FOURTH ORDER EQUATIONS OF CRITICAL SOBOLEV
GROWTH. ENERGY FUNCTION AND SOLUTIONS OF
BOUNDED ENERGY IN THE CONFORMALLY FLAT CASE

VERONICA FELLI, EMMANUEL HEBEY, AND FREDERIC ROBERT

ABSTRACT. Given (M, g) a smooth compact Riemannian manifold of dimen-
sion n > 5, we consider equations like
#_
Pyu = w2 7L

where Pyu = Agu + aAgu + aqu is a Paneitz-Branson type operator with
2n

n—4
is critical from the Sobolev viewpoint. We define the energy function E,, as

constant coefficients a and aq, w is required to be positive, and 2f =

the infimum of E(u) = ||uH§§ over the u’s which are solutions of the above
equation. We prove that E,(a) — 400 as @ — +o0o. In particular, for any
A > 0, there exists g > 0 such that for @ > «g, the above equation does not
have a solution of energy less than or equal to A.

In 1983, Paneitz [23] introduced a conformally fourth order operator defined
on 4-dimensional Riemannian manifolds. Branson [1] generalized the definition to
n-dimensional Riemannian manifolds, n > 5. Such operators have a geometrical
meaning. While the conformal Laplacian is associated to the scalar curvature,
the Paneitz-Branson operator is associated to a notion of @-curvature. Possible
references are Chang [2] and Chang-Yang [3]. When the manifold (M, g) is Einstein,
the Paneitz-Branson operator PB, has constant coefficients. It expresses as

PBy(u) = Aju+ alAgu + au (0.1)
where A, = —divgV and, if S is the scalar curvature of g,
n?—2n—4 (n—4)(n? —4)
= ——""5 d a=—""—_"152
T ontn—1) 77 ™ T THenn—_1)2 0

are real numbers. In particular,

55

G

~| 8],

The Paneitz-Branson operator when the manifold is Einstein is a special case of
what we usually refer to as a Paneitz-Branson type operator with constant coeffi-
cients, namely an operator which expresses as

Pyu = Agu +alAgu+au, (0.2)
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where «,a are real numbers. We let in this article (M, g) be a smooth compact
conformally flat Riemannian n-manifold, n > 5, and consider equations as

Pyu = uz“—l )
where P, is a Paneitz-Branson type operator with constant coefficients, u is required
to be positive, and 2F = % is critical from the Sobolev viewpoint. In order to fix
ideas, we concentrate our attention on the equation
A% f_
(Ag+§) u=u*"1, (Ey)

where a > 0. We let H2 be the Sobolev space consisting of functions u in L? which
are such that |Vu| and |V?u| are also in L?, and let

So = {u € H} s.t. uis a solution of (E,)} .

It is easily seen that the constant function T, = (a2/4)("~4/% is in S, for any a.
In particular, S, # (). Extending to fourth order equations the notion of energy
function introduced by Hebey [15] for second order equations, we define the energy
function E,, of (E,) by
E = inf F
w(@) = inf Bu),

where E(u) = [, |u|2ﬁdvg is the energy of w. It is easily seen that E,,(a) > 0 for
any « > 0. Our main result is as follows. An extension of this result to Paneitz-
Branson operators with constant coefficients as in (0.1)-(0.2) is in section 2.

Theorem 0.1. Let (M, g) be a smooth compact conformally flat Riemannian man-
ifold of dimension n > 5. Then
lim E,,(a)=400.

a——+00

In particular, for any A > 0, there exists ag > 0 such that for a > ag, equation
(Ew) does not have a solution of energy less than or equal to A.

As we will see below, there are several manifolds with the property that (E,) has
nonconstant solutions for arbitrary large o’s, and with the property that E,,(«)
is not realized by the constant solution u,. Such a remark is important since, if
not, then Theorem 0.1 is trivial. Theorem 0.1 in the easier case of second order
operators was proved by Druet-Hebey-Vaugon [9].

Let Ky be the sharp constant in the Euclidean Sobolev inequality
[pllas < KollAellz2,

where ¢ : R™ — R is smooth with compact support. The value of K was computed
by Edmunds-Fortunato-Janelli [10], Lieb [18], and Lions [20]. We get that

Ki? = w?n(n — 4)(n? — 4)T (g)“/ ")

where I'(z) = [t 'e~'dt, z > 0, is the Euler function. The answer to the sharp
constant problem for the H2-Sobolev space, recently obtained by Hebey [16], reads
as the existence of some « such that for any u € H3(M),

. 2/2¢
(/ |u|? dvg> < Kg/ (Pyu) udvyg
M M
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where P,u is the left hand side in equation (E,). This is in turn equivalent, the
proof of such a claim is not very difficult, to the existence of some «a such that
En(a) > K /2 Quch a statement requires the understanding of the asymptotic
behavior of a sequence of solutions of (E,) which blows up with one bubble. The
more general Theorem 0.1 requires the understanding of the more difficult situation
where the sequence blows up with an arbitrary large number of bubbles.

Fourth order equations like equation (E,) have been intensively investigated
in recent years. Among others, possible references are Chang [2], Chang-Yang [3],
Djadli-Hebey-Ledoux [4], Djadli-Malchiodi-Ould Ahmedou [5], [6], Esposito-Robert
[11], Felli [12], Gursky [13], Hebey [16], Hebey-Robert [17], Lin [19], Robert [24],
Van der Vorst [25], [26], and Xu-Yang [27], [28].

Section 1 of this paper is devoted to the proof that there are several manifolds
with the property that (E,) has nonconstant solutions for arbitrary large a’s, and
such that E,,(«) is not realized by the constant solution @,. In section 2 we discuss
a possible extension of Theorem 0.1. Sections 3 to 8 are devoted to the proof of
this extension, and thus, to the proof of Theorem 0.1.

1. NONCONSTANT SOLUTIONS

We claim that there are several manifolds with the property that (E,) has
smooth positive nonconstant solutions for arbitrary large a’s, and such that E,,(«)
is not realized by the constant solution u,. We prove the result for the unit sphere
S™ in odd dimension, and for products S' x M where M is arbitrary.

