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RATIONAL CURVES IN CICY’S IN PRODUCTS OF TWO
PROJECTIVE SPACES

FILIPPO F. FAVALE

ABSTRACT. Let X be the product of two projective spaces and consider the
general CICY threefold Y in X with configuration matrix A. We prove the
finiteness part of the analogue of the Clemens’ conjecture for such a CICY in
low bidegrees. More precisely, we prove that the number of smooth rational
curves on Y with low bidegree and with nondegenerate birational projection is
at most finite (even in cases in which positive dimensional families of degenerate
rational curves are known).

INTRODUCTION

The Clemens’ conjecture ([Cle84]) states that the generic quintic threefold contains
a finite number of smooth rational curves of degree d. One of the first successful
approach to the proof of this conjecture was done by S. Katz, who proved a
stronger version of the conjecture for degree d < 7, namely

Conjecture 1 ([Kat86]). The scheme of smooth rational curves of degree d on
the general quintic threefold is not empty, reduced and finite.

In [Nij95],[JK96], following the main idea of its proof, the authors were able to
prove the conjecture in its stronger form for d < 9. Recently this has been im-
proved: the conjecture is true for d < 11 ([Cot12]). The approach of Katz is,
roughly speaking, as follows. First, one constructs the space M, of smooth ratio-
nal curves in P* of degree d forgetting about the quintic threefold. After that one
takes the moduli space P of smooth Calabi-Yau threefold in P* and the incidence
correspondence Jy, i.e., all pairs (C,Y) € My x P such that C' C Y with the two
projections on My and P. Then, the conjecture holds for d if J; is irreducible of
dimension equal to the dimension of P and if there exists a curve of degree d on
the generic quintic threefold. The main ingredient in order to prove the finiteness
of the space of curves on the generic quintic threefold are the results about the
6—regularity ([Mum66]) for curves of low degree proven in |[GLP83].

With the same idea in mind, one can ask if the same result is true for other families
of Calabi-Yau varieties. For example, consider the families of Calabi-Yau three-
folds which are complete intersections in some projective space as done in [JK03].
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The work follows again the same idea: one defines an incidence correspondence
and answers positively to the finiteness and existence conditions if the degree of
the curves is low. The meaning of ‘low’ has to be clarified: one investigates the
case where the Calabi-Yau are nondegenerate complete intersections in PV and
obtains 5 families (respectively one in P* - the quintic threefold - two in 5, two in
P® and only one in P7). In [JKO3] the authors prove that the generalized Clemens’
conjecture holds respectively for d < 7, d < 6 and d < 5 if one considers non
degenerate complete intersections in P?,P® and P?. Other interesting results on
this subject can be found in [Knul2] and [Knul3].

In order to approach the conjecture for a family of Calabi-Yau threefolds in an
ambient space X, one has two main objectives: the existence of a curve of the right
“degree” on the general Calabi-Yau threefold Y on the family and the finiteness of
such curves in Y.

In this paper we investigate the finiteness problem for families of Complete In-
tersection Calabi-Yau (CICY in short) in the product X of two projective spaces
P* and P*2. To approach this case we need a result of regularity similar to the
one proven in [GLP83] which is known for curves in the product of two projective
spaces ([Loz09]). The Theorem in [Loz09] holds only when a; > 2 and only for
curves which have a nondegenerate birational projection on the two factors of X.
For this reason, instead of using the space My, 4, of smooth rational curves of
bidegree (d1,ds) in X, we use the subspace My, ; of curves which have a non-
degenerate birational projection on both the factors and the associated incidence
correspondence Jj, 4. To each general CICY Y in X we can associate a configura-
tion matrix A, a 2 by m matrix (m is the codimension of ¥ in X') whose columns
are the bidegrees of the hypersurfaces that cut Y. Our main result is Theorem
whose results are the analogue of the finiteness results in [Kat86], [Nij95], [JK96],
and [JKO03]. It can be stated as follows:

Theorem. Let X =P* x P and let A be a matrix configuration of a nondegen-
erate CICY in X. Let us define
(1)
Wa ={(d1,ds) | a; < d;}
7. (d1,d2) |¥Vj=1,...,m Fu,v withu+v =1 such that
A~ a1§d1§a1+bgj—1+v and a2§d2§a2+blj—1—|—u ’

