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Abstract

This paper is devoted to hyperbolic systems of balance laws with
non local source terms. The existence, uniqueness and Lipschitz de-
pendence proved here comprise previous results in the literature and
can be applied to physical models, such as Euler system for a radiating
gas and Rosenau regularization of the Chapman-Enskog expansion.
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1 Introduction

This paper is devoted to systems of conservation laws with non local sources,
i.e. to equations of the form

Owu + 0z f (u) = G(u) (1.1)

where f is the flow of a nonlinear hyperbolic system of conservation laws and
G:L! — L' is a (possibly) non local operator. As examples, we consider
below the case G(u) = g(u)+Q+u that enters a classical radiating gas model,
see [24], as well as Rosenau regularization of Chapman-Enskog expansion of
the Boltzmann equation, see [20, 21]. We establish that (1.1) is well posed
in L, locally in time, for data having sufficiently small total variation. To
this aim, we require on (1.1) those assumptions that separately guarantee
the well posedness of the convective part

Ot + D, f (u) = 0 (1.2)

and of the source part
ou = G(u). (1.3)



These two equations generate two semigroups of solutions, say S and 3.
To obtain our results we exploit the techniques in [2, 9], essentially based
on the fractional step algorithm, see [9, 10, 13, 23]. Its core idea is to get
a solution of the original equation as a limit of approximations obtained
suitably merging S and X.

On the two semigroups we require the following two key conditions
(see [9, (S2) and (C*))):

i) A Gronwall type estimate with respect to a suitable metric d(-, -): i.e. for
a positive C'

d(Syu, Spv) < eCtd(u,v)

> 0. .
(S, Syv) < eCtd(u, v) forallt >0 (1.4)
ii) A commutativity relation
d(EtSt’LL, StEtu) S Kt2 ast — 0. (15)

The former assumption is used to prove the uniformly continuous depen-
dence of the approximations from the initial data, also called stability con-
dition in the framework of Lie-Trotter formula, see [14, Corollary 5.8, Chap-
ter 3]. The latter condition yields the convergence of the approximations
and ensures the uniqueness of the limit.

Assume that i) holds and d is a reasonable (in the sense of Proposi-
tion 3.18) metric equivalent to the L! distance. Then, the invariance under
the hyperbolic rescaling (¢,z) — (At, Az) of solutions to system of conser-
vation laws, implies that C' = 0, see Proposition 3.18. Hence, to apply the
operator splitting techniques, we need a contractive metric for the conser-
vation law (1.2). This role is naturally played by the well known functional
® in [18, 19]. Note, however, that this functional is not a metric, for it may
lack to satisfy the triangle inequality. The proof, then, consists in showing
that the semigroup generated by the source part (1.3) satisfies (1.4) with re-
spect to Liu & Yang functional and commutes with the semigroup generated
by the conservation law in the sense of (1.5).

More precisely, let £ be a open subset of R" with 0 € Q. For all positive
d, define

Us = {u e LY(R; Q): TV(u) < 5} .

As a general reference on conservation laws we refer to [6]. On the convective
and on the source parts we assume throughout that

(F) f € C4(;R") is strictly hyperbolic and each characteristic field is
either genuinely nonlinear or linearly degenerate.



(G) For a positive 6,, G:Us, — L1(R,R") is such that for suitable positive
Lla L27 L3

Yu,w e Us, HG(U) _G(w)HLl
YVu e Us, TV (G(u))

< Li-fu-wlg

Note that (F), respectively (G), ensures the local in time well posedness
of (1.2), respectively (1.3). A class of functions satisfying (G) is provided
by the following proposition.

Proposition 1.1 Let g, h: Q — R™ be locally Lipschitz and Q € LY (R; R™*"),
Then, the operator G(u) = g(u) + Q x h(u) satisfies (G) with Ls = 0.

The proof is deferred to Section 3. We are now ready to state the main
result of this work.

Theorem 1.2 Let f satisfy (F) and G satisfy (G). Then, there exist pos-
itive T', 5, L, closed domains Dy and processes

Fy:Dp_y — Dy Vtel[0,T]
with the properties:
(1) fort,s € [0,T] witht < s, Us € Dy C Dy CUs,;

(2) for w in Dy, Fou = u; for t,s € [0,T| with t +s € [0,T], FsD; C Dyys
and for w € Dp_;_s, FiFsu = Fiqsu;

(3) fort € [0,T] and u € Dy, the map t — Fyu is a weak entropy solution
to (1.1) fort € [0,T —t];

(4) if S is the SRS generated by (1.2), then fort € [0,T] and u € Dy,

1
%LI%EHFW_ (Stu+tG(u))’ =0;

Ll

(5) fort,s €0,T], u,w € Dr_y and s < t, then

£ = Fawllpa < £ flu—wlga (1.6)
1w — Foullpy < £ (1+ [luflps) - [t —sl; '

(6) fort €[0,T], uw € Df and 7 € [0,T —t] the map u(r) = Fru satisfies

(6a) for & € R, % /iﬂ?;\ H (Fyu(T)) (z) — U?u(’r),{) (29,3:)“ dxr =0,

li
P—0+



(6b) there exists a positive C such that for all a,b with —oo < a < & <
b <400
1 [b-9A

b
imsup 5 [ || Foun) @) = U g 0.0 a0 <

< C- (TV (u(T);]a,bD)2 ,

where U* solves (3.20) and Ué’u(T) ¢) solves (3.21);

(u(7),€)

(7) fort € [0,T|, if a Lipschitz map u:[0,T — t] — Dy is such that u(t) €
Dzyy and for 7 € [0,T — ]