1.1. The case of S™. We let (5™, h) be the unit n-sphere. We claim that for n
odd, equation (E,, ) on S™ possesses a smooth positive nonconstant solution for a
sequence (ay) such that a — 400 as k — +o0, with the additional property that
E,.(ay) is not realized by the constant solution u,,. Writing that n = 2m + 1, we
let {2}, j =1,...,m+ 1, be the natural complex coordinates on C™*!. Given k
integer, we let G, be the subgroup of O(n + 1) generated by

2im

zj— ek z;,

where j = 1,...,m + 1. We let also w be a smooth nonconstant function on S™
having the property that wo o = w for any k and any ¢ € Gj. For instance,
U(z1, - 2me1) = |21]2. Tt is easily seen that G}, acts freely on S™. We let Py be

the quotient manifold S™/Gj, and hy be the quotient metric on Py. We let also
uy, = u/Gy, be the quotient function induced by @ on P,. We know from Hebey [16]
that there exists B such that for any smooth function u on Py,

BQ
2
e < 55 [ (00)” v, + BRIVl + 2l
k

where K is the sharp constant in the Euclidean inequality ||¢|l2r < Kol|lApll2,

¢ smooth with compact support. The value of Ky was computed b_y Edmunds-
Fortunato-Janelli [10], Lieb [18], and Lions [20]. We let By(hy) be the smallest
constant B in this inequality. Then,

Bo(hy)?
Julle < 83 [ (Snyu)? don, + Bohe) ol + 20 g

Py,
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2/n

Taking u = 1, it is easily seen that Bg(hy) > 2Vh_k , where V},, is the volume of Py
2/n

with respect to hg. First, we claim that for k sufficiently large, Bo(hy) > 2V, 7
If not the case, then for any k,

[ 13 < K&/ (An, ) dop, + QKOVhZQ/nHVHkH% + Vh;4/n||ﬂk||g .

Py

Noting that

1
/ (TP dop, = & / T dop |
. k Jsn

where p is any real number, and T is either the identity operator, the gradient
operator, or the Laplace-Beltrami operator, we get that, for any k,

o K3 o 2Kown ™
e < o [ (Ana)? dun + 2 |Vl + il

where w,, is the volume of the unit sphere. Letting k — +oo, this implies that

# 2/2 1
</ |ﬂ‘2 dvh) < 7 / ﬂszh
n W n

and this is impossible since @ is nonconstant. The above claim is proved, and

Bo(hg) > 2Vh_,€2/ " for k sufficiently large. We let now oy, be any real number such

that 2Vh;2/n < ag < Bg(hg), and let
. ka (PfILCk ’LL) Udvhk
)\k = inf D) 5
e H3\{0} [l |5

where
A N2
k Qg

and & = akKo_l. Since ay < Bg(hg), we get with the definition of Bg(hy) that
Ay < Ky 2. Then it follows from basic arguments, as developed for instance in
Djadli-Hebey-Ledoux [4], that there exists a minimizer uy for Ag. This minimizer
can be chosen positive and smooth. Clearly, u is nonconstant. If not the case,
then

A

4

Since 2Vh;2/ " < ay, the left hand side in this equation is greater than 1. Noting
that the right hand side is less than 1, we get a contradiction. Up to a multiplicative
positive constant, uy is a solution of

N 2
[0 g_
O

If @y, is the smooth positive function on S™ defined by the relation @ /Gy = ux,
then 4y, is a nonconstant solution of (Es, ) on S™. Since th — 400 as k — 400,
we have that &y — +o0o as k — +o0o. Summarizing, we proved that for n odd,
equation (Fg,) on S™ possesses a smooth positive nonconstant solution 4y for a
sequence (éy) such that &, — 400 as k — +o00. Noting that E(ix) < E(tUq, ), this
proves the first claim we made in this subsection.

=\ K3 .
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1.2. The case of S' x M. We let (M,g) be any smooth compact Riemannian
manifold of dimension n — 1, and let S*(¢) be the circle in R? of center 0 and radius
t > 0. We let My = S'(t) x M, and g; = hy + g be the product metric on M;. We
claim that equation (E,, ) on M; possesses a smooth positive nonconstant solution
for a sequence (ay) such that oy — 400 as k — 400, with the additional property
that E,,(ag) is not realized by the constant solution ,,. Given k integer, we let
Gy, be the subgroup of O(2) generated by

2im

z—ek z.

We regard G, as acting on My by (z,y) — (0(x),y), and My/Gy = M. We let @
be a smooth nonconstant function on M, and let w; be the function it induces on
M, by ui(z,y) = u(y). Then w00 =, for all 0 € G,. We know from Hebey [16]
that there exists B such that for any smooth function u on M;,

B2
lull3: < K& /M (Ag,u)* dvg, + BEo||Vul3 + - ulz

where Kj is the sharp constant in the Euclidean inequality [|i]los < Ko|lAwpll2, ¢
smooth with compact support. We let By(g;) be the smallest constant B in this
inequality. Then,
Bo(g:)
2 09t
ull3: < KOQ/ (Ag,u)” dvg, + Bo(ge) Kol Vull + == =Ilul3 -

Py

Taking u = 1, it is easily seen that By(g;) > 2Vg:2/ " where Vj, is the volume of M;
2/n

with respect to g;. First, we claim that for &k sufficiently large, Bo(g1/x) > 2Vy, /.

If not the case, then for any k,

_ 2 ol A ni—
[T /ell3 < K§ /M (Ag,, U1/k) dug, , + 2K0%1/2,€/n||vu1/k||§ + Vglf,f”\lul/kllg .
1/k

Noting that

1 _
/ |Tﬂ1/k|pdvgl/k = E/ |Tul|p dvg,
Mk M,y

where p is any real number, and T is either the identity operator, the gradient
operator, or the Laplace-Beltrami operator, we get that, for any k,

_ K2 2 2K Ve " a/nym
Il < o [ (B dog + 20— [V 3+ Vi
1
Hence,
_ K2(2m)4/n o 2(2m)/ " KoV 2 i
[l < S0 [ (80 dvy + 2TV + v,

where Vj is the volume of M with respect to g. Letting k — +o00, this implies that

i 2/2* 1
</M |ﬂ|2 dvg) = i /M Edeg
g

and this is impossible since @ is nonconstant. The above claim is proved, and

Bo(g1/k) > 2Vg:/2k/ " for k sufficiently large. We let now oy, be any real number such
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that 2V, 2/™ B d let
a g < ay < Bo(g1/1), and le

1/k
k
fMl/k (Pgl/ku) udvg, ,,

A\ = in
" wemi\ (o) ull2,

)

where

SN
k _ Qg
Pgl/k“ = <Agl/k + 2) u

and & = oszo_l. Since ay < Bg(hg), we get with the definition of Bg(hy) that
Ay < Ky 2. As above, it follows from basic arguments that there exists a minimizer
u for A\p. This minimizer can be chosen positive and smooth. Clearly, uy is
nonconstant. If not the case, then
oy 4/n
akvth/k _ )\ng )

4
Since 2‘/;:/2,{ " < qy, the left hand side in this equation is greater than 1. Noting
that the right hand side is less than 1, we get a contradiction. Up to a multiplicative
positive constant, u is a solution of

~ 2
Q. t_
(Agl/k + 2) U = ’u,i 1 .