Then the following hold:

e the set Z 4 is not empty;

o If (di,dy) & Wa, then My, 4, is empty;

o If (di,d2) € Za, then Jj 4, is irreducible and the generic CICY in Uy
contains at most a finite number of elements of My, 4.
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One might wonder if it is possible to work with Mg, 4, instead of M}, , in order
to obtain the finiteness result but, surprisingly enough, this is not the case. Indeed,
for example, in [Som00] is proved that the generic CICY of Tian-Yau type (see
Remark ) in P? x P3 contains a positive dimensional familiy of rational curves
for bidegrees (3,3), whereas our Theorem says that the curves in M} , on such
general CICY are at most finite. These facts are not incompatible: the family of
rational curves constructed in [Som00] is a family of degenerate curves.

The main theorem is proved in Section 2} in Section [l we briefly fix some notation
and discuss how to obtain all the configuration matrices which give CICY’s in
X = P¥ x P% which are not equivalent to a family of CICY’s in some PV (it
is the same as to study complete intersections on P which are nondegenerate).
In Section Ml we prove Theorem [0 which gives some results on the case of highly
degenerate curves:

Theorem. Let X = P x P* and fiz a configuration matriz A of a CICY. If
(dy,d2) € {(0,1),(1,0),(1,1)} then Jy, 4, is irreducible and the generic Calabi- Yau
threefold Y in X with matriz configuration A contains at most a finite number of
curves i Mg, 4, -

In the Appendix there is an exhaustive list of configuration matrices for X = P xP%2,
which are non degenerate and the list of all the bidegrees for each configuration
matrix for which Theorem [{l holds.

This research project was partially supported by FIRB 2012 ”Moduli spaces and
Applications”.

1. CICY’S IN P% x P2 AND CONFIGURATION MATRICES

A Complete Intersection Calabi-Yau threefold in a variety X, CICY in short, is
a complete intersection of hypersurfaces of X. We are interested in CICY’s in
the product of two projective spaces P** and P*?, which will be denoted by X :=
P x P?2. More generally, if X is the product of several projective spaces, possibly
of different dimensions (call a; with ¢ = 1...[ the dimensions of the projective
spaces), and Y is a CICY in X, the codimension of Y in X is given by

l
m = E a; — 3.
i=1

The algebraic variety Y it is described by the configuration matrix associated to
Y, which is a matrix with m columns and [ rows specifying the multidegrees of
the hypersurfaces that cut Y. To be more precise, recall first that

l
Pic(X) = Hw; Pic(P") = ({Ox(¢;) i =1,...,1}),
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where
Ox (g;) = m; Opai (i)
so that

l
Ox(b) = Ox(by, ... b)) = X) Ox(e;)*".
=1

If Y is the zero locus of s1,..., s, with s; € H(Ox(b;)), then the configuration
matrix Ay associated to Y is simply the matrix Ay = (b;;). Often, an extra
column on the left is added just to remember the dimension of the factors of X:

P by -0 bim
P )bn - bim
By a simple computation, one sees that if Y is a generic complete intersection of

type specified by A in X = H§:1 P% we have
!

oY) = Z <—ai -1+ Z b1j> a(Ox(&));

i=1
so we require the sum of the elements on each row of the matrix to be equal to the

dimension of the P™ (associated to that row) plus 1 in order to get a Calabi-Yau.
Some configurations cannot give irreducible varieties like, for example,

P |c b,
P |0 b,

which yields a reducible variety for any ¢ > 1.

It is worth to observe that some configurations are equivalent to others. One can,
for example, permute the column or the rows of A but there are some nontrivial

ones: namely

Pa |1 bl Pal_l él

P10 b, Pe | b,
as the column (1,0)” means a section of 7;Ope: (1) and thus it specifies a hyper-
plane in P*. The configurations like that on the left are called degenerate. Several

others relations make possible the reduction to simpler configurations. We don’t
report them but the interested reader can have an insight of them at |[GHL13].

