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SUMMARY

In this paper the features of some distribution models used in the literature to depict income distri-

butions are analysed. The analysis is based on the inequality curves generated by such models. In

particular, the role of the parameters related to the inequality curves is investigated, also by consid-

ering the influence of their variations from a pointwise perspective.
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1. INTRODUCTION

The analysis of the inequality plays an important role in the domain of socio-eco-

nomics sciences. Originally, it has been introduced for the study of income distribu-

tions, but later on, it has been widely used in several research areas (see for exam-

ple Jacobson, Milman, Kammen, 2005; Naeem, 2009; Bhattacharya, Ghosh, Mande,

2015). In the literature many tools for evaluating the inequality has been proposed.

The investigation of their features is still interesting for applications, but also from

the methodological point of view.

Statistical models can be used for the approximation of empirical distributions, in

order to obtain information from the data by the parameter estimates and their inter-

pretation. Therefore the analysis of how the distribution parameters affect the in-

equality measures and curves is useful to achieve a deeper comprehension of the so-

cial phenomena and economical conditions. This knowledge may be essential in sup-

porting the decisions of policy makers.

It is not possible to compile an exhaustive list of papers in the literature, dealing

with the inequality analysis, among others: Gini (1914), Dagum (1977), Dagum

(1980), Dancelli (1989), Zenga (2007), McDonald and Ransom (2008), Garcia and

Alaiz (2011), and Arcagni and Porro (2014).

The main purpose of the present paper is an investigation about how the para-

meters affect the inequality in the most used income distribution models, with parti-

cular attention on which areas of such distributions are more sensitive to parameter
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variations. A particular attention will be paid to the tails of the distribution, since the

left one represents the low incomes, and the right one the high incomes. For this rea-

son a pointwise analysis of inequality allows the identification of the population

areas more involved by any economic policy.

The present paper is organized as follows: in Section 2 the considered distribution

models are presented; Section 3 is devoted to the inequality tools: inequality curves,

related indices and partial orders. Section 4 presents the definition and the features of

the Zenga-84 inequality curve, while Section 5 provides for each distribution model,

several plots of the two Zenga inequality curves with different values of the para-

meters, and the description of the role played by them. In Section 6 some final re-

marks are discussed.

2. THE DISTRIBUTION MODELS

In order to perform the aforementioned analysis, some distribution models will be

considered. The models used in the present investigation are:

� the Pareto Type II distribution depending on the three parameters � > 0; � > 0,

and � > 1 (in order to have non-negative support and finite expectation), with

probability density function (see for further details Arnold, 2008):

f ðx;�; �; �Þ ¼
�

�

�
1þ x� �

�

� ���ð�þ1Þ
x >�

0 otherwise;

8><
>: ð1Þ

� the generalized lognormal distribution depending on the three parameters

�1 2 R; �2 > 0; � � 0, with probability density function (see for details Brunazzo

and Pollastri, 1986; Vianelli, 1982):

f ðx;�; �1; �2Þ ¼
ð�þ1Þ

�
�þ1

2� 1
�þ1ð Þ�2x exp � 1

�þ1
log x��1

�2

��� ����þ1
� �

x > 0

0 otherwise;

8<
: ð2Þ

� the Singh-Maddala distribution, also known in the literature as Burr distribution,

depending on the three parameters a > 0; b > 0 and q > 1=a (in order to have

finite expectation), with probability density function (refer to McDonald and

Ransom, 2008; Singh and Maddala, 1976):

f ðx; b; a; qÞ ¼ aqxa�1b�a 1þ ðx=bÞa½ ��ðqþ1Þ
x > 0

0 otherwise;

�

� the Dagum distribution (proposed in Dagum, 1977), depending on the three para-

meters � > 0; � > 0; � > 1 (in order to have finite expectation), with probability

density function:

f ðx; �; �; �Þ ¼ ���x���1ð1þ �x��Þ�ð�þ1Þ
x > 0

0 otherwise;

�
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� the quite recent Zenga distribution (proposed in Zenga, 2010, and investigated in

Zenga et al., 2010; Zenga et al., 2011), depending on the three parameters

� > 0; � > 0, and � > 0, with probability density function:

f ðx;�; �; �Þ ¼

1

2��ð�; �Þ
x

�

� ��3=2Z x
�

0

k��1=2ð1� kÞ��2
dk 0 < x < �

1

2��ð�; �Þ
x

�

� ��3=2Z �
x

0

k��1=2ð1� kÞ��2
dk x > �;

8>>><
>>>:

where �ð�; �Þ denotes the Beta function, defined by:

�ð�; �Þ ¼
Z 1

0

t��1ð1� tÞ��1; � > 0; � > 0:

It is well-known that the distribution parameters can be classified by their roles.

