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Abstract. Graph pangenomics is a new emerging field in computational
biology that is changing the traditional view of a reference genome from a
linear sequence to a new paradigm: a sequence graph (pangenome graph
or simply pangenome) that represents the main similarities and differences
in multiple evolutionary related genomes. The speed in producing large
amounts of genome data, driven by advances in sequencing technologies, is
far from the slow progress in developing new methods for constructing and
analyzing a pangenome. Most recent advances in the field are still based
on notions rooted in established and quite old literature on combinatorics
on words, formal languages and space efficient data structures. In this
paper we discuss two novel notions that may help in managing and
analyzing multiple genomes by addressing a relevant question: how can we
summarize sequence similarities and dissimilarities in large sequence data?
The first notion is related to variants of the Lyndon factorization and
allows to represent sequence similarities for a sample of reads, while the
second one is that of sample specific string as a tool to detect differences
in a sample of reads. New perspectives opened by these two notions are
discussed.

1 Introduction

The 1000 Genomes Project [16] marks the beginning of new computational
approaches to genomic studies involving the use of efficient data structures to
represent the high variation rate among multiple genomes. Indeed, a main result
of the project has been the characterization of a broad spectrum of genetic
variations in the human genome, including the discovery of novel variations in the
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South Asian, African and European populations—thus enhancing the catalogue
of variability within the human individuals. In particular, the question “what is
an ideal human reference genome?” is becoming the focus of investigations that
also involve theoreticians in the computer science community. While the literature
in computational biology presents experimental evidence of the advantages of
the idea of replacing a linear reference with a pangenome graph [23, 37, 39],
still theoretical foundations of computational pangenomics is missing. A recent
tutorial introduces the main theoretical background in graph pangenomics [1].
It is interesting to note that formal language theory has again played a crucial
role in suggesting novel approaches to this new emerging field. The first main
representation of a graph pangenome is based on building a prefix language from
the interpretation of the graph as an automaton [33], while Wheeler graphs [22]
establish an interesting connection between regular languages and compressed
data structures which are fundamental in the indexing of pangenomes. Language
theoretic notions that have been recently rediscovered in Bioinformatics are those
of Lyndon words and of the Lyndon factorization of a word [15,21,32]. Indeed,
these well-known notions intervene in a bijective transformation [29] alternative to
the Burrows-Wheeler Transform for compressing sequences and in new measures
of similarities between sequences [7]. The investigation of sequence similarity and
dissimilarity measures is a crucial topic in Bioinformatics for comparing sequences.
For example, sequence alignment is the oldest standard procedure performed
to measure the distance between sequences. However, the search for alignment-
free approaches to sequence comparison is the focus of deep investigations in
the framework of pangenomics, since there is the need to cope with the high
computational cost of the alignment and have fast approaches to compute genetic
variations in a pangenome [1]. In this direction, a possible alignment-free approach
may consist in applying mathematical transformations on sequences that lead
easily to a fast sequence comparison. In particular, summarizing sequences by
alternative representations is becoming a new paradigm for facing the huge
amount of sequencing data. Factorizing a word is intuitively a way to give an
alternative representation of it: thus, a main question is whether there exists a
way to factorize sequences so that it may lead to a more compact representation
to detect shared regions between sequences. This work is focused on the Lyndon
factorization as a factorization preserving similarities among sequences. Since
being able to detect dissimilarities is also important in sequence comparison,
here we also present a novel notion aiming at discovering differences among
similar sequences. This is the notion of sample specific string (SFS) [27]. We
show applications of both notions in facing problems motivated by computational
pangenomics [13,20].

This paper is structured as follows. After introducing preliminaries on se-
quences, Lyndon words and Lyndon factorization, we survey some main theoretical
results on Lyndon-based factorizations motivated by Bioinformatics applications.
Then, we discuss preliminary results on their application. In Section 4 we discuss
the theoretical background of the notion of sample specific strings and then, we
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present its application in structural variant detection. We conclude with some
open problems related to Lyndon-based factorizations.