There is a way to bound the number of CICY’s in the product of projective spaces.
Denote by p the number of P! in the decomposition of X and by s the numbers
of projective spaces of dimension greater than 1, so that p+ s =1. If

!

a:Z(ai—l)

1=1
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then (see, for example, [GHL13|) any CICY of dimension 3 is equivalent to one in
a suitable X = IIP% with
(2) p<a<6 and s<9.

From now on, we assume to be in the case where X is the product of two projective
spaces of dimension a; and as, respectively. In this case, we have

a=a+a—2=dim(X)—-2=m+3-2=m+1
and the inequalities 2] gives us
p<m+1<6.

Hence, the codimension of Y can be assumed to be at most 5. So, an admissible
matrix of a CICY can be searched among the 2 by m matrices with natural entries
such that the following hold:

m is between 1 and 5;

a; + ag = 3+ m,;

the sum on the i—th row is equal to a; + 1;

the sum on the 1—th column is greater than or equal to 2;
if ce; is a column of A then a; > 1;

In our case, these information alone are sufficient to conclude that the number of
such configuration is finite and to write down all of these matrices. For example,
in codimension 1, i.e. for the hypersurfaces case, we only have 2 configurations,

namely
P2 P23
( P3| 4 ) ( P23 )

whereas for codimension equal to 2 we have a total of 11 configurations, up to
symmetries. In codimension 3,4 and 5 there are, 22,14 and 8 different configu-
rations respectively. Summing up, we have a total of 57 configurations for non
degenerate CICY in the product of two projective spaces. Nevertheless notice that
some of these configurations yield the same family of Calabi-Yau threefolds. This
fact is indeed useful (see Remark [7)). For the list of the 57 configurations and a
discussion about the configurations that give the same families, see Appendix [Al

2. RATIONAL CURVES IN P* x P% OF BIDEGREE (d;,d>)

From now on, C' will be a curve on X = P x P*? with a; > 1. Recall that we can

define the bidegree of C' to be the pair d = (dy, d) if and only if
deg(Oc(e;)) = di-

Equivalently, if one defines H; to be a divisor such that Ox(e;) = Ox(H;), C has
bidegree (di, ds) if and only if C.H; = d;.
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We will be interested in the moduli space My = Mg, 4, of smooth rational curves
of bidegree (dy,ds) in X. If C' € My, 4, there exist

o = (Oéo, .. ,Ozal) c HO(O]}M (dl))®(a1+1)
B = (Bo,.--,Pa) € HO((’)Pl(d2))®(a2+l)

such that
P! Cc Pa1 x [Paz

(t:u)——— (a(t:u),B(t:u))

The choice of o and f3 it is not unique: if we fix projective coordinates on P! they
are defined up to multiplication by scalars so we have an element on

P(H(Opi(d1))" ™) x P(H"(Op1 (d2))™ ™).

In order to get rid of the choice of the coordinates on P! we can consider the
natural action of PGL(2). We can identify My, 4, with an open and irreducible
set in

(3) (P(H"(Op1(da))**1) x P(H*(Op1(d2))™ ")) / PGL(2).

For example, in order to obtain really a curve of bidegree (d;,ds) we need to
discard all the maps («, 8) such that o € (< f > QH(Opi(d}))) for some f €
H°(Op:(d})) with d; = d} + d (and the same for 3). This is indeed a closed set
in P(H°(Op1(dy))™ ™) x P(H°(Op1 (d3))*™) like the set that yield singular curves.
In particular, we have that

(4) dim(Mg,a0,) = ((d1 +1)(a1 +1) = 1)+ ((d2 + 1)(az +1) — 1) =3 =
=dy(ay + 1) +da(as + 1) + (a1 + ag — 3) = dy(a1 + 1) + da(azs + 1) + m.