From the inequality point of view, an important class of parameters is represented by

the scale parameters. The following definition characterizes such class.

DEFINITION 1 (Scale parameter)

Let fF�; � > 0g be a family of distribution functions. Then � is a scale parameter

of such family if

F�ðxÞ ¼ F1

x

�

� �
:

Since the inequality does not depend on the scale parameters, it is useful to iden-

tify them. For this reason in the following, the Pareto Type II distribution will be

considered, using the alternative parametrization given by the replacement of �=�
with �. The probability density function (1) becomes then:

f ðx;�; �; �Þ ¼
�

�
1þ x

�
� �

� �h i�ð�þ1Þ
x > ��

0 otherwise

(

where � > 0; � > 0; and � > 1. Using this new parametrization, � is a scale para-

meter, therefore it does not affect the inequality.

3. THE INEQUALITY CURVES AND THE RELATED INDICES

In the following, the most used inequality curves are considered. It is worth noting

that they can be defined through the mean of the whole population and the means

of specific groups.

Given a population and a random variable X evaluated on it, for each p 2 ð0; 1Þ,
the population can be split into two non overlapping groups: the first one, called low-

er group that consists of the proportion p of people with the lowest values of X , and
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the second one called upper group composed by all the others. Once the population

is split into the lower and the upper group, the means of X in these two groups can

be computed, obtaining the lower and the upper mean. The two following definitions

delineate these two means.

DEFINITION 2 (Lower mean)

Let X be a continuous random variable, with distribution function F, and support

½a; b�, where 0 � a < b � þ1. For any p 2 ½0; 1�, the lower mean M
�
ðpÞ is defined

as

M
�
ðpÞ ¼

1
p

R p

0
F�1ðtÞdt p 2 ð0; 1�

a p ¼ 0:

�
:

DEFINITION 3 (Upper mean)

Let X be a continuous random variable, with distribution function F, and support

½a; b�, where 0 � a < b � þ1. For any p 2 ½0; 1�, the upper mean M
þ
ðpÞ is defined

as

M
þ
ðpÞ ¼

1
1�p

R 1

p
F�1ðtÞdt p 2 ½0; 1Þ

b p ¼ 1:

�

In the Definitions 2 and 3 the lower mean and the upper mean have been extended

by continuity in p ¼ 0 and in p ¼ 1, respectively. It is easy to verify that for a ran-

dom variable X with expected value �, the following formula holds true:

� ¼ pM
�
ðpÞ þ ð1� pÞM

þ
ðpÞ; 8p 2 ½0; 1�;

with the convention that whether the support of X is not finite:

ð1� pÞM
þ
ðpÞ ¼ 0 if p ¼ 1:

Now the definitions of some inequality curves can be presented.

DEFINITION 4

Let X be a non-negative continuous random variable, with positive and finite ex-

pected value �, and distribution function F. Then:

� the Lorenz curve of X is (see Lorenz, 1905; Gastwirth, 1971):

LX ðpÞ ¼
1

�

Z p

0

F�1ðtÞdt ¼
pM

�
ðpÞ
�

; p 2 ½0; 1�;

� the �ðpÞ curve of X , proposed by Gini, is (see Zenga, 1984, 1987; Basulto and

Busto Guerrero, 2010):

�X ðpÞ ¼
logð1� pÞ

log 1� 1
�

R p

0
F�1ðtÞdt

� � ¼ logð1� pÞ
log 1� pM

�
ðpÞ
�

� � ; p 2 ð0; 1Þ;
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� the �ðpÞ curve of X , proposed by Zenga, is (see Zenga, 1984):

�X ðpÞ ¼ 1�
log 1� 1

�

R p

0
F�1ðtÞdt

� �
logð1� pÞ ¼ 1�

log 1� pM
�
ðpÞ
�

� �
logð1� pÞ ; p 2 ð0; 1Þ;

� the Gini curve of X is (see Zenga, 1984):