If @y, is the smooth positive function on M; defined by the relation ax/Gr = ug,
then 4y, is a nonconstant solution of (Fs, ) on M;. Since Vg:/lk — 400 as k — +o00,
we have that &, — +00 as k — +00. Summarizing, we proved that equation (Es, )
on M; possesses a smooth positive nonconstant solution 4y for a sequence (éy)
such that & — 400 as k — +o00. Noting that E (i) < E(TU,,), this proves the

first claim we made in this subsection.

2. EXTENDING THEOREM 0.1 TO A MORE GENERAL EQUATION

Theorem 0.1 can be extended to more general equations than (E, ). Given (M, g)

smooth, compact, conformally flat and of dimension n > 5, we consider the equation
i

Agu +algu+agu=u®"", (E.)

where A, and 2* are as above, and where o, a, > 0. Equation (E/) reduces to

equation (E,) when a, = a?/4. We let S’, be the set of functions u in H5 which
are such that u is a solution of (E!,), and define the energy function E!, of (E!) by

E! (o) = inf E(u),

m ueS

where E(u) is as above. We assume that:
(Al) aq < %2 for all a, and
(A2) %= — 400 as a — +00.

These assumptions are clearly satisfied when dealing with (E,), since in this case
ao = a2 /4. We claim that when (A1) and (A2) are satisfied,

lim E! (a)=+oc0. (2.1)
a—+00

In particular, it follows from (2.1) that for any A > 0, there exists oy > 0 such that
for a > ay, equation (E’) does not have a solution of energy less than or equal
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to A. As an easy remark, such a result is false without any assumption on the
behaviour of a,. For instance, it is easily checked that E/ (a) < ag/ 4Vg where Vj
is the volume of M with respect to g, so that E! («) is bounded if a, is bounded.
As another remark, if we assume in addition that a, is increasing in «, then, with
only slight modifications of the arguments developed in section 1, we get that there
are several manifolds with the property that (E,) has smooth positive nonconstant
solutions for arbitrary large a’s. As in section 1, such a result holds for the unit
sphere in odd dimension, and for products S' x M. A key point in getting (2.1) is
the decomposition

Af]u +algu+ aqu = (Ay +co) (Ag +do) (2.2)

where ¢, and d, are positive constants given by

o o? o o2
Y - =2 /2 .. 2.
Co 5 + 1 ao, and dg, 5 1 Qo (2.3)

The rest of this paper is devoted to the proof of (2.1). Since (2.1) is more general
than Theorem 0.1, this will prove Theorem 0.1.

3. GEOMETRICAL BLOW-UP POINTS

Given (M, g) smooth, compact, of dimension n > 5, we let (u,) be a sequence
of smooth positive solutions of equation (E,). As a remark, it easily follows from
the developments in Van der Vorst [25] or Djadli-Hebey-Ledoux [4] that a solution
in HZ of equation (E,) is smooth. We assume that for some A > 0, E(u,) < A for
all a, and that (A1) and (A2) of section 2 hold. We let

R 1
U = Uq
llwal2s
so that ||@qlos = 1. Then,
. _ _ _of ~
Azua + alAglg + aalla = )\aui L (Ey)

where A\, = Hua||zé(n_4). In particular, Ao, < A*™. Multiplying (E,) by @a and

integrating, we see that
i a0,

where ||.|[ 72 is the standard norm of the Sobolev space H{ (M) (see for instance
Hebey [14]). In particular, blow-up occurs as o« — +oo. Following standard termi-
nology, we say that xg is a concentration point for the i, ’s if for any 6 > 0,
E&ig/ ¥ dv, >0,
By (9)
where By, (0) is the geodesic ball in M of center zo and radius 6. The @, ’s have at

least one concentration point. We claim that the two following propositions hold:
up to a subsequence,

(P1) the 4, ’s have a finite number of concentration points, and

(P2) @ — 0in CP  (M\S) as a — +oco

loc

where S is the set of the concentration points of the u,’s. The rest of this section
is devoted to the proof of (P1) and (P2).
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Propositions (P1) and (P2) are easy to prove when discussing second order equa-
tions. There are a little bit more tricky when discussing fourth order equations. We
borrow ideas from Druet [7]. We start with the following theoretical construction
by induction. First, we let 21, € M be such that

i (zk) = grga[(ﬂa(z) .

Clearly, i (7)) — 400 as a — +o00. Assuming that z!,..., 2% are known, we let
m!, be the function

n—4

2

mi (x) = (j in.f“’l_ dg(xg,m)> Uo (),

=1,

where d, is the distance with respect to g. If

limsup | maxm? (z) | < +oo
Ot**JrO(l.? (ZEEM a( ))

we end up the process. If not, we add one point and let z%! be such that
i, (@) = maxe i, (2)
We also extract a subsequence so that m! (z5t1) — +o00 as a — +oo. We let S,

be the set of the x%’s we get with such a process. We let also mf = i,.

Our first claim is that there exists N integer and C' > 0 such that, up to a
subsequence,

So={xl,....zl} (3.1)
and
n—4
) 2
(‘_%nf ng(xfl,:r)) Uo(z) < C (3.2)
for any a and any x in M. In order to prove this claim, we assume that we have k
such x!’s and, for i = 1,...,k, we let u!, be such that

i () = ()~
It is clear that pi, — 400 as a — +00. Given & > 0 less than the injectivity radius
of (M,g), we let v be the function defined on By(6/ul,), the Euclidean ball of
center 0 and radius §/ut , by

vh (@) = (116) "7 (exps (1))

where eXPyi is the exponential map at z?,. By construction,
. . n—4
dg (g, ) ) o
ey
and this quantity goes to +00 as @ — 400. It easily follows that for alli =1, ... k,
and all j < i,

i—1 —
i ()= i

dg(xfu xij)

lim , =400 (3.3)
a——400 :U’fl
and that either o
dg(x?,,
i DWorTa) _ (3.4)

a——+00 ,U/{)z
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or
do(zi i i
M =0(1) and 2 =o(1). (3.5)
Mo Ha
In order to see that either (3.4) or (3.5) hold, just note that
dh_dy(ehod) b
W b dy(aah)
Given z € Bo(6/pt) we write that
o wa (e e)) it (expg (b))
U(lx (1') = U (;z ) = . _a . )
(@ Dy, (expus (14:2) ) ualwh)