Define My, ,, to be the moduli space of smooth rational curves in X = P x P
of bidegree (d;, dy) with nondegenerate birational projections on the factors of X.
The elements of My, , are then curves in Mg, 4, such that mile 1 C = C; =
mi(C) C P§ is a birational morphism on the image and C; is a nondegenerate
curve in P¢. The last condition is equivalent to require that C' does not lie in a
Pu~1 x P2 or in a P® x P21 inside X. If C' C P®~! x P2 then, for each (c, 3)
whose image is C, we have o € H(Op1(dy))*" with {o;}7]" not indipendent,
which is a closed condition if a; < d;. Conversely, if a and 3 are two collections of
indipendent homogenous forms, they live on an open set. This is enough to prove
that having nondegenerate projections is an open condition. Asking m;|c to be
birational onto its image is also an open condition by semicontinuity so we have
that Mg, ,, is an open and irreducible set in Mg, 4,.
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Lemma 2. Let C be a curve of bidegree (dyi,ds) on X = P x P* and let L =
Ox(bl, bg) with bl, b2 Z 0. Then

a; +b as + b
WO (I x (by, by)) = ( 1b1 1)( sz 2) — 1= bydy — bydy + W (Zeyx (by, o))

Proof. Start from the exact sequence of sheaves that defines O¢ and twist it by £
obtaining
0— Ic/X(bl,bg) — Ox(bl, bg) — Oc(bl,bg) — 0

and its associated cohomology sequence
0— HO(IC/X(bl, bg)) — HO(Ox(bl, bg)) — HO(Oc(bl, bg)) —
— Hl(Ic/X(bl, bg)) — HI(OX(bl, bg))
By Kiinnet formula we have
H(Ox(by, b2)) = (H(Oper (b)) @ H' (Opez (b)) & (H' (Open (b)) @ H(Opez (b2)))

so H'(Ox(by,bs)) = 0 because H'(Opa;(b;)) = 0 for b; > 0. The claim follows by
observing that Oc¢(by, be) has degree byd; + bads as a line bundle on the rational
curve C' because, by hypotesis, Oc(e;) has degree d;. O

()

3. CICY’S IN P# x P92 AND RATIONAL CURVES IN THEM

Consider the variety X = P* x P and let Y be a Calabi-Yau threefold in X with
matrix configuration Ay = A. More precisely, if Y is the zero locus of the sections

s; € H(Ox by, byj)),

where j = 1,...,m. Then A = (b;;) and we have » . b;; = a; + 1 to ensure that
Cl(Y) = 0. Set

Sa = HIP’ (Ox (bi, b)),

and denote by P4 the moduli space of CICY’s with matrix configuration A in X.
Let U, be the open set of S4 that correspond to the choices of set of sections that
yield smooth complete intersections in X. Thus, we have a map

O'IUA—)IP)A

which is a surjective morphism sending s to its zero locus V(s1, ..., Sn).
The dimension of Uy, is

(6) dim(U,) = dim(S,) = i ((‘“ ;b”) (“2 ;b%’) _ 1) |

j=1
Denote by Jg, 4, the incidence correspondence given by
Jdl,dg = {(C, §) € Md17d2 X Uy | C C V(Sl, ceey Sm) = O’(§)}
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and by p and ¢ the canonical projection on My, 4, and Uy respectively. We will
denote by Jj ,, the preimage of My , under p.

q
v thdz —Ua

pl
/ C
dl,dz Mdl 7d2

Set theoretically, the fiber of p over C' is precisely the set of the pairs (C,Y),
where Y = o(s) is a Calabi-Yau threefold with matrix configuration A containing
C'. This means that s; has to be in the ideal of C'in X for all j. More precisely,
we have s; € P(H"(Z¢)x (bij, ba;))) so that

m

(7) pH(C) = [[P(H(Zoyx (byj, b))

j=1

Lemma 3. If C € Mg, q4,, the dimension of the fiber of p over C is given by

dim(p™!(C)) = dim(U) — dim(Mg, 4,) + >_ b (Zeyx (b1, bay)).

i=1

Proof. By Equation [ we have
dim(p~(C)) =Y _ dim (P(H*(Zcyx (b b)) -
j=1

By Lemma [2] we have

Z <<a1 —G-'blj) _ <a2 +'sz) — (14 bujdy + bajds) + B (e x (i, b)) — 1) —

j=1 by baj
S ay + b j ao + b ; m m
= Z (( 1 1]) ( 2 2]) — 1) +Z(1+b1]dl+b2jd2)+z hl(IC/X(blj, bgj)) _
j=1 by baj — -
j= p= -
= dim(Ua) — (m +di(ay + 1) + da(az + 1)) + Z B (Ze)x (b, bay)) =
j=1