1 9
(7a) for & € R, hmJr 3 /5195\ H (Fou(r)) (z) — Uéiu(r),g) (ﬁ,x)” dx =0,

(7b) there exists a finite measure pr such that for all a,b with —oo <
a<&<b< 400

b— 7.9/\ b 2

where Uéju(r),g) solves (3.20) and UFU(T)@ solves (3.21), then u(t) =

Moreover, if fi, fo both satisfy (F) and G1,G2 both satisfy (G), then, de-
noting by F' the process generated by f; and Gy, for allt € [0,T] and u € Dy

)F?U—Ff%hl < L-[[Dfi — Dfallcogaprnxn) -t

(1.7)
L-[|G1 = Gallgogyy, 1 mimrny) - T-

For the definition and properties of the SRS, refer to [6]. Point 4. char-
acterizes the tangent vector to ¢t — Fyu in the sense of [5, § 5]. It is through
this characterization that the integral inequalities 6 and 7 are proved. The
proof of Theorem 1.2 follows from the results presented in Section 3 below.

The first part of next section is devoted to the application of the above
result to the Euler system for a radiating gas and to Rosenau regularization
of the Chapman-Enskog expansion. The framework of local sources is re-
covered in the subsequent paragraph and, finally, we quickly comprise also
the case of a non autonomous source.

Remark that in the estimate (1.6) the presence of the term |ul|p1 is
mandatory, as the example d;u = u shows. Indeed, the domains Uy is
unbounded in L. Moreover, note that the analogous estimate in [2, 8, 11]
should be understood with a time Lipschitz constant dependent on the L'
norm of the initial datum.

We stress that the estimate (6b) is sharper than [1, formula (5.18)] thanks
to the finite total variation of the source term, ensured by (G).



2 Applications and Extensions

2.1 Euler System for a Radiating Gas

The following model for a radiating polytropic gas was considered in [24,
Chapter XXII, § 6], see also [16, formula (1.2)]:

8tp+8x (pv) =0
O (pv) + 9 (pv2+p) =0

Oy (pe+ %pvz) + 0y (v <p6+ %pvz +p> +q> =0
—02.q+aq+b9,9' =0

Here, as usual, p is the gas density, v its speed, e the internal energy, p the
pressure, ¥ = e/c, the temperature and ¢ is the radiative heat flux. The
system is closed by means of the equation of state and specifying the values
of the characteristic constants a and b.

Solving the latter equation in ¢ we have ¢ = —% Qg * <3—$194), where

Qa(z) = % exp (—v/a|z|) and we are lead to consider the system
Op+ 0z (pv) =0

O (pv) + 05 (pv?+p) =0 (2.1)
(et 3002) 400 (v (o0 + 3oe? 40) ) =b (<074 vaQu= ).

It is well known that Euler system satisfies (F'). Condition (G) holds by
Proposition 1.1. Hence, Theorem 1.2 applies and we obtain the local in
time well posedness of (2.1). Note that this result also ensures the local
Lipschitz dependence of the solutions to (2.1) from the parameters a and b.

2.2 Rosenau Regularization of the Chapman-Enskog Expan-
sion

In his classical work [20], Rosenau proposed a system of balance laws that
provides a regularized version of the Chapman-Enskog expansion for hydro-
dynamics in a linearized framework. The 1D version is the following:

8tp + 8301) =0
00 + Opp = s % 02,0

) (%79) O = Ay % 02,0

where p is the fluid density, v is its speed and ¥ is the temperature. .,
respectively Ay, is a convolution kernel related to viscosity, respectively to



thermal conductivity. This linear system motivated analytical results, see
for instance [15, 17, 21], mostly related to the quasilinear scalar equation

Osu + Oy <;u2> =—u+Qx*u

since the source term —u + @ * u is equal to Q * 82 u, provided Q(z) =
%exp (—]az\) Therefore, it is natural to consider the following Euler system
with Rosenau-type sources

Op+ 0z (pv) =0
B (pv) + 0 (pv? +p) = pru ¥ D0

(2.2)
Oy (pe+ %pv2> + 0y <v (pe+ %pvQ —l—p) —i—q) =\x02,0.

Rosenau kernels, see [20, formuleze (4a) and (6)] read
7 A
() = 5me &P (—|z|/e)  and A (z) = Jaz &XP (—|z|/e)

for suitable positive parameters p, A\,m,s,e. With the above choices, the
sources in the last two equations in (2.2) can be rewritten as

1 1 A
,u**ﬁiwv = 2 (—Zv—i—m *v> and )\**8;019 = 2 (—8794—)\* *19) )

By Proposition 1.1, system (2.2) falls within the scope of Theorem 1.2. Thus,
we prove the local in time well posedness of (2.2) as well as the local Lipschitz
dependence of the solutions to (2.1) from the parameters p, A, m, s, €.

2.3 Local Inhomogeneous Source

Theorem 1.2 can be applied also in the standard case of a local source.
Indeed, it is immediate to see that (G) is implied by the following condi-
tions (gl) and (g2).

Proposition 2.1 Let g:R x Q +— R™ be such that

(gl) there exists an L1 > 0 such that for uy,us € ,
Ly - lug —ull;

g(.%',UQ) - g(x7u1)H <

(g2) there exists a finite measure i on R such that for u € Q and x1,x9 € R
with @1 < @2, ||g(22,u) — g(x1,u)|| < p (Jz1, 22]).

and assume that f satisfies (F). Then, setting (G(u)) (z) = g(z,u), Theo-
rem 1.2 applies.

Note that the integral estimates 6 and 7 in Theorem 1.2 ensure that the
solution constructed here coincide with those in [1]. Similarly, the charac-
terization 4 of the tangent vector imply that the present solutions coincide
with those in [2].