where
4

Di(z) = mindy(z], )= .
7<t

Noting that

dy (s exp,s (142)) = dy(ahah) = pblal

> d Z‘J,.T’La 1—70(,23
> dy(x, )( %(xé,x;)' )

we get with (3.3) that for any compact subset K of R, and any = € K,

. . 1 o

dy (2, exp,s (142)) = (), 22)

as soon as a >> 1. Since in addition m’ !(y) < mi 1(xl) for all y in M, we get
that for any compact subset K of R, and any = € K,
vy, (z) < Q%M =2 T
D () ua(z?,)
provided that o > 1. It follows that the v{’s are bounded on any compact subset
of R™. Now we let g, be the Riemannian metric given by

ga(@) = (expl; 9) (uba) -
Let £ be the Euclidean metric. Clearly, for any compact subset K of R", g, — &

in C?(K) as a — +00. Moreover, it is easily checked that

Agavi +abl Ay v+ g0l = )\a(vi)ﬂ_l , (3.6)

9aVa
where 6%, = (1i,)? and 07, = (u},)*. Equation (3.6) can be written as

[(Ag. + cabl) o (Ay, +dabl)] vl = A (03)¥ 1, (3.7)
where ¢, and d, are given by (2.3). We let

wi = Ay v+ da0i0l

Noting that

wi (@) = (u)? (Agﬁa + daﬂa) (exng (uéx)) (3.8)
and that

(8 + ca) (Aglie + daiia) > 0
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we easily get that w?, > 0. Coming back to (3.7) it follows that
Ay wh < A (v8)2 1
Given € > 0 we write that
Ag, (we)'Fe = (1+e)(wy) Ag,wy, — e(1+ )| Vay, [ (wg) ™!
S ()i Dy, < (L+)ha(vh)? ™ (wh)*

Let R > 0 be given. Since the v’ ’s are bounded on any compact subset of R™, and
since the \,’s are bounded, we get that there exists C' > 0, independent of «, such
that

Ag, (wy)' ™ < Clwy,)
in Bo(3R). Applying the De Giorgi-Nash-Moser iterative scheme, with £ > 0 small,
we can write that for any p, there exists C'(p) > 0, independent of «, such that

i \14¢ 14e
pomax (we) (@) < Cp) (Iwa) "l e Bozry) + 1 (W) L2/2 (8o (2R))) -

Taking p = 2/(1 + ¢), it follows that

zggﬁfm(wg)us(ﬁ) < Cllwillze sy 2ry) (1 + Wi Lz (so2r)) - (3.9)

Independently, we easily get with (3.8) that

/ (wi)?dv,, = / (Agiig + dafiia)? dvg
Bo(2R) B, (2Ruf)
< / (Ao + daiia)” dvg, .
M
Multiplying (Ea) by @, and integrating over M,

/ (Ayiia)?dvg + a/ |Viig|*dvg + aa/ i2dvg = A (3.10)
M M M
so that
/ (Ayiiy)?dvy = O(1) and aa/ a2dv, = O(1) .
M M

Noting that d, < y/aq, it follows from the above equations that

/ (w!)2dv,, = O(1)
Bo(2R)

and then, thanks to (3.9), that the w!’s are bounded in By(R). Since R > 0 is
arbitrary, we have proved that the w?’s are bounded on any compact subset of R™.
Coming back to the v?’s, mimicking what has been done above, we let £ > 0, and
write once again that

Ay, (02)'" = (L+e)(va) Ay, v — e(1+€)[Vg [ (v,)
(1 +2)(va) Ag, v < (1+2)wp, (vg)" -

Since the w’’s are bounded on any compact subset of R", it follows from this
equation and the De Giorgi-Nash-Moser iterative scheme that for any R > 0, and
€ > 0 sufficiently small, there exists C' > 0, independent of «, such that

IN

7 \1+ 7 7
mef%?f(m(%) () < Cllogllz2(o2ry (1 + IWallL2(Bo2r))) -
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Since v¢,(0) = 1, we have proved that for any R > 0, there exists Cr > 0, indepen-
dent of «, such that for any «,

/ (v))2dv,, > Cr . (3.11)
Bo(R)

Independently, it is easily seen that

ég/ (’Ué)zd{}ga :/ ﬂidvg.
Bo(R) By (Rui)

Hence, thanks to (3.10) and (3.11), the ao0?’s are bounded. Since dy < \/aq, it
comes that the d,0?’s are also bounded. Noting that

Ag, v + dabvy, = wg,
and thanks to standard elliptic theory, we then get that the v’’s are bounded in
CL*(R™), 0 < s < 1. In particular, there exists v € C'(R™) such that, up to a

loc .
subsequence, v!, — v in C}_(R™) as & — +o0o. From this and (3.10), noting that

9;/ |Vl |2 dv,,, :/ |Viig|?dv,
Bo(R) B,; (Rui,)

we easily get that
0493/ |Vol2dz = O(1) .
Bo(R)

Since

[ = [ <1
Bo(R) B, (Rui)

we must have that fBo(R) |Vo|?dx > 0. Tt follows that the af’’s are bounded.
Then, up to a subsequence, we can assume that
lim aefx =X and lim aaéé =put.
a——+00 a——+00

Clearly, the c,0%’s and d,0’’s are also bounded. Coming back to (3.7), and thanks
to standard elliptic theory, we get that the v’,’s are bounded in C?O’CS (R"),0<s< 1.
In particular, still up to a subsequence, we can assume that v!, — v in Cl‘loc(R”)
as o — +oo. Here, v € C*(R"), and v(0) = 1. We can also assume that v is in
D3(R™), where D3(R") is the homogeneous Euclidean Sobolev space of order two
for integration and order two for differenciation, and that A, — Ay as a — +oo.

Passing to the limit & — 400 in (3.6), it follows that
A0 + N A 4 plo = )\001)2”71 .
Thanks to the result of section 4 we then get that A’ = u’ = 0, so that
A2y = Aov? L.