GX ðpÞ ¼ 2 p� 1

�

Z p

0

F�1ðtÞdt
� �

¼ 2p 1�
M
�
ðpÞ
�

� �
; p 2 ½0; 1�;

� the Bonferroni curve of X is (see Bonferroni, 1930):

BX ðpÞ ¼
1

p�

Z p

0

F�1ðtÞdt ¼
M
�
ðpÞ
�

; p 2 ð0; 1�;

� the reversed Bonferroni curve of X is:

VX ðpÞ ¼ 1� 1

p�

Z p

0

F�1ðtÞdt ¼ 1�
M
�
ðpÞ
�

; p 2 ð0; 1�;

� the Zenga IðpÞ curve of X is (see Zenga, 2007):

IX ðpÞ ¼ 1�
ð1� pÞ

R p

0
F�1ðtÞdt

p
R 1

p
F�1ðtÞdt

¼ 1�
M
�
ðpÞ

M
þ
ðpÞ

; p 2 ð0; 1Þ:

REMARK 1

It is worth noting that from the definitions it follows that 8p 2 ð0; 1Þ:
� �X ðpÞ ¼ logð1�pÞ

logð1�LX ðpÞÞ

� �X ðpÞ ¼ 1� 1
�X ðpÞ

� GX ðpÞ ¼ 2 p� LX ðpÞ½ �;

� BX ðpÞ ¼ LX ðpÞ
p

;

� VX ðpÞ ¼ 1� BX ðpÞ;

� IX ðpÞ ¼ p�LX ðpÞ
p½1�LX ðpÞ� .

An important feature that some inequality curves share is about uniformity: some

curves among the aforementioned ones are constant for some kinds of the distribu-

tion model. More in details, in Zenga (1984) it is shown that both the �ðpÞ and the

�ðpÞ curves of X are constant if X is a Pareto Type II with � ¼ � or alternatively

� ¼ 1 (i.e. the classical Pareto Type I), and in Polisicchio (2008) it is proved that the

Zenga IðpÞ curve is constant for a Pareto Type I with a particular restriction on the

domain, and parameter � ¼ 0:5.
Starting from the aforementioned inequality curves, the inequality degree can be

127A COMPARISON OF INCOME DISTRIBUTIONS MODELS

q:/3b2 job/vita-pensiero/Statistica-Applicazioni/2016-02/03-Arcagni-Porro-Zola.3d – 7/9/17 – 127



summarized in a single value, by using a synthetic measures. The definitions of some

well-known indices are stated in the following.

DEFINITION 5

Let X be a non-negative continuous random variable, with positive and finite ex-

pected value �, and let LX ðpÞ, �X ðpÞ, �X ðpÞ, GX ðpÞ,BX ðpÞ, VX ðpÞ, and IX ðpÞ be the

corresponding Lorenz, �ðpÞ, �ðpÞ, Gini, Bonferroni, reversed Bonferroni, and Zenga

curves, respectively. Then:

� the Gini index of X is (see Gini, 1914):

RX ¼ 1� 2

Z 1

0

LX ðpÞdp ¼
Z 1

0

GX ðpÞdp;

� the � index of X is (see Zenga, 1987):

�X ¼
Z 1

0

�X ðpÞdp;

� the � index of X is (see Zenga, 1984):

�X ¼
Z 1

0

�X ðpÞdp;

� the Bonferroni index of X is (see Bonferroni, 1930):

BX ¼ 1�
Z 1

0

BX ðpÞdp ¼
Z 1

0

VX ðpÞdp;

� the Zenga index of X is (see Zenga, 2007):

IX ¼
Z 1

0

IX ðpÞdp:

Figure 1 shows the behaviour of the inequality curves in the square ½0; 1�2. The
graph of the �X ðpÞ curve lies out of such square, therefore its modification, the

�X ðpÞ curve, is preferable. For this reason, in the remaining of the paper, the �ðpÞ
curve is not analized. It is important to note that the four inequality indices RX , �X ,
BX and IX correspond to the area beneath GX ðpÞ, �X ðpÞ, VX ðpÞ, and IX ðPÞ, respec-
tively. Hence such four curves are more intuitive, since they satisfy the ‘‘increasing

ranking’’ as described in Arcagni and Porro (2014).