2.4 The Non Autonomous Case

Theorem 1.2 can be extended to the non autonomous balance law
O+ 0y f (u) = G(t,u)
provided f satisfies (F), G:[0,T,] x L' — L satisfies

(G?) For positive &,, T,, the map G:[0,T,] x Us, — LY(R,R™) admits suit-
able positive L1, Lo, L3 such that for all u,w € U;, and for all ¢t,s €
[0, T5]

|Gt u) = G(s,w)|[p < L+ (Ju—wlg + [t — )
TV (G(t,u)) < Ly -TV(u)+ Ls.

Indeed, let A be an upper bound for all moduli of characteristic speeds,
e A> SUP||y|| <, MAXi=1,...,n ‘)\

f(u,w) = (f(u),ﬂw) é(uaw) = (G (wa,u> ’X[o,1]>

here, x is the characteristic function of the real interval [0,1]. Then,

[0,1]
f satisfies (F) and G satisfies (G), so that Theorem 1.2 applies and the
balance law 0;(u,w) + 03 f(u, w) = G(u,w) generates the operator F. The
Cauchy problem

O+ 0z f (u) = G(t,u)
u(0, ) = uo(x)

is solved by t — F}(u,,0) where F}(u,,0) is given by the first n component
of Ft(uo, 0)

Again, the integral estimates 6 and 7 in Theorem 1.2 ensure that the
solutions constructed here coincide with those in [11].

3 Technical Proofs

Proof of Proposition 1.1. The Lipschitz property is immediate. To prove
the bound on the total variation, call Lip (h) the Lipschitz constant of h.
Then, it is sufficient to compute:

TV (Q * h(u)) < SUPZ/HQ(@/)H Hh(U(wi—y))—h(U(wifl—y))de
< Lip () 5w [ Q)] utei — ) = utrios )] dy
< Lip (i) s [ Q)] X e ~) — utzics )



IN

Lip (h) sup /R Q)| TV () dy
Lip (1) Qs TV (u)

IN

3.1 Convective part

Let A1(u), Aa(u), ..., A\n(u) be the n real distinct eigenvalues of Df(u), in-
dexed so that A; < Ajy; for all j and u. The j-th right eigenvector is r;(u)
and we assume that ||r;(0)|| = 1.

Let 0 — Rj(0)(u) and o — S;(o)(u) be respectively the rarefaction and
the shock curve exiting u. If the j-th field is linearly degenerate, then the
parameter o above is the arc-length. In the genuinely nonlinear case, see [6,
Definition 5.2], we choose o so that for a suitable constant k; > 0

) OR; o
SN (Ri@)@) = & and SZO0) = r;(0)

0 0S;

%)\j (Sj(a)(u)) = k;, and 8—;(0)(0) = 1;(0).

The above choices were introduced in [2, § 2], see also [6, 7].
Introduce the j-Lax curve

o () (0) = { Bow

and define the map

U(o)(u™) = thn(on) 0.0 ¢(o1)(u”).

By [6, § 5.3], given any two states u—,u™ € Q sufficiently close to 0, there
exists a vector (o1,...,0,) = E(u™,u") such that u™ = ¥(o)(u").
Similarly, let S be defined by

ut =8(o)(u") = Sp(on)o...081(o1)(u")

as the gluing of the Rankine - Hugoniot curves.

For a sufficiently small d,, let u € Us, be piecewise constant with finitely
may jumps sited in a finite set of points denoted by Z(u). Let o, ; be the
strength of the i-th wave in the solution of the Riemann problem for (1.2)
with data w(z—) and u(z+). ie. (0z1,...,020) = E (u(z—),u(z+)). Ob-
viously if # ¢ Z(u) then 0,; =0, foralli =1,...,n. Asin [6, § 7.7], A(u)
denotes the set of approaching waves in u:

, . 2
(@), (v,4)) € (Z(w) x {1,...,n})":
A(u) = ¢ z <y and either i > j or i = j, the i-th field
is genuinely non linear, min {Jm, Uy,j} <0



while the linear and the interaction potential are

V(u) = Z Z |0l Qu) = Z |0wi0y.5]

vel(u) i=1 ((2,0),(y,4) ) €A(u)

Moreover, let

T(w) = V(u) + CoQw) (3.1)

where Cy > 0 is the constant appearing in the functional of the wave—front
tracking algorithm, see [6, Proposition 7.1]. Finally we define

Ds=rcl {u € L' (R,R") :u is piecewise constant and Y(u) < 5} (3.2)

where the closure is in the strong L'-topology. We remark for later use that
there exists a positive constant ¢ = ¢(d,) with ¢ € ]0,1[, such that for all
d €10,

Us O Des D Ueas .

Proposition 3.1 Let f satisfy (F). Then, there exists a positive and suit-
ably small §, such that (1.2) generates a Standard Riemann Semigroup
(SRS), with Lipschitz constant L, defined on the domain Ds, for all § €
10,6,/

We refer to [6, Chapters 7 and 8] for the proof of the above result as well
as for the definition and further properties of the SRS.

Lemma 3.2 Let f satisfy (F), Q be a sufficiently small neighborhood of the
origin; a,b € R™ and s € [0,+oo[ be sufficiently small. Choose u™,v~ € Q
and define

vt =u" +sa, vi =v +sb.

Then, there exist 0=, ot such that v~ = ¥(o~)(u~) and vt = U(oT)(u™).
Moreover,

+
g;

— o o || -s. (3.3)

SONITEESS
=1

i=1

An entirely analogous result holds with VU replaced by S, i.e. v— = S(o7)(u™)
and vt = S(o™)(u™).