As a remark, Ao, > 0, since if not, @, — 0 in H3(M) as a — +oo, contradicting
the normalisation condition [|@y|lss = 1. Thanks to the work of Lin [19], see also
Hebey-Robert [17], we then get that

n—4

A 2
)\1/(2n,2) =cCn | 2
o0 V(@) =c 1+ M|z — z0/? ’
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where Ao > 0, 20 € R", and ¢, = (n(n — 4)(n? — 4)) "/

/ Ugﬁd.’b — % ,
. Pk

where, as in section 1, K is the sharp constant in the Euclidean Sobolev inequality
lella: < Kol|Ap|l2- Then we can write that

. In particular,

~of iy24 1
us dv, = / (ve)* dvy, = ——=—= +0(1) +er, (3.12)
/B a0 ey T (A KR)E

2t
‘ﬁcy

where o(1) — 0 as & — +o00, and eg — 0 as R — +4oo. Still in the process of
proving (3.1) and (3.2), we now prove that the local energies carried by the z%’s
can be added. Given R > 0, and m integer, we let

= By (i)
i=1
Obviously [, @2 dv, < 1 since Q™ C M. We let
Q3 = QT INULL (Bag, (o) \Bag (Bu))

Then
Qy C U?:f (Bw’a (R/JZ) N By (R/‘Zl)) (3.13)

/ a2 dv, = / % dv, + / a2 dv, — / a2 dv, . (3.14)
Qp By (Rp) ot Qg

We investigate the last term in the right hand side of (3.14). Thanks to (3.13),

m—1
ot ot
[ uidvgg E / uid"ug.
i=1 /B

a vt (RUE)N B (Rt

and

Let i < m. We know from (3.3) that

7 m
fim Ge@ard) _
a—+oo  uUR
If in addition )
d 3 m
i JolTata) _ (3.15)

R s
then By (Rpl,) () Bem (Rul') = 0. If (3.15) is false, then, thanks to (3.5),
dg (zzw IZL)

Ha
We let Ry = Bo(R) ()R where

=0(1) and p =o(ul) . (3.16)

Ro = = expi,! (Bag (Ril)

Then, since the v’,’s are bounded on compact subsets of R™,

~of iy2*
[ oy = [ ()% duy, < CIRal
BT’& (R/‘a)anQ (R/"gl) Ra
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where |R,| is the Euclidean volume of R, and C > 0 is independent of . It is
easily seen that [Ra| < C (u™(pi,)~')", where C' > 0 is independent of a, so that,
thanks to (3.16), |[Ra| = o(1). Summarizing, we always have that

/ ﬂiﬁdvg =o(1)
an

and, coming back to (3.14), we have proved that

ot
a2 dv, =
Qm B

By induction on m, this implies that

k
/ o, =Y / @2 dv, + o(1)
2 i=1 7 Bui (Ru,)

as soon as we have k sequences (2%,), i = 1,..., k. Thanks to (3.12), this implies in
turn that

ﬂiudvg + / ai” dvg +o(1) .
(Ruz) Q!

m
Lo

~of k
d = =" 1 ;
oy P00 = G o) e

where o(1) — 0 as @ — 400, and eg — 0 as R — +o00. Letting a — +o00, and then
R — +00, we get that
ko
(A KG)T
so that k < (Aso KZ)™*. This proves (3.1) and (3.2).
Up to a subsequence, we can assume that for i = 1,..., N, 2{, — 2% as a — +o0.
We let
S= {xl,...,x”}
be the limit set, here p < N, and claim that

fio — 0 in C° (M\S) (3.17)

as a — +oo. We let € M\S, and R > 0 such that B,(4R) ¢ M\S. It follows
from (3.2) that @, < C in B;(3R), where C' > 0 is independent of a. We let 0, be
such that
B0 = Dy + daily ,

where d, is as in (2.3). It is easily seen that the 0,’s are positive and bounded in
L3(M). Since Ayv, < )\aﬂg}_l, we get with the De Giorgi-Nash-Moser iterative
scheme that the 7, are bounded in B,(2R). Given ¢ > 0, it follows that

Ayalts = (14 e)as Ayt —e(1+¢)| Vi 2 a5t
< (14+e)uAguy < Cle)us, .

Applying once again the De Giorgi-Nash-Moser iterative scheme, we get that

sup @kt (y) < C [aall§ 7 + alls) -
yEBL(R)

Since @, — 0 in L?(M) as a — o0, this proves (3.17).
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Now we claim that (P1) and (P2) hold. It suffices to prove that S = . It easily
follows from (3.17) that S C S. Conversely,

/ ﬁin dvg = / (Ué)Qn dug,,
By (nh) Bo(1)

and we have seen that

lim (vg)Qudvga z/ v d

a— 400 Bo(l)

where, for some A1, A2 > 0 and some zy € R™,

n—4

A 2
/@2y = (M ,
& U(ﬂf) 1+)\%|£C—(E(]‘2

In particular, fBO(l) v dz > 0. Noting that for 6 > 0, and a > 1,

ot ot
/ a2 dvg < / a2 dvg
By (1d) B,i(9)

we get that S C S. Hence, S = S, and (P1) and (P2) are proved.

4. A POHOZAEV TYPE NONEXISTENCE RESULT

Let D3(R™) be the homogeneous Euclidean Sobolev space defined as the comple-
tion of C2°(R™), the set of smooth functions with compact support, with respect
to the norm

Jul? = / (D) da

Given A\, u > 0, we let @, , be the functional

Dy, (u) :)\/ |Vu|2d:c+,u/ u?de .
n RTI,

We assume that there exists u € D3(R"™), of class C* and nonnegative, solution of
the equation

A2y 4 NAu + pu = w1 (4.1)

and such that ® ,(u) < +oco0. Then we claim that either A = =0, or u = 0. The
rest of this section is devoted to the proof of this rather elementary claim.

We start with the preliminary simple remark that if u is a C'-function in R™
with the property that u belongs to some LP(R™), p > 1, and that |Vu| € L?(R"),
then u € L?" (R™) where 2* = 2n/(n —2). Indeed, it is well known that there exists
C > 0 such that for any r > 0, and any u € C* (By(r)),

1/2*
/ |lu — ET\Z* dx <C |Vul?dz
Bo(r) Bo(r)

_ 1 d
Uy = ——— udzx
|Bo(r)| JBo(r)

where
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and | Bo(r)| is the volume of the ball By(r) of center 0 and radius r. A more general
statement in the Riemannian context is in Maheux and Saloff-Coste [21]. Assuming
that w € LP(R™), p > 1, we can write that

1

@] < —— |u|dz
| Bo(r)| Bo(r)

1 1/p
< u|Pdx By(r)|' " #
Bor)] </BO<T>' | ) [Bo
C

| Bo(r)[V?

where C' > 0 is independent of r. Hence, u,, — 0 as r — +o0o. We fix R > 0. Since
|Vu| € L2(R™), we can write that for r large,

1/2*
/ lu — Hr|2* dz < C/ |Vuldz .
Bo(R) R™

Letting r — 400, and then R — +oo, this gives that u € L?" (R™) where 2* is as
above. If u € D3(R"), then u € L (R™). Tt follows that we have proved that for u
as above, solution of (4.1),