2 Preliminaries

Throughout this paper we follow [31] for the notations. Let w = a; - - - a,,, be a
string (or word) over a finite alphabet Y. The empty word is denoted by 1. The
length of w (that is, the number m of its characters) will be denoted by |w|. A
word x € X* is a factor of w € X* if there are uq,us € X* such that w = ujzus.
If uy = 1 (resp. ug = 1), then z is a prefix (resp. suffiz) of w. A factor (resp.
prefix, suffix) = of w is proper if  # w. We recall that, given a nonempty word
w, a border of w is a word which is both a proper prefix and a suffix of w. The
longest border is also called the border of w. A word w € X7T is bordered if it has
a nonempty border. Otherwise, w is unbordered. A nonempty word w is primitive
if w = 2* implies k = 1. An unbordered word is primitive. Given w,w’ € X*, we
denote by w < w’ (resp. w < w’) if w is lexicographically smaller than w’ (resp.
smaller than or equal to w’). Furthermore, for two nonempty words w, w’, we
write w < w’ if w < w’ and additionally w is not a proper prefix of w’ [4]. We
recall that a factorization of a string w is a sequence F(w) = (f1, fa,..., fn) of
factors such that w = fifo--- fn.

In [6] a numeric representation of a factorization of a string is defined,
named the fingerprint of w with respect to F(w), i.e., the sequence L(w) =
(If1l, 1 f2l,-- -, | fn]) of the lengths of the factors of F'(w). In addition, a k-finger
is a k-mer of L(w), that is, any substring (I;,l;41,...,lit+k—1) composed of k
consecutive elements of L(w).

In this framework, we consider strings over a the DNA alphabet and they
will be simply called sequences, meaning to represent genomes or fragments of
genome sequences. For preliminaries to computational pangenomics and some
basic notions, we address the reader to a recent tutorial [1].

3 Lyndon words and Lyndon-based factorization

The Lyndon Factorization CFL. In order to obtain read fingerprints, in [7]
some special kinds of factorizations are proposed, named Lyndon-based factoriza-
tions, since they are defined starting from the well-known Lyndon factorization
of a string w [32]. Each string w can be uniquely factorized into a non-increasing
product (w.r.t. the lexicographic order) of Lyndon words [32]. A Lyndon word is a
string which is strictly smaller than any of its nonempty proper suffixes. Lyndon
words are primitive and unbordered. For example, suppose that X' = {a, ¢, g,t}
and a < ¢ < g < t (in next examples, we always suppose this ordering on the
alphabet). Thus, accgctet is a Lyndon word, whereas cac is not a Lyndon word,

Formally, given a string w, its Lyndon factorization CFL(w) is a sequence
CFL(w) = (f1, f2,-.., fn) of words such that f; > fo > --- > f, and each f; is
a Lyndon word. For example, given wy = gcatcaccgctctacagaac, we have that
CFL(w1) = (g, ¢, ate, accgctet, acag, aac). The notation CFL is due to the fact
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that stating the uniqueness of this factorization is usually credited to Chen, Fox
and Lyndon [15]. We recall that CFL can be computed in linear time and constant
space [21].

The notion of Lyndon words has been shown to be useful in theoretical
applications, such as the well-known proof of the Runs Theorem [2], as well as in
string compression analysis. Furthermore, the Lyndon factorization has recently
revealed to be a useful tool also in investigating queries on suffixes of a word
and sorting such suffixes with strong potentialities for string comparison that
have not been completely explored and understood. Relations between Lyndon
words and the Burrows-Wheeler Transform (BWT) have also been discovered
first in [18,34] and, more recently, in [3,28,29]. A connection is found between
the Lyndon factorization CFL and the Lempel-Ziv (LZ) factorization [26], where
it is shown that in general the size of the LZ factorization is larger than the size
of the Lyndon factorization, and in any case the size of the Lyndon factorization
cannot be larger than a factor of 2 with respect to the size of LZ. This result has
been further extended in [40] to overlapping LZ factorizations.