The proof is an extension of [2, Lemma 2.1] and, hence, omitted.



3.2 Source part

Concerning the source term we have the following results.

Proposition 3.3 Let G satisfy (G). Then, for any § € ]0,08,] and u € U,
the Cauchy Problem (1.3) with initial data u admits a solution X;u defined

fort €0, T] where T = min {%, ﬁ} Moreover the trajectory Yzu

has the following properties for all t € [O,T] and u,v € Us:

15w — thHLl fat

[u—wlg1e
0+ (6o Lo+ L3)t.

VANVAN

The existence of ¥;u is a standard application of Banach Fixed Point
Theorem and the estimates follow from Grénwall Lemma.

Since the computations on the convective part is mainly done on piece-
wise constant approximate solutions, we need to approximate the source
term with piecewise constant functions.

Let PC(R;R") be the set of piecewise constant functions in L. For any
N € N, define the operator Ily: L}(R; R") — PC(R; R") by

—14N? (k1))
Iy(u) =N / w(€)dé x .
MO e O e

Lemma 3.4 Iy is a linear operator with norm 1. Moreover, TV (IIyu) <
2TV (u) and for all u € LY (R;R") N BV (R; R?), TIyu — u in L1(R;R™).

Proof. Linearity and the estimate on the norm are immediate.

TV(Iyu) = ||IIyu)(=N)| + [|Tyu)(N)]|
N2-1
+ Y H (Tyu) ( +1)/N)—(HNu)(l~c/N)H
k=—N2
< N/ I/Nuu Hdgw/ lu(e)|] de
(k+1)/N k/N
N Z /WN wepde— [ s
< TV (u;]—oo, _N[) + TV (u;]N _ 1/N,+ooD
N?~1  (k+1)/
oy / " () — ut - 1/3)] de
< TV (u;]—oo, ~N[) +TV (u;]N _ 1/N,+ooD

10



N2-1

+ Y TV(u;](k—l)/N,(k—irl)/ND
k=—N2
< 2TV(u).

Concerning the pointwise convergence Iy — Id:

—N—-1/N 400
el < / Hu<§>ud§+ JA GRS

(k+1)/N  p(k+1)/
/k /k — u(x) H d¢ dz
—N2-1

N—-1/N
s/_ Jutelde + [ @) de + 5 TV

So that impy_, o0 |[IInu — ul/p1 = 0. O

Corollary 3.5 Let G satisfy (G). Then, for any N, also lIx o G satis-
fies (G) with the same Lipschitz constant Ly and with Lo, L3 replaced by
2L2 and 2L3.

To simplify the operator splitting algorithm, we substitute the semi-
group generated by (1.3) with the Euler approximation P;:Us, — L(R; R"?)
defined by

Pu=u+1tG(u).

It is immediate to prove that P; is L -Lipschitz with constant 1 + tL;. We
often use below the estimate 14+ Lt < eZ1*. On the other hand, observe that,
despite the notation (useful in the sequel), P does not satisfy the semigroup
composition law. Indeed we can only say

|PsPru = Pogullpy < O1) s+t (L4 Juflpa) -

3.3 Operator Splitting

Lemma 3.6 Let G attain values in PC(R;R"™). Then, there exist positive
0o and T, such that for all s € [0,T5] and for all piecewise constant u € Dy,

V(Puw) < V(u+O(1)s[Ls+ V(u) (3.4)
Q(Pa) < Qu)+0(1)s | Ly +V(u) (3.5)
T(Pu) < Y(w)+0(1)s[Ls+V(u) (3.6)

11



Proof. Let u' = Psu, so that v’ = u + sG(u). Call o}, ; (vesp. 0;;) the
size of the i-wave in u' (resp. u) at the point z, observe that o7 ; (resp. 04 )
vanishes whenever x € Z(u') (resp. © & Z(u)). Then, by Lemma 3.2 and (G)

V) -V < Y }jkm— Oh

z€Z (v )UZ(u)

SHCBIEED SN b o R INCO e
z€Z(uw)UZ(u) \i=1
< 01)-s- (V(u) +TV (G(u)))

< O(1)-s-(Ls+V(u) .

To derive (3.5), we observe that if ((z,7), (y,7)) € A(u )\.A( ), then either
ol .05 < 0 or ijay] < 0. Suppose, for instance, that o/, Oz < 0 (the
other case being similar) then by (3.3) we obtain

zi| T ‘O'x,i| = U;,i — 024 <O(1)s Z ‘Jm‘ + HAG(u)(x)H
j=1
and therefore
> (02605 < O(1) s (V(w) + L3) V(u) . (3.7)

((2,0),(y.5)) €A(u)\A(w)
Applying (3.7), (3.4) and since s, V(u), V(u') << 1 we finally get

Q) = 3 |ohiot|

A(u!)

Z <‘U§c — Oz a’ UWD Z ’amayd‘
A(u’)

ouﬁ{uwn+LﬂVw0+VWHVWHJM}

+ E !ffz,iffy,j| + E :lo’x,iffy,j}

A(w)\A(u) A(u)

< O1)-s- (V(u)2 +Ls) +Q(u).