@y, (u) < +oo and A£0 = wueL*(R"). (4.2)

Another very simple remark is that |Vu| € L' (R"). Indeed, thanks to Kato’s
identity, if ¢ is a smooth function, then |V|Ve|| < |[VZ¢| a.e. Hence, if (u;) is a
sequence in C°(R™), then

/ IVas] — Vs 2 da
RTL

<

IA

[V ) e

C ‘V2(ui—uj)|2da:
Rﬂ,

IA

= C [ (A(u—uy))’de,
]Rn

where C' > 0 is the constant for the Sobolev inequality corresponding to the embed-
ding D}(R™) ¢ L* (R™), and D?(R™) is the homogeneous Sobolev space consisting
of the completion of C°(R™) with respect to the norm ||Vul|z. In particular, C' is
independent of i and j. This easily gives that |[Vu| € L?" (R™).
Now we let , 0 < n < 1, be a smooth function in R™ such that
n=1in Bp(1) and n =0in R™"\By(2) .
Given R > 0, we let also

nr(z) =n (%) :

We consider the Pohozaev type identity as presented in Motron [22], and we plugg
nrw into this identity, where u is a solution of (4.1). Then we get that

n—4

A? (npu) "0y, (nru) dz + — | @A (nru))* da =0, (4.3)
R’IL R’IL

where z* is the kth coordinate of z in R”, and the Einstein summation convention

is used so that there is a sum over k in the first term of this equation. We want to
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prove that if @) ,(u) < 400 and A # 0 or p # 0, then v = 0. We assume in what
follows that ® ,(u) < 400 and A # 0 or p # 0.

We start with the computation of the second term in the left hand side of (4.3).
It is easily seen that

/n (A (nru))® do = / (Ang)? uidz + 4/n (VnpVu)? dz

—|—/n n% (Au)? do — 4/71 (VnrVu) (Ang) udx

+2/ nr (Ang) u (Au) dx — 4/ nr (VnrVu) Audz ,

n

where, for two functions ¢ and ¥, (VeV) is the scalar product of Vi and V1.
Integrating by parts, it is easily seen that

/ n% (Au)? de = / nEulAuds —/ (An%) u (Au) dx
+4 /n nr (VnrVu) Audz .
By equation (4.1), integrating by parts,
/ nruliudr = / néuQnd:ﬁ - )\/R n%|Vul|?dx
—,u/ n%qua: — )\/ (VU%VU) udzr .
Thus,
| @y de= [ seldo—n [ apValde—p [ ietds

- )\/ (VnEVu) ude — / (An%) u (Au) dz + 4/ (VnrVu)® dx
n n Rn

+ /n (AnR)Z wldx — 4/n (VnrVu) (Ang) udz oy
+ 2/n nr (Ang) u (Au) dx .
It is easily checked that for p =1, 2,
/ (Aip)? ulde = eg (4.5)

where e — 0 as R — 4o00. Thanks to Holder’s inequality, we can indeed write

that
) /2 4/n ; (n—4)/n
/ (A" wldr < (/ | A ™ dx) (/ u? dac) ,
" Ar Ar
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where Ar = By(2R)\Bo(R). Noting that |Anh| < CR™? for some C > 0 indepen-
dent of R, and that u € L (R™), we get (4.5). In particular, since

/ |A7ﬁ%| u|Au| dr < \// (An%{)Q u2d:c\// (Au)? da

RTL R'I‘L n

/ nr |Ang| u|Auldx < \// (Ang)? u2dx\// (Au)? dz
RTL Rn n

and Au € L?(R™), we have also proved that

/ (An%) u(Au)dr = ep and Nr (Ang)u (Au)dr =€ , (4.6)
R™ Rn

where eg is as above. Similarly, thanks to Holder’s inequality, we can write that

2/n (n—2)/n
/ (VnrVu)® dz < (/ VnR"da:> (/ |Vul? dm) ,
" Ar Ar

where 2* = 2n/(n — 2). Noting that |Vngr| < CR™! for some C' > 0 independent
of R, and that |Vu| € L?" (R"), we get that

/n (VnrVu)dz = eg (4.7)

where eg — 0 as R — +00. Then, writing that

/ [(VnerVu)||Ang| udz < \// (VnrVu)’ dx\// (Ang)? u2dz
R"L Rn n

we get that
/n (VnrVu) (Ang)udx =g , (4.8)
where e is as above. At last, we claim that
)\/R (VngVu) ude = ex g , (4.9)

where exp = 0if A =0, and ey g — 0 as R — 4oo if A # 0. Indeed, if A # 0,
then |Vu| € L?(R™). According to what we said at the beginning of this section,
see (4.2), it follows that u € L?> (R™). Then, thanks to Holder’s inequalities, we
can write that

/ |(Vn7Vu) | ude < \// |V77122|2u2dx\// |Vu|2dz
Rn Rn Rn

2/n G
/ Vg 2u®de < (/ |V77123|”> (/ u? daz) .
R Ar AR

Noting that |[Vn%| < CR™! for some C > 0 independent of R, we get (4.9). Then,
plugging (4.5)-(4.9) into (4.4), we get that

[ @omu?do= [ wpaFds-x [ iivals

and that

(4.10)
- M/ npuldr +exr +er,
RTL
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where € g and eg are as above.

Now we compute the first term in the left hand side of (4.3). It is easily checked
that

A*(nru) = nrA%u + uA®ng + 2(Ang)(Au)
—2A(VnrVu) — 2(VnrVAu) — 2(VuVAng) .

Hence,

A? (nru) 20y (ngu) dx
Rn

:/ n?%(Azu)xkakuder/ unr(Ang)z* Opudzs
n Rn

+ 2/ (Ang)(Au)npa*Opuds — 2/ nr (A(VnrVu)) 20y udx

n

72/ (VnRVAu)nkaakudwa/ (VuVAng)nra*dpudz (4.11)

n

+/ nRu(Azu)xkakanx+/ uz(A2nR)mk8kanx

Rn

n

+ 2/ (AnR)(Au)uxké)kanac — 2/ (A(VnrVu)) uxkakvmdx

n

— 2/ (VnRVAu)umkakanx — 2/ (VuVAnR)uxkakanm.

Noting that |A%ng| < CR™ for some C' > 0 independent of R, and that |z| < 2R
in Ap = Bo(2R)\Bo(R), we can write that

/ unr(A%ng)x* Opude

< < / u|Vuldr .
R3 )4,
Thanks to Holder’s inequality,

1 1 1

1 ) 1 2 -\
RQ/ARW dr < = An|* </AR|W| dx)

2/2¢
1 9 1 4 of
o ARudw§ﬁ|AR|" (/ARU dx) .