Figures 1 also shows that some of the aforementioned inequality curves have

some special points, which always belong to their graph, whatever the underlying

distribution model is. The Lorenz curve is always equal to 0 if p ¼ 0 and equal to 1

if p ¼ 1. The Gini curve takes on value zero at p ¼ 0 and p ¼ 1. If p ¼ 1, the Bon-

ferroni curve always takes value 1, the reversed Bonferroni value 0, and
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lim
p!0þ

BX ðpÞ ¼
a

EðX Þ and lim
p!0þ

VX ðpÞ ¼ 1� a

EðX Þ :

The �ðpÞ curve satisfies

lim
p!0þ

�X ðpÞ ¼ 1� a

EðX Þ ;

where a is the lower bound of the support of the random variable X . Also the Zen-

ga IðpÞ curve has not such special points, since the values assumed for both the ex-

treme values of p depend on the support of the distribution model. As proved in Po-

lisicchio (2008), such dependence is given by:

lim
p!0þ

IX ðpÞ ¼ 1� a

EðX Þ and lim
p!1�

IX ðpÞ ¼ 1� EðX Þ
b

; ð3Þ

where a and b denote the lower and the upper bound of the support of the random

variable X , respectively. If the upper bound b of the support of the random variable

X (with positive and finite expectation) is not finite, the second limit in (3) be-

comes:

lim
p!1�

IX ðpÞ ¼ lim
b!þ1

1� EðX Þ
b

¼ 1:

RX 2
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FIGURE 1. - Inequality curves and related synthetic indices

REMARK 2

At this point a very brief historical review may be usefull. Gini (1914) proposed to

associate at each p 2 ð0; 1Þ the relative concentration measure of a given variable X
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�X ðpÞ ¼
p� LX ðpÞ

p
;

that is the relative difference of the Lorenz curve LX ðpÞ with respect to p. As syn-

thetic inequality measure he suggested the weighted mean of the �X ðpÞ with weights

p, that is:

RX ¼
R 1

0
�X ðpÞ � p dpR 1

0
p dp

¼ 1

1=2

Z 1

0

p� LX ðpÞ
p

� p dp ¼ 2

Z 1

0

�
p� LX ðpÞ

�
dp;

which corresponds to the formula of the Gini index, previously provided. Some

years later Bonferroni (1930) proposed a concentration diagram based on the com-

parison between the lower mean M
�
ðpÞ and the total mean � of the variable X . For

Bonferroni the inequality raises as the relative difference VX ðpÞ ¼
��M

�
ðpÞ

� increases.

As synthetic measure, he introduced the Bonferroni index

BX ¼ 1�
Z 1

0

BX ðpÞ dp ¼
Z 1

0

VX ðpÞ dp ¼
Z 1

0

��M
�
ðpÞ

�
dp;

by averaging the quantities V ðpÞ. A decade after, De Vergottini (1940) showed the

equivalence VX ðpÞ ¼ �X ðpÞ, i.e.:

��M
�
ðpÞ

�
¼ p� LX ðpÞ

p
:

As consequence, he showed that

RX ¼ 1

1=2
�
Z 1

0

��M
�
ðpÞ

�
� p dp:

Following the same approach of De Vergottini, many other synthetic inequality in-

dices proposed in the literature can be seen as weighted mean of the quantities

VX ðpÞ, with different weights (for further details, see for example Amato, 1987;

Zenga, 1990).

The inequality indices provide a total order in the set of the non-negative random

variables, since, given two non-negative random variables, it is always possible to

compute the values of one index and to compare such values.

The comparison of the inequality curves does not provide a total order, but only a

partial one: the inequality curves of two random variables can intersect. It is not diffi-

cult to observe that the partial order based on one inequality curve

(LðpÞ;GðpÞ; �ðpÞ;BðpÞ;V ðpÞ or IðpÞ) is coherent with the total order based on the re-

lated synthetic inequality index (R; �;B, or I). Further details about these partial or-

derings are described in the next subsection.
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4. PARTIAL ORDERS

An important result that originates from the inequality curves regards the partial or-

ders induced by them. Here the definitions.