= dim(Uy4) — dim(Myg, 4,) + Z h! (Zcyx (b, baj))

i=1
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as claimed. 0

Proposition 4. Let A = (b;;) be a matriz configuration that yields a CICY in
X =Pu x P®. Assume that every curve in Mg, a, (resp. every curve in My, ;)
is such that h*(Zoyx (b1, ba;)) = 0 for all j. Then
® Ju, .4, 18 irreducible (resp. Jj 4 );
e for the generic Calabi-Yau threefold in X with matriz configuration A, the
set of curves (resp. the set of curves with nondegenerate birational projec-
tions) of bidegree (dy,ds) contained in'Y is either finite or empty.

Proof. Under the assumptions and by Lemma [3, we have that the fibers of p have
constant dimension given by

dim(p_l(C')) = dim(UA) — dim(Mdeg)-
Hence, we deduce that
dim(Jy, 4,) = dim(Mg, 4,) + dim(p~(C)) = dim(U,).

Then, as in [Kat86]Lemma 1.4], we can conclude that Jg, 4, is irreducible of
dimension equal to dim(Uy). Since g : Jg, 4, — Ua is a morphism between two
varieties with the same dimension, it is either dominant (and in this case its generic
fiber has dimension 0) or it has image contained in a proper subspace of P (and in
this case its generic fiber is empty). To conclude, it is enough to observe that the
fiber over Y € Uy, is exactly the set of rational curves of bidegree (d;, dy) contained
in Y. The case with M}, , is analogous. O

Given a configuration matrix A = (b;;) for a CICY Y in X =P x P* (as usual,
m denotes the codimension of Y in X and is the number of columns of A), we will
denote by W, and Z,4 the sets defined by
(9)
Wa={(di,ds) | a; < d;}
7 _{ (dy,dy) |Vj=1,...,m Fu,v with u + v =1 such that }
A a1§d1§a1+b2j—1+v and a2§d2§a2+b1j—1+u

Theorem 5. Let X be P x P* with a; > 2 and consider a nondegenerate matriz
conﬁgumtiorﬂ A for a CICY in X. Then the following hold:

e the set Z 4 is not empty;

o if (di,dy) & Wa, then My, ,, is empty;

o if (di,dy) € Za, then Jj 4, is irreducible and the generic CICY in Uy
contains at most a finite number of elements of My, 4.

Proof. To see that Z4 is not empty, it is enough to observe that (a1, as) € Z4 for
all A because b;; > 0 and b;; and by; cannot be both equal to 0. The second claim
is also easy: we have already observed that if either a; > d; or ay > ds then every

1Hence, it suffices to assume a1 + a < 8 and consider only the matrices in Appendix [Al
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curve of bidegree (di,ds) has to be degenerate: My, , is empty. In what follows,
we may assume a; < d; to ensure M}, , is not empty. The proof of the last claim
follows from the fact that (dy,ds) € Z4 then

(10) HY(Zoyx (bij, by)) = 0

for all j = 1,...,m: we can indeed conclude by Propositiondl To prove this, take
C € My, 4, which is not empty by assumption. Consider a column (b1, by;) of the
configuration matrix. By [Loz09] we have that C'is (dy—az+1, d; —a; +1)—regular.
Hence for all u, v such that u + v = 1 we have

H' (Zoyx(dy —az + 1 —u,d, —a, + 1 —v)) = 0.
By [MS04] we have also that
HY (Zcyx(dy —as+1—u+ni,dy—a,+1—v+ng) =0
for (nq,n2) € N? so if we ask
bijj >dy—as+1—ubyy >dy —a1+1—-v

we have the wanted result: these inequalities, together with a; < d;, are exactly
the ones defining 7 4. O

Remark 6. There are some cases for which Z4 is reduced to the unique pair (a1, as),
as well as cases for which Z4 has more elements. The complete list of the pairs
associated with the relative configuration matrix can be found in Appendix [Bl

Remark 7. Note that Theorem [B] is only applicable for products P* x P% with
a; > 2. Nevertheless, because more configuration matrices represent the same
family of CICY, one may be able to say something also in cases for which a; = 1.