Since |Agz| < CR", u € L2 (R") and |Vu| € L% (R"), it follows that

and

/ unr(A%ng)z*Opudr = g | (4.12)

where eg — 0 as R — +o00. In a similar way, we can write that

/ (Ang)(Au)nra*dpuda ¢

IN

- |Vul|Au|dz
R J4,

1
C / Au)?dx —/ Vul?2dx
\/ AR( \/R2 ARl |

IN
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so that, here again,
/ (Ang)(Au)npz*Opudr = g .
Noting that

/ (VuV Ang)nrat opudz

< %/ |Vu|dx
R2 J 4,

/ (VuVAng)nretopude = cg .

g%/ u?dz
R J 4,

/ uQ(AQnR)xkakanx =€R.

Similarly, we can write that

/ (AnR)(Au)uxkakanx

we get that

Noting that

/ u?(A*ng)z* Opnpda

we get that

< g/ u|Auldz
R% J 4,

N

IN

so that, as above, we get that
/ (AUR)(Au)uxkﬁkanx =cR.

Noting that

/ (VuV Ang)uz®oynrda

o
<= u|Vu|dz
R3 Jap

/ (VuVAng)uz®oynrde = cg .

Independently, integrating by parts,

/ (VnrV Au)nra" dpuda

we also have that

— [ G @upnntopude — [ () (Tna¥(nst o) do

n

= / (AnR)(Au)nkaﬁkudx—/ |Vnr|?(Au)zk O uds

n

—/ nR(Au)(VnRVu)dx—/ nr(Au)V3u(z, Vng)dz .
Rn

n

Noting that

/ Vg2 (Au)z* O udz
RTL

Sg/ |Vu||Au|dz
R J4,

< S |vul|audz
R Ja,

/n nr(Au)(VnrVu)dx

o[, wran [ [, s

19

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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and thanks to (4.13), we get that

/ (VnRVAu)nkaakudx =¢ep — / nR(Au)VQu(x, Vnr)dz .

n

Noting that |Au| < \/n|V?u|, we have that

/ T]R(AU)VQU(IE, Vngr)dx

< C’/ |V2u|?dx .
Ar
Multiplying the Bochner-Lichnerowicz-Weitzenbdck formula

(Adu, du) = %A\WF + |V2ul?

by nr, and integrating over R, it is easily seen that |V?u| € L?(R"). Hence,

/ |V2ul*de = g
ARr

/ (VnrVAu)nreopude = cg .

and we get that

In a similar way,

/ nR(A(VnRVu))xkakudx:/ (VAnRVu)nrztopude

n

+/ (VnRVAu)nR:ckﬁkudx—Q/ (V2nrV2u)npa*opudz .

n

Noting that

C
/ (VANRVu)nre* dpude S—Q/ |Vu|dx
n R An
and that
/(VQT]RV2u)nRzk8kudz < ¢ |Vu||V2u|dz
n R Ar
< C / V2u|2dm\/1/ |Vul2dz
R2
Ar Ar

we get with (4.18) that
/ nr (A(VnrVu)) 28 0pudr = ep .
Similar computations give that

/ (A(VnRVu))usckﬁkanm:/ (VAnrVu)uzk dynrda

n

—|—/ (VnRVAu)uxkakanx—Q/ (VgnRVQu)uxkakanx.

n

We can write that

/ (VAnrVu)uzk dynrda

o
< — u|Vulde =€
R3 J A,

(4.18)

(4.19)
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and that

ViaVauc dpdz| < V2uld

(VnrVuw)uz"Oknrdx| < i u|Vau|dz

n Agr

< C / |V2u|2dx %/ uldr =epg .
AR R Ar
Integrating by parts,
/(VT)RVAu)uxkﬁkan:c

= /H(AnR)(Au)uxkakanx —/ (Au) (V?]RV(uxkaknR)) dz

n

:/ (AnR)(Au)uxkakanx—/ (Au)(VnrVu)z*opnrde

n

—/ u(Au)|Vngr|[2de — / u(Au)V*ng(z, Vng)de .
n R’n
We can write that

c
/ (Au)(VnrVu)z*opnrde| < = |Vu||Au|dz

SR/ .,

and that

/ w(Au)|Vng|[2ds

+ ‘/ u(Au)V3ng(x, Vig)dz
R"'L

< Q/ u|Auldz .
R% J 4,
Since we also have (4.16), we get that
/ (A(VngpVu)) uzFopnrdr = eg (4.20)

and that
/ (VnRVAu)u;vkakanx =€p. (4.21)

At last, we can write that

/ nru(A%u)zk Oynpde = / (Au)A(unpa”Onr)de

n

n

= /n nR(xkaknR)(Au)zdx+/ w(Au)A(nra*opng)dx

72/n (V(nkaaknR)Vu) (Au)dzx .

It is easily seen that

=l Q

C
|A(nrz*ornR)| < o2 and  |V(nrz"Ornr)| <
for some C' > 0 independent of R. Hence,

/ nru(A%u)z*onrdz| < C (Au)?dx

Agr

—l—%/ u|Au|dw+Q/ |Vul||Au|dz
R2 [ 4, R J 4,
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and we get with the above developments that
/ nru(A%u)z*Oynpdr = g .
Plugging (4.12)-(4.22) into (4.11), we get that

A? (npu) 2%y, (nru) do = / 0% (A%u)2*Opuds + eg

n

R’n
where, as above, e — 0 as R — +o0. By (4.1),

/n%(AQU)kakudaj:/ n%u%*lxk@kudx

A (At ouds — p / st dudz
Rn

Integrating by parts, it is easily seen that

Qﬁ/ néuQlekﬁkudz = fn/ n%zuﬂdzf/ u2uxk3kn12%da;.