IN

y]‘ + |ozi)

IN

Since L3 is a possibly null constant which depends only on the system, we
can say L3z + V(u) = O(1). Finally, the latter estimate follows combining
the previous results. O

12



Corollary 3.7 Let § € |0,0,[ and assume that G satisfies (G). Then we
have
P.Ds C D5 00)s(2Ls+s) and  Pdds C Usyg(Ly6+1La) -
In particular take a constant C' > O(1) (2L3 + 50), a number § € ]O, 50[ and
time T € 10,T,] such that 6 + CT < 6, then for any t € [0,T], s € [0,T — t]
we have
PDs 10 € Doyc(t+s) (3-8)

Proof. Fix u € Ds and an approximating sequence of piecewise constant
function ug with Y(ug) < . The previous Lemma shows that

T (up 4+ sy o G)(ug)) < Y(ug) 4+ O(1)s [2L3 + V (uy)]
< 6+0()s[2Ls+ 4] .

But wup + sIly o G(ug) converges to Psu as k,N — 400 and so Psu €
56+O(1) s(2L3+6)- Lhe proofs of the other inclusions are straightforward. [J

Corollary 3.7 allows to define the domains appearing in Theorem 1.2 as
Dy = Ds.ct Vtel0,T].
Let h € N and define
Fiu=S;_ps(PsoSs)"'u  te [hs,(h+1)s]. (3.9)

In other words, in any interval ]hs, (h+1)s [, we apply the semigroup S. In
turn, at the times ¢ = hs, Ps is applied.
If a time T and a § € ]0, 50[ are chosen as in Corollary 3.7, then Fu is
defined up to the time 7' — ¢ for any u € Dy and ¢ € [0, 7.
Observe that for ¢/, t” € [0, T] with ¢’ +¢" € [0, T], the following inclusion
holds:
FtS/Dt// C Dy yyrr . (3.10)

Note that F} is L-Lipschitz with Lipschitz constant bounded by L-Lt/selt,
with L as in Proposition 3.1 and L; as in (G). The following theorem
shows that the Lipschitz constant of F}’ actually is bounded from above by
a quantity independent from s.

Theorem 3.8 Let f satisfy (F) and G satisfy (G). If 6, is chosen suffi-
ciently small and 6,T are chosen as in Corollary 3.7, then there exists a
constant L such that for all t € [0,T), u,w € Dy and t € [0,T — t|, we have

| FPu— FPw||pa < L Jlu—wl|g (3.11)

13



Proof. The proof can be carried out following essentially the same line used
n [2, Theorem 4.2]. Therefore we only outline it. The key ingredient is
the Liu & Yang functional which, unfortunately, is defined only on piece-
wise constant e—approximations of the trajectories of the convective part
(see [6]). Therefore we first suppose that the source G(u) attains values in
PC (R,R"™). For this kind of sources one can prove (3.11) following almost
exactly the proof of [2, Theorem 4.2]. The only difference is the global nature
of our source term. But the non locality of G(u) can easily be tackled using
Lemma 3.2, integrating and summing up the pointwise estimates obtained
in [2, Theorem 4.2] and finally using (G) similarly to what we have done in
a detailed way in the proof of Lemma 3.6.

Once we obtained (3.11) for piecewise constant source terms, we apply
it to the source term Iy o G(u). If we denote by F, SNu the trajectory
defined by (3.9) with IIy o G(u) in place of G(u), it is quite easy to see
that Lemma 3.4 implies the strong convergence of Fts’Nu to Ffu proving the
theorem for a general source G. (]

We need below the following estimates concerning the dependence of F'*
on time.

Lemma 3.9 Let T and § be as in corollary 3.7. Then, for all u € Di and
allt € [0,T — 1],

|[Ffullp, < O1) - (14 |lullg) (3.12)
H(Ps)ku < O1)- (14 |[ullp:) (3.13)
|Ffu—ullp, < O@Q) -t (14 flully) (3.14)

H(Ps)ku—uHLl < 0() ks (1+][ullp) - (3.15)

Proof. Consider first (3.13) with £ = 1. By (G) and the properties of S

|Psullpr = Hu—i—sG(u)—sG( )+ sG(0 HLl
< Nl + s Laflullp + 5 [|GO)
< esh (65 + ||uHL1)
[Ssullgs < 155w = ullgs + [lulpa
< Ls+ ullp
< el (Es+ ||ullga)
where ¢ = O)HLI} and L is as in Proposition 3.1. Proceed now

by induction on k and, for ks € [0,T — ¢,

|Fiull, < eETE0% (28K s + |Jullpq)
< eV (227 4 luf 1)
< O(1) - (1+[lullg) -

14



Therefore, for t € [0,T — ¢[ and k = [£], we have

[Fullp = [[Si—ksFiist|
Ls+0O(1) (14 |ullt1)
O) - (1+ [lullga) -

IN A

The estimate (3.13) is obtained similarly. Passing to the Lipschitz estimates,
for (k+1)s € [0,T — ¢[, by (3.12)

| Fnyen = |2 P = Fiullgs + || Fu = ully,

Ll
< |8, Fu+ 568 Fi) — Figelgs + i — g
< s (L4 LS Falge + 16O ) + P -l
< O(1)-s- (1 + ||u||L1) + Hkasu — uHLl .

By induction, ||Fu—ul| , <O1)-k-s- (1+ ||ulp1).
We are left with the case £ ¢ N. If t € [0, s[ we have

HFtsu - UHLl = ||Spu — UHLI <O(1)-t,
while if t > s, so that k = E] >1,

| Efu — ul|ga Ls+ HF,ijsu—u‘

<
_ Ll

< Ls+0(1) ks (1+]||ully:)
< O)-t-(1+ |ulga) -

The proof of (3.15) is entirely similar. O

The next step consists in showing the convergence of F*® as s tends
to zero. This result will be obtained with the help of the commutation
relation (1.5) which we will show to be true for S; and P;. We need the
following result that is an easy consequence of [2, Remark 4.1].

