95-139.

[104] M.V. Solodov, Merit functions and error bounds for generalized variational inequalities, Journal of
Mathematical Analysis and Applications 287 (2003) 405—414.

[105] J.G. Wardrop, Some theoretical aspects of road traffic research, Proceedings of the Institute of Civil
Engineers, Part II, 1 (1952) 325-378.

[106] L.C. Zeng, J.C. Yao, Modified combined relaxation method for general monotone equilibrium problems
in Hilbert spaces, Journal of Optimization Theory and Applications 131 (2006) 469-483.

[107] L. Zhang, J.Y. Han, Unconstrained optimization reformulations of equilibrium problems, Acta Math-
ematica Sinica 25 (2009) 343-354.

[108] L. Zhang, S.-Y. Wu, An algorithm based on the generalized D-gap function for equilibrium problems,
Journal of Computational and Applied Mathematics 231 (2009) 403—411.

[109] L. Zhang, S.-Y. Wu, S.-C. Fang, Convergence and error bound of a D-gap function based Newton-
type algorithm for equilibrium problems, Journal of Industrial and Management Optimization 6 (2010)
333-346.

24



[110] Y.B. Zhao, J.Y. Han, H.D. Qi, Exceptional families and existence theorems for variational inequalities
problems, Journal of Optimization Theory and Applications 101 (1999) 475-495.

[111] L. Zhao, A. Nagurney, A network equilibrium framework for internet advertising: models, qualitative
analysis, and algorithms, European Journal of Operational Research 187 (2008) 456-472.

25