For example, the relation
P | 2¢, P2 1
P ¢, P2 9

works well in this direction. See Appendix [Al for major details.

2
0

| 1O

Remark 8. Here we focus on the case of non degenerate rational curves and one
might wonder if the same result holds without this assumption, but this is not
the case. Consider, for example, the generic CICY Y in P3? x P? with matrix

configuration
P33 1 0
A= ( P30 1 3 ) '

the so called Tian-Yau CICY. By Theorem [9 we have that Y contains at most
a finite number of nondegenerate rational curves of bidegree (3,3) but it can be
shown (see [Som00]) that Y contains a positive dimensional family of degenerate
curves of bidegree (3, 3).
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4. RESULTS ON My, 4, FOR d; <1 FOR A CICY IN P* x P2
In this section X will denote Pt x P*2. We will prove the following:

Theorem 9. Let X = P* x P and fix a configuration matrix A of a CICY.
If (di,ds) € {(0,1),(1,0),(1,1)}, then Jg, 4, is irreducible and the generic Calabi-
Yau threefoldY in X with matrix configuration A contains at most a finite number
curves of M, d,-

We start with the following lemma

Lemma 10. Let C be a smooth subvariety of X = P* x P* and assume that
there exists a hyperplane Hy of P™ such that C' C Hy x P*? := H. Then

HI(IC/X(bl, by)) =~ Hl(IC/H(bla b2))
for any by, by > 0.

Proof. Since H, is a hyperplane in P*, we have Zy/x = Ox(—1,0). From C' C
H C X we have the exact sequence

0— IH/X — IC’/X — IC/H — 0,

which we twist with Ox (b1, by). We can conclude by observing that, for p = 1,2,
we have

HP (L x (by,b2)) ~ HP(Ox(by — 1,b3)) =0
as by — 1,by > —1. O

Proof. (of Theorem @) We cannot use [Loz09] because every curve C' in My, 4,
has a degenerate birational projection. We will use instead the fact that C' is
indeed very degenerate by showing “directly” that H(Zo/X (b1, be;)) = 0 for
each column (by;, by;) of A and then concluding as in Proposition @l Consider the
case (dy,ds) = (1,1) (the other are similar). Let C' be a curve of bidegree (1,1)
in X. Then C is the image of v : (tg : t;) — (ay, ag) where o € H(Op1(1))% .
If a; = (@o,...,Qq,) then it is clear that there exist a; — 1 indipendent linear
relations between them (if there are a; linear indipendent relations, then the image
of m; o7 is a point and thus C' cannot have bidegree (1,1)). In particular, there
exist a; — 1 hyperplanes Hy, (k; = 1..(a; — 1)) in P% such that C is contained in
Hyg, x P2 and in P x Hq,. By intersecting all these hypersurfaces we obtain a
P! x P!. Using Lemma [I0 we obtain

HY(Zeyx (bij, bay)) ~ H' (Zeypr e (bij, bay)

for each 5 = 1,...,m. The thesis follows immediately because C' is a divisor of
bidegree (1,1) on P! x P

HI(IC'/]IMXHM (b1j7 bgj)) — HI(OPIXI[M (blj - 1, bgj — 1)) - 0
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Remark 11. Both Lemma [I0 and Theorem [9 can be stated for arbitrary products
of projective spaces. Indeed, both proofs can be adapted easily to this case. Hence
the generic (non degenerate) CICY in any product of projective spaces, without
assumption on the type of its configuration matrix, contains at most a finite num-
ber of smooth rational curves of multidegrees (dy,...,d,) with d; < 1 (not all

0).

APPENDIX A. LisT oF CICY’s IN P x Paz

Let Y be a CICY in X = P x P* and call A its configuration matrix. Then
either Y is degenerate or it has a matrix configuration equivalent to one of the
following 57 matrices. The matrix configurations are divided by the numbers of
columns (i.e., the codimension of the associated CICY in X) and are classified
up to symmetries (and excluding the degenerate cases). Keep in mind that also
with these restrictions, more configurations may yield the same family of CICY’s.