Proposition 3.10 Toke u,v,w € Dr, then, for any t1 < to one has the
estimate

[|Sw — Spu—w||p, < L-||Sqw—Shu—wlp, (3.16)
+01) - (t2—t1) - TV(w).

Proposition 3.10 implies the following commutation result:

Theorem 3.11 Let 6 and T be in Corollary 3.7. For anyt € [0,T], u € D;
andt € [O,T — f], we have the estimate

||StPtU - PtStuHLl S O(].) . t2 . (317)
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Proof. Since u+tG(u), tG(Syu) and u all belong to Dz, we can apply (3.16)
with w = u 4+t G(u) and w = ¢t G (Su) to obtain:

1S:Pu — PiSpullp, = Hst [u+tG(w)] — Sju—tG (Stu)HLl

< L-HSO [u+tG(u)] — Sou—tG(Stu)‘

+0O(1) -t TV[tG(StU]
L-t-|Gu) — G (Swu)l|px +0(1) - £
< L L2+ 00) -2,

Ll

IN

O

Now we show that (3.17) and the uniform Lipschitz property (3.11) of
the approximations imply the existence of a “tangent vector” and the strong
convergence of the approximations. We will show that these two conditions
are enough and that there is no need to use again the almost decreasing
functional as was done in [2, Lemma 5.1].

Proposition 3.12 Let 6 and T be as in Corollary 3.7. For any t € [0,T],
uwe Dy te[0,T—t] and s, s €]0,t?], we have

HFtsu — StPtuHLl

HFfu — PtStuHLl

HFtSu - Fts/u’

O(1) - (1 + ||lullg) - £
O(1) - (1 +[|ullgs) - 2 (3.18)
< O) - (1+|ullga) - ¢

<
<

Ll

Proof. We prove only the first inequality in (3.18), the other two inequalities
being consequences of this one and of Theorem 3.11. For any integer k €
[1,T/s] define

)(ps)’fssu - SS(Ps)ku‘

pe(s) = sup

uEDT ks Lt

Now, for u € Dyp_(;41)s (and hence Psu € Dr_js), we can compute

H Py)E 1S — sS<PS)’f+1uHLI <

IN

H P Ssu — ( s)kS’sPSu

‘ + || 8P = S (P P

"

< eI PySsu — SyPullpy +  sup
wEDT ks

(RS w = S, (P)*w| |

IN

e pi(s) + pr(s) .

And hence pyy1(s) < €771 p1(s) + pr(s) that, by induction, gives
or(s) < Ty (s)

16



Now define

pr(s) = sup ‘F,fsu — Sks(Ps)ku‘

UEDT _ s Lt

Again we can compute for u € Dp_(x41)s

s k+1
HF<k+1>s“ = S(hr1)s(Po)™T “‘ i
< ||Fg,PoSsu — FySsPoul| 10 + HF,jsSSPsu  Sis(P,)*S, Pou ‘Ll
+H5ks(Ps>kSsPsu - Sk:sss(Ps)szu L
< Lpu(s) + prls) + L (PSP — S,(P) Paa| |
< Lpi(s) + pr(s) + Lpx(s)

< (L4 LM TR) puls) + prls).
Therefore we have pri1(s) < (/l + LeLlTk:> p1(8) + pr(s) which gives, to-
gether to p1(s) = p1(s), by induction
p(s) < (c + LeLlTk> kpi(s).

Fix now ¢t € [0,T — t], take s € ]O,tQ[ and define k = [1] We have for all

s
u € D C ’DT—I;:s

HFtSu — St(Ps)i“u‘

7, s k
o< O(l)-(t—k:s)+”stu—S,;S(PS) | |

O(1) - (t — is) + <£ ‘L eLth> L o(s)

< 0(1)-s+0(1)- (ts+1) f’ls(;)
< 0)-t*,

where the last inequality is a consequence to the fact that 2 15(25) is bounded

because of (3.17).
We are left to prove that

[P P, < 00) - (14 ) -2
By (3.15),

H(Ps)k—Hu - P(k—i—l)su = Ps(Ps)ku — Prsu— s G(u)‘

Lt L1

= [P U= Prsu+ 5 G ((P)u) = sGlu)

L1
L O (1 Jullga) - o s®

IN

(Ps)ku — Ppou
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We thus recursively obtain

H(Ps)k - Pksu

| SO (14 fulpa) - K2 s
Therefore

[

H(PS)’%U ~P.u

o * [P 2

Lt Lt

O) - (1+ |lullga) - k22 +O(1) - 5
o) (1+ [lullg) - 2.

VARVAN

O

Now we prove the convergence of the approximations and the character-
ization of the tangent vector, i.e. 4. in Theorem 1.2.

Theorem 3.13 Let § and T be as in Corollary 3.7. For any t € [0,T7,
uw € Df and t € [O,T — t_] the sequence Ffu converges in L' as s — 0 to a
limit trajectory Fyu which satisfies the tangency conditions

[Fu— SiPaully < O(1)- (1+ [[uflga) - ¢ (3.19)
|Fow = PiSullp < O) - (14 [luflga) - €. '
Proof. Because of (3.18), we need only to show that s — Fu is a Cauchy
sequence in L' as s — 0. Fix € > 0 arbitrary. Then choose 0 =ty < t; <
Lo <tny_1 <ty =tsothatt; —t;_1 <efori=1,...,N. Then observe
that Definition (3.9), Theorem 3.8 and (3.12) imply that F'* satisfies an
approximated semigroup condition:

S S S
HFtlFtQU - Ft1+t2u

| =0 (14 ullga) -5
Therefore, for any 0 < s, s’ < min;—q._x {(75Z — ti_l)Q}, we can compute