DEFINITION 6

Let X and Y be two non-negative random variables, both with finite and positive

expectation. X is said to be larger (or more unequal) than Y in the

� partial order based on the Lorenz curve, ðX �L Y Þ, if

LX ðpÞ � LY ðpÞ; or equivalently; GX ðpÞ � GY ðpÞ; 8p 2 ð0; 1Þ

� partial order based on the �ðpÞ curve, ðX �� Y Þ, if

�X ðpÞ � �Y ðpÞ; 8p 2 ð0; 1Þ

� partial order based on the Bonferroni curve, ðX �B Y Þ, if

BX ðpÞ � BY ðpÞ; or equivalently; VX ðpÞ � VY ðpÞ; 8p 2 ð0; 1Þ

� partial order based on the Zenga IðpÞ curve, ðX �I Y Þ, if

IX ðpÞ � IY ðpÞ; 8p 2 ð0; 1Þ:

The partial orders based on inequality curves are related also with other kinds of or-

derings. The next one is the definition of a well-known ordering, particularly useful

in the domain of risk assessment.

DEFINITION 7 (Stochastic dominance of the second order)

Let X and Y be two non-negative random variables, with distribution functions FX

and FY , respectively. X is said to be second-order stochastically dominant over Y

ðX �2 Y Þ, if

!X ðzÞ ¼
Z z

�1
FX ðtÞdt �

Z z

�1
FY ðtÞdt ¼ !Y ðzÞ; 8z 2 R:

All the aforementioned partial orders are related, since the following Lemma

holds (for further details see Shaked and Shanthikumar, 2007; Polisicchio and Porro,

2009).

LEMMA 1

Let X and Y be two non-negative random variables, both with finite and positive

expectation. Then:

X �L Y , X �� Y , X �B Y , X �I Y :

Moreover if EðX Þ ¼ EðY Þ, then it holds that:

X �L Y , X �� Y , X �B Y , X �I Y , X �2 Y :
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The Figure 2 shows some examples of the relationships involved in the Lemma 1.

Three random variables X , Y and W with expected value equal to 1 are represented

through their probability density functions (fX , fY , and fW ), their distribution func-

tions (FX , FY , and FW ), and functions ! as introduced in Definition 7. After that,

their inequaliy curves are drawn.

Using the aforementioned partial orders, it can be observed that the random vari-

able W is less unequal than (and stochastically dominant over) X and Y , while the

random variables X and Y cannot be compared, since their inequality curves intersect.

Nevertheless, it is worth to observe that IX ðpÞ < IY ðpÞ for values of p close to 1.

Taking into account that the behaviour of the Zenga IðpÞ curve in a left neighbour-

hood of 1 is ruled by the second limit in (3), it follows that the right tail of the

probability density function of X is ‘‘less heavy’’ than the one of Y . Vice versa, for

low values of p it can be observed that IX ðpÞ > IY ðpÞ, meaning that the left tail of

the density function of X is ‘‘heavier’’ than the one of Y .

0 1 2 3 4 5

0.
0

0.
5

1.
0

1.
5

2.
0

z

fX(z)

fY(z)

fW(z)

0 1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

z

FX(z)

FY(z)

FW(z)

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.
0

0.
5

1.
0

1.
5

2.
0

z

ωX(z)

ωY(z)

ωW(z)

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p

LX(p)

LY(p)

LW(p)

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p

GX(p)

GY(p)

GW(p)

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p

BX(p)

BY(p)

BW(p)

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p

VX(p)

VY(p)

VW(p)

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p

IX(p)

IY(p)

IW(p)

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p

λX(p)

λY(p)

λW(p)

FIGURE 2. - Graphical representation of Lemma 1

All these observations are confirmed by an analysis of the plot of the probability

density functions, where it is possible to realize that the probability density function

of W takes on higher values around its mode, and it is less spread out than the
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probability density function of Y . On the contrary, the inequality curves of the ran-

dom variables X and Y cross one each other, therefore these two variables cannot

be compared using the partial orders.

These relationships between the probability density functions are well-founded

only if the two random variables have the same expectation. Such final requirement

can be always easily satisfied, whenever the distribution model has a scale parameter.

5. A ‘‘DIFFERENT’’ INEQUALITY CURVE: THE ZENGA-84 CURVE

Beyond the aforementioned curves, in the literature another curve has been proposed

for measuring the inequality. It was initially introduced in Zenga (1984), hence in

the following it will be labelled as Zenga-84 inequality curve ZðpÞ. In the literature

many papers deal with this curve with methodological studies (see Aly and Hervas,

1999; Jedrzejczak, 2013; Dancelli, 1989, 1990; Kleiber and Kotz, 2003; Pollastri,

1987; Arnold, 2015a; Arcagni, 2017) and applications (see Salvaterra, 1990; Zenga,

1991; Jedrzejczak and Kubacki, 2013), just to mention some of them. The definition

of such curve is the following one.