Conservation Property of CFL. In [10] a new property of the Lyndon factor-
ization, named Conservation Property [6,7,13], has been proved, which is crucial
in our framework, and here reported. More precisely, let CFL(w) = (¢1, 42, ..., £,).
We firstly recall that z is a simple factor of w if, for each occurrence of x as
a factor of w, there is j, with 1 < j < n, such that z is a factor of ¢;. So, let
x =Ll ~Zj,1€;- be a non simple factor of w, for some indexes i,j with
1<i<j<n,and ;=00 {; = E;é;".

The above-mentioned Conservation Property is stated below and it compares
the Lyndon factorization of w and that of its non-simple factors.

Lemma 1. [9,10] Let w € X" be a word and let CFL(w) = (¢1,...,£,) be its
Lyndon factorization. For anyi, j, with1 < i < j <n, one has CFL({;l;41---{;) =
(li,iva, ..., 4;). In addition, let x be a non-simple factor of w such that x is not
a concatenation of consecutive factors of CFL(w) and let €], liy1,... ;1,0 be
such that © = 0/€;4q - ~€j,1€;, with 1 <1< j<n.

Let CFL(¢)) = (ma1,...,mp) and CFL(€)) = (v1,...,v). We have

CFL(ZL’) = (ml, e ,mh,&-_H, . ,Ej_l,?)l, . ,Ut)

where it is understood that if €] =1 (resp. £; = 1), then the first h terms (resp.
last t terms) in CFL(x) vanish.

According to Lemma 1, given two strings w and w’ sharing a common overlap
xz, under some hypothesis, there exist factors that are in common between
CFL(w) and CFL(w'). Thus w and w’ will have fingerprints sharing k-fingers
for a suitable size k. For example, consider again w; = gcatcaccgctctacagaac
and let wy = ccaccgctctacagaageate. Then, CFL(w1) = (g, ¢, ate, accgcetet, acag,
aac) and we have that CFL(w2) = (¢, ¢, accgctet, acag, aageatc). Hence, we have
L(wy) =(1,1,3,8,4,3) and L(ws) = (1,1,8,4,7). The two common consecutive
elements (8,4) are related to the same factors in the two words (8 is related to
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accgctet and 4 is related to acag) and capture the common substring accgctctacag
given by their concatenation.

Even though the hypothesis that x is not simple with respect to CFL(w)
cannot be dropped (see [6]), it is worthy of note that in real data this hypothesis
is always satisfied. Such an interesting property suggests the possibility of using
directly k-fingers as features. Indeed, in [6] it is presented an approach in which
k-fingers are used for classifying sequencing reads (Section 3.1).

Canonical Inverse Lyndon factorization ICFL. The Canonical Inverse Lyn-
don factorization |CFL(w) = (f1, f2,..., fn) has been introduced in [8] as a
factorization of w such that f; < fo < --- < f,, and each f; is an inverse
Lyndon word, that is, each nonempty proper suffix of f; is strictly smaller than
fi [8]. For example, cac, tcaccge are inverse Lyndon words. Let us consider again
w1 = geatcaccgctetacagaac. We have that ICFL(w;) = (gca, teaccge, tetacagaac).
Observe that, differently from Lyndon words, inverse Lyndon words may be
bordered. Furthermore, this factorization is also unique and can be computed in
linear time [8].