/

N
s’ S § : S s’ S s
1=1

Ll

N
< Z HFtS*tz‘ Ftsi u— Fts*tiFtSi*tileti—lu‘ Ll
=1
+0(1) (1 + [lullg2) Ns
N
< L), HFtS; Che Ftsi—tiletifluHLl +O(1) (1+ |lully:) Ns
=1
<

N
E s’ s’ s s’

L HFti_ti—lFti—lu_Fti_ti—lFti—lu‘ L1
=1

18



+0(1) (14 |lullgr) N (s+5")

N
O(1) (1 + |jull1) Zt—tzl +N(s+ )

IN

< O() (14 flullga) (et + N (s +57) -

And, finally, as s,s" — 0 we get

lim sup HFtslu — Ffu

s,8'—0

| S00) (L4 [lula) et

which proves the Theorem because of the arbitrariness of ¢. O

The limit trajectory thus obtained satisfies (2) in Theorem 1.2, as can be
seen passing to the limit s — 0 in (3.10) and in the approximate semigroup
condition

s 18 s
HFt1Ft2u - Ft1+t2u

| SO0 (14 ullga) -5

Taking the same limit in (3.11), we prove the former inequality in (1.6). To
prove the latter estimate, observe that by (3.14)

while, for to > t;, the semigroup property implies

[Fou—Frullp < [[Fomn Fuu— Byl
< 01)- (1+Hpt1uHLl) (ts — 11)
< O)- (14 flullgs) - (B2 —t).

Assertion (4) follows from (3.19).

We pass now to (3). The trajectory t — Fyu is a weak entropic solu-
tion of (1.1). This can be proved using the properties of the approximate
solutions constructed above, as in [1, 2, 11]. Here, we prefer to exploit the
tangent vector provided by theorem 3.13

Corollary 3.14 Let § and T be as in Corollary 3.7. For any t € [0,T],
u € Dy and t € [0,T — t] the trajectory t — Fyu is a weak entropic solution

of (1.1).

For the definition of weak entropic solutions of a balance law, refer to [12],
13, (2.16) and (2.19)] or [11, § 6].

Proof of Corollary 3.14. We show below only the entropy inequality, since
the proof that ¢ — Fiu is a weak solution is entirely similar.
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Observe that, by (3.19)

Fou = Su+0(1)- (1+ ||lullp) - ¢

Fu = Su+tGu)+0(1) - (14 ||ullg.) - 2
in L. Let (n,q) be an entropy-entropy flux pair and ¢ E C1 be a non
negative test function. Fix a positive £ and denote I; (1+1) [ x R

for i € N. By the properties of S, 9yn(Siu) + 0zq(Siu) < 0 in the sense of
distribution, using the Divergence Theorem we get

T
//(W(Ftu)at@‘i‘Q(Ftu)ang) dedt =
0o Jr

- Z//I (n(Fru)rp + q(Fru)dypp) da dt

B Z <//f (n(St-ic Ficw) O + q(Si—ic Ficu)Orp) d dt)

+0(1) (1 + Jlullg) €
> ) < /]R (n(S=Frew) o (i 4+ D)z, ) — n(Frew) i, ) dq;)
+10(1> (1 + llullga)
- Z </R (n(SaFiau) _U(F(Hl)su)) ¢ ((i+1)e,z) dg;)
o) (1+ ullps) €
- > ( / (0(S-Fier) — n(F-Fiew)) @ (i + 1)e, 2) dw)
J:O(l ) (1+ [[ullp) €
— Z/R (77 (ScFieu) — 1 (S=Fieu + eG( Zgu))) o ((i +1)e,2) da

O@1) (L+[lull,)
= /( Dn(Ficu) (Fisu)SO((iJrl)S,x)) dzx
D) (1+]lullg)e
- Z//I (—Dn(Fyu) G(Fyu) ¢(t, x)) dx dt
+0(1) (1+ [lullp) e

T
= /0/R_Dn(Ftu)G(FtU)QD(t,x)da:dt-f-0(1)(1+||U||L1)5
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By the arbitrariness of €, we conclude with the distributional inequality
om(Fiu) + 0,q(Fiu) — Dn(Fu) G(Fu) < 0.
O

Now we show a result on the dependence of the solution with respect to
the source term.

Theorem 3.15 Let f1, fo satisfy (F) and G1,Gs satisfy (G). Call F!, F?
the corresponding semigroups and assume they are defined on a common
family of domains Dy. Then, for any t € [0,T[, u € Df and t € [0,T — 1],
the Lipschitz estimate (1.7) holds.

Moreover, fir a flux [ satisfying (F) and a sequence of source terms
Gy satisfying (G). If Gy converges pointwise to G, then the corresponding
Semigroups Fk converge pointwise to the semigroup F' generated by G.

Proof. We apply the well known integral estimate, see [6, Theorem 2.9]:

HF§+TU _ F;FEuHLl ]
,

t
F! —FQH <£/1' inf
Ht“ g =5, TR 9

By (3.19) and using the stability result [4, Corollary 2.5], with obvious
notation we have

<

1
liminf — || F2 P2y — FéFTQu‘ LS

9—0 U

el

< llﬂmjgf 3 S2F%u 4+ 0Go(F2u) — SyF?u — 10 Gl(FTQu)‘ o
el

< timinf | S3F2u - SéFquLl + HGQ(FEU) — Gi(F2u)| i,

< O(1)- (HDfl = Dfallcomnxny + 1G1 — G2||CO(Z/{50;L1(R;R”))) :

Concerning the pointwise convergence, note that
t
| R Fu| | < L/ |G(Fru) = Gr(Fru)| . dr
0

and the proof is concluded trough Lebesgue convergence theorem. O
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3.4 Integral Characterization