Indeed, it is always true that
2¢, P2 |2 ¢
Cy P20 ¢

]Pﬂ
(-
which tells us, for example, that
P! |2 P22 1
P3| 4 P30 4 )
The reason to treat them as separate cases is that the methods used in the main
theorem may apply only for one of the descriptions (the example just presented
is one of these cases). The matrices with a superscript are those, up to the
author’s knowledge, for which this happens (more precisely, in the following list,
two matrices with the same superscript represent the same family of Calabi-Yau
threefold).

At last, the matrices with a J are those for which the corresponding ambient

space is a P! x P2,
2\ [ P?|3
4 P? |3

¢

Codimension 1: 2 configurations.

]P>1
o r

Codimension 2: 11 configurations.

P11 p!
Pt 1 4 P
pll2 o\ / p2
Pt 3 2 Pp3
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3 0 P2
13 P3

) (»

1
1
Codimension 3: 22 configurations.

]P>2
(r

N
<t N m
BB BBy
~—— ~—
N TN
S AN —
— N —
N~ N
<t N m
BBy BBy
S~ ~—

P23 0 0 P23 10
Pl 2 2 P20 1 3

Codimension 4: 14 configurations.
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APPENDIX B. BIDEGREES FOR WHICH THEOREM [B] HOLDS

In Theorem [l we concluded that the set of rational curves of My, , inside the
generic CICY with matrix configuration A in P x P%? is either finite or empty if
(dy,ds) € Z4. We proved that Z4 is not empty; Still it is worth checking for which
values the Theorem holds. The following table displays Z 4 for all the configuration
matrices A with aq,as > 2, such that |Z4| > 2 and that have at least 2 columns.

m] X [ A [ Zi |7 x ] A [ Za
2 1
2 3
2 | PPxP (O 4> (273)7(274) 3 ]P>3><]P>3 (i 1 é) (37:()27;:;’74)
2 1 (2,3),(2,4) ’
2« p3 1O) A 2 1 1 3,3), (3,4
2 1 (273)7(274) 3 3 2 2 0 ’
2 | P?xP? (2 2) (3,?),@;,3) 3| PP xP <1 1 2) (3,3), (4,3)
3,3
’ 2 1 1
o | p2 o o 2 1 (2,3),(2,4) 3| PP xP? (0 1 3> (3,3),(3,4)
5 1 (3,3) 1 110
2 5
2 | P2 x P? (i’ g) 3.3 | [*]7<F (1 11 3) (2.5),(3.5)
1 110
2 5
2 | P2 x P (2 2) (23,33 | | 4| *F (1 1o 2> (2,5),(3,5)
2 1 0 0
gl prypa| (1 11 (2,4),(2,5) 4 | P2 x P? <1 1 9 2) (2,5),(3,5)
131 (3,4) S ol /T 111 3,9).(4,5)
slpapt | (L 11 (2,4),(2,5) 4 |PPxP <2 L] 1> (44)
2 1 2 (3,4) 51T 1 0 !
3 4
s [P | (75 )] enesy | [1]TFF (1113) | @oay
1 1100
2 6
3 | P2 x P! (f ; 2) 24,34 | |°|F*F <1 112 2> (2,6), (3,6)
s oal (2 10 5 pexps| (1LY (3,5), (4,5)
3 |P2xP 5 1 o (2,4),(3,4) 11112 POH A
I 1111 (4,4),(4,5)
4 4 s X))y
3 | P2 x Pt (f g g) 2,4),(3,4) | | ° | *P (1 111 1) (5,4)

For all the matrices with a1, as > 2 that don’t appear in the table (they are 17)
we have either Z4 = {(a1,a2)} (for 16 of them, all of which have m > 1) or A is
the only configuration matrix of a CICY in P? x P2, For this configuration one
has

Zag, e =12 < di <53\ {(5,5)}.

They were not included in the table in order to keep it more readable.
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