DEFINITION 8

Let X be a non-negative continuous random variable with probability density func-

tion f , strictly increasing distribution function F, and positive finite expectation �.
Let QðxÞ be the first incomplete moment of X , defined by:

QðxÞ ¼ 1

�

Z x

0

tf ðtÞdt:

If F�1ðpÞ and Q�1ðpÞ denote the inverse functions of F and Q, respectively, then

the Zenga-84 inequality curve ZX ðpÞ of X is defined as the relative difference of

F�1ðpÞ with respect to Q�1ðpÞ, that is:

ZX ðpÞ ¼
Q�1ðpÞ � F�1ðpÞ

Q�1ðpÞ ¼ 1� F�1ðpÞ
Q�1ðpÞ ; p 2 ½0; 1�: ð4Þ

As the other inequality curves, also this one originates a synthetic index, by the

following definition.

DEFINITION 9

Let X be a non-negative continuous random variable, with positive and finite ex-

pected value �, and let ZX ðpÞ be the corresponding Zenga-84 inequality curve.

Then the inequality index 	X of the random variable X is defined as

	X ¼
Z 1

0

ZX ðpÞdp ¼ 1�
Z 1

0

F�1ðpÞ
Q�1ðpÞ dp:

As shown in Figure 3, it is interesting to note that the ZðpÞ curve always assumes
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values in the interval ½0; 1�, and it satisfies the ‘‘increasing ranking’’ as described in

Arcagni and Porro (2014). Such feature can be emphasized, by considering the par-

tial orderings. As for the other curves, a partial order based on ZðpÞ can be defined

in the following way.

ζX
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0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p

Z
X
( p
)

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

p

ZX(p)

ZY(p)

ZW(p)

FIGURE 3. - The Zenga-84 inequality curve ZðpÞ and the inequality index 	 (left panel).
The Zenga-84 curve for the same variables X, Y, W used in Figure 2 (right panel)

DEFINITION 10

Let X and Y be two non-negative random variables, both with finite and positive

expectation. X is said to be larger (or more unequal) than Y in the partial order

based on the Zenga-84 ZðpÞ curve, ðX �Z Y Þ, if

ZX ðpÞ � ZY ðpÞ; 8p 2 ð0; 1Þ

This curve is ‘‘different’’ from the others, since there are no results stating that the

partial order based on this curve is equivalent to the partial order based on one of

the other inequality curves considered in the previous sections. This means that if

one random variable is more inequal than another one in the ordering based on the

Lorenz curve (or based on one of the other curves), it is not (almost yet) proved that

the same relationship holds for the order based on the ZðpÞ curve, and vice versa.

An important characteristic of the Zenga-84 curve is that it is constant for the

classical lognormal distribution: if the random variable X has a distribution given by

formula (2), with parameter � ¼ 1, then:

ZX ðpÞ ¼ 1� e��2
2 ; 8p 2 ½0; 1�: ð5Þ

6. DETAILS OF THE ANALYSIS

As mentioned in the previous sections, the aim of this paper is a detailed analysis

regarding the role of the distribution parameters from the inequality point of view.

To do this, one (or even more) tool for evaluating the inequality has to be chosen.

In the previous sections several inequality curves have been defined.
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The distribution models introduced in Section 2 have been selected for this analy-

sis basically for two main reasons. The first one is that they are the most used models

for representing the income in the literature; the second one is related to the number

of their parameters. All these models have just three parameters.

For all the models, one parameter (or a function of it) plays the role of scale para-

meter, therefore it does not affect the inequality at all, meaning that all the inequality

indicators do not depend on it. The remaining two parameters are instead related to

inequality: in each model, if one is fixed, the other one is a direct or inverse inequal-

ity indicator. This means that a variation of the value of such parameter modifies the

inequality level.

Beyond the aforementioned parameter classification, the present analysis will try

to identify the parameters that mainly affect only a part of the distribution, for in-

stance the lowest or the biggest values. Many papers in the literature about inequality

and income distributions deal with this kind of analysis (see for example Dagum,

1977, 1980; Dancelli, 1989; Garcia Perez and Prieto Alaiz, 2011). The analysis will

be illustrated by using graphs, and supported by analytical considerations. The

graphs will show the inequality curves of the models using parameters ranges con-

taining the most usual values observed in the applications from the real data. Ex-

treme values are also considered for providing a more complete set of considerations.