What is the motivation of introducing a new factorization? In [10] two main
results are proved: (i) an upper bound on the length of the longest common prefix
of two factors of w starting from different positions on w is provided, and (%) a
relation among sorting of global suffixes, i.e., suffixes of the word w, and sorting
of local suffixes, i.e., suffixes of the products of factors in ICFL(w) is given. The
latter result is the counterpart for ICFL(w) of the compatibility property, proved
in [35] for the Lyndon factorization. However, (i) is in some sense stronger than
that one in [35], as we explain below. Indeed, as a preliminary result, in [10] it
is proved that that the longest common prefix between f; and f;11 is shorter
than the border of f;, when w is not an inverse Lyndon word. This result is
obtained thanks to the grouping property of ICFL proved in [8]: given a word
w, the factors in ICFL(w) are obtained by grouping together consecutive factors
of the anti-Lyndon factorization of w that form a non-increasing chain for the
prefix order (the anti-Lyndon factorization of w is the Lyndon factorization w.r.t.
the inverse lexicographic order).

In this framework, a natural question is whether and how the longest common
extensions for arbitrary positions on w are related to the size of the factors in
ICFL(w). It is proved that there are relations between the length of the longest
common prefix lep(z,y) of two factors x,y of a word w starting from different
positions on w and the maximum length M of two consecutive factors of the
inverse Lyndon factorization of w. More precisely, M is an upper bound on
the length of lep(x,y). Thus, this result is in some sense stronger than the
compatibility property, proved in [35] for the Lyndon factorization and in [10]
for the inverse Lyndon factorization. Roughly, the compatibility property allows
us to extend to the suffixes of the whole word the mutual order between suffixes
of the concatenation of (inverse) Lyndon factors.
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3.1 Some applications: representing and querying read sequences

Sequencing technologies produce the main input data for a vast majority of
algorithms in Bioinformatics. For example, the only way to get the whole sequence
of the genome of a single individual is to produce (by sequencing) fragmented
multiple copies of the genome sequence (called reads), that are computationally
assembled into the original sequence. The extraordinary improvements in the
sequencing technologies has allowed to obtain long enough fragments w.r.t. to
the original massive sequencing consisting of reads of an average length of around
100 base pairs. In this section we touch upon two applications of the notion
of fingerprint, presented in the previous sections, related to two traditionally
difficult Bioinformatics tasks: genome assembly and transcript read classification.
Indeed, read fingerprints provide a compact representation of the reads and,
thanks to the Conservation Property, they are effective in preserving sequence
similarities. In fact, the k-fingers (sub-pieces of a fingerprint) are able to capture
the similarity regions between two reads in a more flexible way with respect to the
k-mers of a sequence: the length &k of a k-mer is fixed, whereas the length of the
read substring, undergoing a k-finger, is variable. Furthermore, fingerprints are
numerical sequences shorter than the represented character sequences and we also
expect that they are resilient to errors occurring in the reads (especially in long
reads). The first application is related to genome assembly based on the use of
an overlap graph which is constructed by detecting the overlaps between genomic
reads [11,12]. When dealing with long reads this task is further complicated
by the length of the reads and the high sequencing error rate. In [13] a novel
alignment-free algorithm for discovering the overlaps in a set of noisy long reads
is presented, which exploits the fingerprints of the reads. Indeed, the k-fingers
provide anchors for computing the overlaps between reads. The algorithm takes
as input a set S of genomic reads and, after factorizing them, builds a hash table
of the k-fingers by performing a linear scanning of the fingerprints. Next, the hash
table is used in order to compute in O(LN) time the common regions between
each read s and the reads previously processed, assuming that the read length is
L and N is the maximum number of occurrences of a unique (that is, occurring
once) k-finger of s in the reads considered at the previous iterations. At the end,
the algorithm obtains the read overlaps from all the detected common regions.
Observe that comparing reads in a reference-free framework often requires a
pairwise comparison and is computationally demanding (refer for example to
the problem of the identification of the relationships between metagenomic
reads [25]). The second application of the read fingerprints is related to the
problem of assigning transcriptomic reads (that is, reads sequenced from gene
transcripts of RNA-Seq reads) to their origin gene. In [6] fingerprints are used as
a machine-interpretable representation of sequencing data in order to define an
effective feature embedding method for assigning RNA-Seq reads to the origin
gene. Indeed, a fingerprint (and the sequence of k-fingers) is used to produce an
embedded representation of the read. Moreover, the machine learning classifier
proposed in [6] was also extended for detecting chimeric RNA-Seq reads, which
is a subtask of gene-fusion finding methods [19,30,38]. In fact, the chimeric reads
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detection problem can be seen as a variant of the read-gene classification problem
since it requires to assign a chimeric read to two genes (instead of a single gene),
which have been fused after genomic rearrangement.