Following [6, § 9.2], [1, § 5.2] and [3, Definition 15.1], let v € Dy. For all
& € R, define U (ﬁv ¢) 3 the solution to the homogeneous Riemann problem

Ow + Oy f(w) =0

lim v(y) if =z < &
’ lim v(y) if = > £.
y—E+

Define U, (bv ¢) as the broad solution (see [6, § 3.1]) to the Cauchy problem

w(0,2) = v(x

{ dw+ Df (U(ﬁ)) Oow = G(v) (3.21)

so that denoting lf =1; (v()), rf =7; (v(€)) and )\f =\ (v(9)),

b o b,1
Uley () = Uge

n

Ulgt) = 3 (10 (o= x0) ) of

i=1
U? (t,x) = Z t (l§ -G(v)(z — )\55)) ¢ ds
(v,)\" ~ Jo i i i :

We are now ready to prove the first part of the characterization stated in
Theorem 1.2.

(tv .%') + U(bzfg) <t7 .%')

Theorem 3.16 Let F' be the map constructed in Theorem 3.13, let A be an
upper bound for all characteristic speeds. Then, for all t € [0,T[, u € D;
and all T € [O,T — f] , Fru satisfies 6 in Theorem 1.2.

Proof. To obtain (6a), compute:

1 [ET9A
9 /5195\ H(Fﬁu(ﬂ) (@) = U?v,s)(ﬁvw)de =

1 E+OX

9 /gm
1 49X 4

+ /g | (S9u(r) (@) = Uf, ¢ (9,2) | do

U Je_vi
1 £+9A

5 ) | (6 (wn)) @)

% |Foutr) — Spur) ~ v @ (u(r)|

dzx

IN

(Fyu(r)) (@) = (Syu(r)) (2) =9 (G (u())) ()

IN

Ll

22



9
£+0A
w0
£—0X
As ¥ — 0, the first summand above vanishes by (4) in Theorem 1.2, the

second by [6, (9.16), § 9.2] and the latter one by G (u(r)) € L.
Similarly, to obtain (6b), we exploit [6, § 9.2]:

+3 /;ZA H(SW(T)) (2) = Uf, ¢)(9) H e

dx

(G (un)) @)

U Jator
b—9A
< % /a+19/\ (FﬁU(T)) (x) — (Sﬁu(T)) (x) =0 (G (u(T))> ()| dz
b—9A
J% /+M (Sou(r)) (x) = Uy o (0, 2) + 90 (G (u(T))) ()| dz

= 119”FW(T)A—SW(T)_ﬁG(“(T)) Lt
5 /i,;fu ) o). o
b—9I\
9 / +9A (:v) U(bfg)(&x) "
< 3 HFﬁU (1) = Syu(r) =9 G (u(7)) L

+0(1) (TV (u(r):Ja b))’

1 b—9\
dzx

9 (G (u(T))) (x) = U (0, )

Y a+9A

As ¥ — 0, the first summand above vanishes by (4) in Theorem 1.2, while
the latter vanishes as ¥ — 0. Indeed, using [6, Lemma 2.3],

1 /b—195\
% a+9\

b—9A
S /
a+9\

dz <

i (c (u(T))) (2) = U (0, 2)
/ Zl (7€) (u(r) (:r)) rl(T’g) ds
- Z/ liT’g G (u(T))) (x — )\,ET’O.S)TZ(T’O ds

O 1 b—9A
< ]
a+9\

dx

x) - (G (u(T))) (x — )\Z(T’g)s) dx ds
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< 01(91) Zn:/ﬂ TV (G (u(r)) ;]a,b[) ’)\ET’Q‘ sds
=170

< 0(1)-9-TV (G (u(r)) ;]a,b[) :

completing the proof of (6b). O

Theorem 3.17 Let F' be the map constructed in Theorem 3.13 and \ be an
upper bound for all characteristic speeds. Assume t € [0,T[, u:[0,T — t] —
Dr is Lipschitz, satisfies u(t) € Dy y and both (7a) and (7b) in Theorem 1.2
hold. Then, u(t) = Fyu for all t € [0,T — .

We omit this proof, since it is a slight modification of [6, Part 2 of
Theorem 9.2].
3.5 Consequences of the Hyperbolic Rescaling

Given a function v:R — R™ and A > 0, we denote by vy the function
obtained by applying a dilatation to v, i.e. wvy(x) = v(Az). Obviously
v € Ds implies vy € Ds. We have the following Proposition (see also [22,
Corollary 1]).

Proposition 3.18 Let S:[0,T] x Ds +— Djs be the semigroup generated by a
system of conservation laws and let d: Ds x Ds — R* be a distance satisfying

1 _
d(uy,vy) = X d(u,v) for all u,v € D5, and X > 0,
and the Grénwall estimate for a positive C':
d(Syu, Spv) < eCtd(u,v) for all u,v € Dy and t € [0,T].

Then C =0, i.e. d is non expansive with respect to S.

Proof. If u(t,x) = (Syu) (x) is a semigroup trajectory, then also u(\t, \x) =
(Syuy) (z) is a semigroup trajectory. Therefore we have the equality

(Seu)y = S§uA for all u € Dy, t € [0,7] and A > 0.
Hence we can compute for all u,v € Ds and A > 0

d(Su, Sw) = Ad((Sw)y,(Sw),) = Ad (syu, S%“A)
< )\ec§d(u>\,v>\) = ecﬁd(u,v)
Now, letting A tend to infinity, we get the non expansive property

d (Syu, Spv) < d (u,v) for all u,v € Ds and t € [0,T].
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