In order to restrict the number of figures, the present paper describes the results

by showing only two inequality curves. Among all the curves described in Section 3,

the Zenga IðpÞ curve is considered but, for the aforementioned relationships about

partial orders, the same results hold also for the other curves of the section. The

choice of the IðpÞ curve is justified by the fact that the graphical analysis is more im-

mediate since the differences among the curves are easier to be remarked. That hap-

pens also at both the extremes of the interval ½0; 1�: as previously remarked, in those

values of p, the value of the IðpÞ curve depends on the distribution, therefore also

the behaviour of such curve in their neighbourhood captures some features of the

models, that are not caught by all the other inequality curves. The second drawn

curve is the Zenga-84 one, for its characteristics already detailed in the previous sec-

tion, which differ from the other curves.

The plots in this Section have been realized by using the Software R (R Core

Team, 2015). Since a closed-form expression of the considered inequality curves

does not exist for all the examined distribution models, in some cases a numerical

approximation has been used.

6.1 The Pareto Type II model

The formula of the IðpÞ curve for the Pareto Type II model is:

IðpÞ ¼
� ð1� pÞ�1=� � 1
h i

p ð�� 1Þð�� 1Þ þ �ð1� pÞ�1=�
h i ; p 2 ð0; 1Þ:
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Figure 4 shows the IðpÞ and the ZðpÞ curves for such distribution with different

combinations of parameters. As expected it highlights that whether one parameter is

fixed, the other one is an inverse inequality indicator (more details regarding the

roles of the parameters are described in Arnold, 2008, 2015b). This characteristic

can be observed in the rows and in the columns of the figure: if one parameter is

fixed and the other one increases then the two inequality curves move to the bot-

tom. More in detail, � modifies the shape of the inequality curves by affecting the

inequality in the whole distribution; the parameter � affects the left tail and the cen-

ter of both the curves mainly for low values of �. Moreover, the IðpÞ curve as-

sumes different values in a right neighbourhood of 0, since the minimum value of

the support of the variable depends on �.

θ = 0.5

θ = 1

θ = 1.5

θ = 2

θ = 4

α = 1.5 α = 3 α = 4 α = 5 α = 10

FIGURE 4. - IðpÞ (continue) and ZðpÞ (dashed) curves of the Pareto Type II model

6.2 The generalized lognormal model

In the literature, a closed-form expression of the IðpÞ and ZðpÞ curves for the gener-

alized lognormal model has been found only for the special case where � ¼ 1,

which corresponds to the usual lognormal distribution. For this reason, as previously

argued, the graphs of both the curves (for � 6¼ 1) have been obtained by numerical

calculations. In Figure 5 some IðpÞ and ZðpÞ curves of the generalized lognormal

model are shown. The parameter �1 is a transformation of the scale parameter,
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therefore it does not affect the inequality. When � is constant, �2 ‘‘lifts up’’ both

the inequality curves along their entire length. On the contrary, � is an inverse in-

equality indicator and its most relevant influence is on the right tail. The support of

the variable does not depend on any of the shape parameters, in fact the extreme va-

lues of the IðpÞ curve are always equal to one, but the behaviour of such curve for

low values of �2 suggests that in these cases the model has not heavy tails. For the

generalized lognormal model with � ¼ 1 the ZðpÞ curve is a straight line, with

equation given by (5). It is interesting to observe that the Zenga-84 curve is convex

for � < 1 and concave for � > 1.

θ2 = 0.3

θ2 = 0.5

θ2 = 1

θ2 = 1.5

θ2 = 2

α = 0.5 α = 1 α = 1.5 α = 2 α = 4

FIGURE 5. - IðpÞ (continue) and ZðpÞ (dashed) curves of the generalized lognormal model

6.3 The Singh-Maddala model

The Zenga inequality IðpÞ curve for the Singh-Maddala model is given by:

IðpÞ ¼
p� � 1� ð1� pÞ

1
q ; 1þ 1

a
; q� 1

a

� �
p 1� � 1� ð1� pÞ

1
q ; 1þ 1

a
; q� 1

a

� �h i ; p 2 ð0; 1Þ;

where �ðx;�; �Þ denotes the regularized incomplete Beta function, defined by:

�ðx;�; �Þ ¼ 1

�ð�; �Þ

Z x

0

t��1ð1� tÞ��1; x 2 ½0; 1�; � > 0; � > 0:
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Figure 6 shows the behaviour of the two inequality curves for different values of

the shape parameters of the Singh-Maddala model. The analysis by columns of the

grid of plots shows that the parameter q is an inverse inequality indicator, and that

it does not affect the behaviour of the IðpÞ curve near the boundaries. The rows of

the grid show that a is an inverse inequality indicator too, but it has more influence

for extreme values of p. Moreover the remarkable asymmetric U-shape of the IðpÞ
curve reveals that the large values of the variable provide a lower contribution to

the inequality level than the small ones. This feature can be observed more clearly

by the decreasing trend of the ZðpÞ curve. It is worth noting that for this curve, for

low values of a, the parameter q affects also the right tail. More details regarding

the role of the parameters from the inequality point of view can be found in Wil-

fling and Kramer (1993) and Kleiber (1999).

q = 2.5

q = 5

q = 7

q = 9

q = 20

a = 1 a = 1.5 a = 2 a = 3 a = 5

FIGURE 6. - IðpÞ (continue) and ZðpÞ (dashed) curves of the Singh-Maddala model

6.4 The Dagum model

The formula of the Zenga IðpÞ curve for the Dagum model is:

IðpÞ ¼
p� � p

1
� ; �þ 1

� ; 1� 1
�

� �
p 1� � p

1
� ; �þ 1

� ; 1� 1
�

� �h i p 2 ð0; 1Þ:
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A deep investigation about the roles of the parameters from the inequality point of

view can be found in Dagum (1977) and Dancelli (1989).

The plots of the IðpÞ and ZðpÞ curves for Dagum model provided in Figure 7

confirm that both the shape parameters are inverse inequality indicators, but the in-

fluence of the parameter � is more evident for low values of p, while the parameter �
has a more regular effect on the whole curves. These characteristics of the parameters

are coherent with the ones obtained in Dancelli (1989).

δ = 2

δ = 3

δ = 5

δ = 7

δ = 10

θ = 0.3 θ = 0.5 θ = 0.7 θ = 2 θ = 3

FIGURE 7. - IðpÞ (continue) and ZðpÞ (dashed) curves of the Dagum model

6.5 The Zenga model

As for the lognormal model, in the literature a closed-form expression for the IðpÞ
curve of the Zenga distribution is not available. For this reason, all the plots in this

subsection have been obtained numerically.

The features of the parameters, from the inequality point of view, are investigated

in Arcagni and Porro (2013) and Porro (2015). From Figure 8 it can be observed that

� is an inverse inequality indicator and � a direct one. Both the shape parameters in-

fluence the whole two inequality curves, even if, only for big values of the parameter

�, the effect of � on the ZðpÞ curve seems to be more significant for values of p

around 0.5. From the grid of the plots, it can be observed that the two curves seem

to be quite symmetric, mainly as � increases.
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θ = 0.75

θ = 1

θ = 2

θ = 3

θ = 7

α = 0.75 α = 1 α = 2 α = 3 α = 7

FIGURE 8. - IðpÞ (continue) and ZðpÞ (dashed) curves of the Zenga model

6.6 Summary of the results

Table 1 summarizes the results of the analysis. Each shape parameter of the consid-

ered distribution model has been classified as Direct or Inverse inequality indicator.

Moreover, for the two considered inequality curves, the areas of the distribution

most influenced by each parameter are highlighted, by using a ‘‘x’’ mark.

7. CONCLUSIONS

This paper focuses on the comparison of income distribution models through their

inequality curves. Five of the most representative models have been selected be-

cause they can be considered suitable for such comparison. Such analysis is inspired

by the one described in Dancelli (1989). The present analysis is performed by using

two inequality curves: the IðpÞ and the ZðpÞ curves. The former has been selected

for representing other inequality curves, which originate equivalent partial orderings;

the latter because of its characteristics, quite different from the ones owned by all

the other inequality curves. The distribution models are chosen with the same num-

ber of parameters, and they are parametrized in order to have two shape parameters
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and a scale parameter. This setting allows to perform comparisons and to provide

some interesting conclusions regarding the shape of the probability density functions

with the same expectation. Even if in some cases the two curves look different, it is

also important to remark the considerable coherence of the results summarized in

Table 1: the differences are very limited, and confirm the adequacy of both these

tools to measure the inequality degree.
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