4 Sample Specific strings and structural variations in
human genome

A classical example of how combinatorics on words is helping comparative
genomics to analyze sequences, is given by the notion of minimal absent word [5]:
this is a word absent from y whose all proper factors occur in y. It has several
applications in Bioinformatics [14,36]. Here we consider a slightly different variant
based on the idea of considering minimal words that are absent in a sequence
but present in another sequence: we call them specific strings. Recently, in [27]
the notion of sample specific string has been proposed to detect signatures of
variations between a reference genome R and a sample T of reads from a target
individual. A sample of reads is the typical output of the sequencing of an
individual and consists of a collection of strings or reads.
Let us formally recall the notion of specific strings introduced in [27].

Definition 1. Let R (reference) and T (target) be two strings over a finite
alphabet. Then a factor s of T is a T-specific string w.r.t. to R (in short specific
string) if the following properties hold:

1. s is not a factor of R,
2. any proper factor of s occurs in R.

Then given a collection of strings S and a string R, s is a sample specific
string for the collection S, SFS in short, if s is a T-specific string for some target
T in S. A linear-time algorithm for computing T-specific string that are not
overlapping on the input sequence T is given in [27], while an extensive discussion
of some algorithmic properties is reported in [27]. SFSs have been proved in [20]
to be effective in detecting breakpoints of structural variants (SV) i.e. medium
to large size insertions and deletions in a reference genome that are present in a
human sample of high quality long reads, (e.g. PACBIO HIFI). Indeed, the main
idea behind the notion of SFS is that they may be of variable length w.r.t. fixed
length k-mers traditionally used to identify SVs as unique k-mers occurring in a
sequence. More precisely, given a substring = of a sequence R, an insertion or
deletion inside x it is likely to produce a new string y that does not occur in R.
Moreover, the breakpoints of the insertion or deletions (a breakpoint in z is a
position of  delimiting the insertion or deletion) are likely to be associated to
two factors which may be absent from R. Behind the practical interest in SFSs
they are an interesting notion from the theoretical point of view. In particular, we
conjecture that the SFSs could provide bounds on the classical edit distance and
on the edit distance with moves, a generalization of the edit distance allowing
the exchange of blocks, i.e. factors inside the sequence [17].
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5 Open problems

The method given in [6] uses representation of reads obtained starting from
Lyndon based factorizations. A natural question, faced in the same paper, is
whether the corresponding representation produced by its fingerprint or by its k-
fingers is unique, a property which is closely related to the collision phenomenon:
distinct strings may have have common k-fingers. An open problem is of how
the lexicographic ordering of the alphabet may affect the collision phenomenon,
The properties described in [6] show that the choice of a specific ordering of
the initial alphabet can have a significant impact on the collision phenomenon.
However, the problem of understanding if there exists an order that minimizes
this phenomenon remains open (and, if exists, which is this order) and future
investigations should be devoted to it. It is worth of note that in general, the
questions of finding an optimal alphabet ordering for Lyndon factorization (i.e.,
such that number of Lyndon factors is at most, or at least, n, for a given number
n) is hard [24].

As already mentioned in Section 3, it could be interesting to investigate how
the bound proved for the longest common prefix between suffixes of factors in
ICFL may be used for efficiently sorting suffixes. Furthermore, one challenging
question is whether ICFL could be used instead of CFL for defining a new bijective
version of the Burrows Wheeler Transform, as done in [29)].
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