Noting that

n

#
<C u? dx
Ar

/ uzuxk(?k?ﬁ%dx

so that
/ u2u:ck3kn}2%dz =ep

we get that

n—4
/ n%uﬂ_lxkakudx =——5 n%uﬂdx +er.
n R?L

Similarly, it is easily checked that

1
/ nhuxt Opudr = —g/ neu’de — 5/ w zFopntdz .
If p # 0, u € L?(R™). Noting that

/ wrzkopntdx| < C u?dx

Ar

it follows that
u/ u2xk8kn]2%d:v =E€uR
where ¢, p =0if p =0, and ¢, g — 0 as R — +o0 if u # 0. Hence,

u/ nhuztOpude = —% nhuldr + e, R -
n RTI,

Integrating by parts,

/ n%{(Au)mkakudm:/ (V% Vu)z*opu

—|—/ 7712%|Vu|2dm+/ nEV2u(x, Vu)de
RTL n

and it is easily seen that
n

1
[ nute e = =3 [ pivupde - 3 [ [9uPt o,
n n R’n

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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If A # 0, |[Vu| € L?(R™). Noting that

1
/ (V% Vu)z*opu| + = / |Vu|?z* Opnkde SC/ |Vu|?dx
n 2| Jjn An
we get that
—2)A
A 0% (Au)z*Opudr = —%/ ne|Vul’de +exr , (4.27)
RVZ n

where ey g =0if A =0, and ey g — 0 as R — +oo if A # 0. Plugging (4.24)-(4.27)
into (4.23), it follows that

—4
A? (gu) 20y, (nru) de = — / npu? de+ " [ 2atde
R 2 n 2 Jgn
(-2 (4.28)
n—
+ T / 7]12%|Vu|2dx +ErR+ENRTELR
where eg, €\, and €, r are as above.
Plugging (4.10) and (4.28) into (4.3), we get that
/\/ nh|Vul*dz + 2u/ nhuldr +exr+eur+er=0, (4.29)
n Rn

where exp = 0if A =0and ex g — 0 as R — +oo if A # 0, where ¢, p = 0 if
p=0ande, r — 0as R — 4ooif pu# 0, and where e — 0 as R — +o00. Letting
R — 400, it is easily seen that if @, ,(u) < +00 and A # 0 or u # 0, then (4.29)
implies that w = 0. This proves the claim we made at the beginning of this section.

5. GLOBAL L? AND V L2-CONCENTRATION

With the notations of section 3, we let S = {z1,...,2,}. We let also § > 0 be
such that B,,(20) N By, (20) = 0 for all i # j in {1,..., p}, and set

fM\Bé Zdvg

RLZ (Oé,(S) = —=
[y @2 duyg
fM\B |Viig|?dv,
R 2(04,5) = 2 = 5
VL Sy @2 dvg

where Bs is the union of the B, (d)’s, i = 1,...,p. We claim that the two following
propositions hold: for any é > 0,

(P3) Rp2(c,0) — 0 as a — +o0, and
(P4) Ryre2(a,d) — 0 as a — +o0.

Proposition (P3) is what we refer to as global L2-concentration. Proposition (P4)
is what we refer to as global weak V L2-concentration. The notion of global strong
V L2-concentration is discussed below. Global L?-concentration was introduced in
Druet-Robert [8] (for p = 1) and Druet-Hebey-Vaugon [9] (for p arbitrary) when
discussing second order equations. Weak VL2-concentration (in the special case
p = 1) was introduced in Hebey [16]. The rest of this section is devoted to the
proof of (P3) and (P4).
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We start with the proof of (P3) and (P4). We use the decomposition (2.2), and
let ¢q,dq be as in (2.3). All the constants C below are positive and independent of
a. Let v, be given by

Vo = Agliq + dal -
Noting that Ag¥, + ca¥a > 0, we get that U, is nonnegative. We have that
Agia < A2 1.

Let & > 0 be given. The De Giorgi-Nash-Moser iterative scheme and proposition
(P2) give that

sup (Agla + datia)
M\B§

< C’/ (Aglig + dolle) dvg + C'/ Uadvg
M\Bs /2 M\Bs 2

Let n be a smooth function such that 0 < n < 1, n = 0 in B4, and n = 1 in
M\Bs /2. Since 9, > 0,

/ (Aglig + datla) dvg < / N (Agla + dala) dug
MN\Bs /2 M

<C Uadvg + da/ Uadvg ,
M\Bs /4 M\Bs 4

where C > 0 is such that |Agn| < C. It follows that for any § > 0,

sup (Agla + datia) < Cda/ Uadvg . (5.1)
M\Bs M\Bs 4

Now we let 1 be a smooth function such that 0 <n <1, n7n=0in Bs, and n =1 in
M\Bss. Thanks to (5.1), and the Cauchy-Schwarz inequality,

2
/ NiaVadvg < Cdg (/ dadvg> < Cda/ uidvg .
M M\Bs /4 M\Bs 4

Noting that

1
| gtamiade, = [ i, + 5 [ @i, (5.2)
M M 2 M

and writing that Ay, = U4 — dalia, we get that

1
/ 77|V€La|2dvg+da/ ni2 dv, nga/ ﬂid’ugqtf/ |Agn|a2du, .
M M M\Bs 4 2 Jm

In particular, for any § > 0,

/ \Viig|*dv, < Cd, / aZdv, . (5.3)
M\Bs M\Bs /4

For 7 as above, we multiply (E,) by nt, and integrate over M. Then

/ (Agﬂa)nﬂadvg—i—a/ (Aglia)Ntadug
M M

+aa/ nﬂidvg = )\a/ nﬁindvg .
M M
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Thanks to proposition (P2) we can write that

/ i dv, < C @2 dv, . (5.5)
M M\Bs /4

Integrating by parts,
[ B3aanade, = [ 0,0y,
M M

+ /M Uia(Agn)(Aglia)dvg — Q/M(vnv'aa)(Agﬂa)dvg J

where (VnVi,) is the pointwise scalar product of Vi and Vi, with respect to g.
As in (5.2),

1
/ i (D) (A, i )dvy — / (Ay0)| Vit Pdvy + - / (AZp)addv, . (5.7)
M M 2 M
Independently,
/ (VnViia)(Ayia)dvg = / V20 (Viig, Viig)dvg + / V2o (Vn, Viig)dvg (5.8)
M M M
and it is easily seen that
1
/ Vit (V1 Vit )dv, = - / (A0 Vit v, (5.9)
M ’ 2/

Combining (5.2) and (5.5)-(5.9) with (5.4), noting that [, n(Agts)*dvg, > 0, we
get that

1
5/ (Agn)agdvg—Q/ V2U(Vﬂa,Vﬂa)dvg+a/ n|Viig|*dv,
M M M

(5.6)

N (5.10)

+ 5/ (Agn)aidu, + aa/ ni2dv, < C’/ aZdv, .
M M M\Bsa
Clearly,

V2 (Vi Viig)dv,
M

Then, (5.10) gives that

a/ 77|Vﬂa\2dvg+aa/ nizdvg
M M

< C/ ‘Vﬂa|2dvg + Coz/ ﬂidvg (5.11)
M\Bs M\Bs 4

+C @2 dv,
MN\Bs /4

By (5.3) we then get that

/ 1| Vi |2dv, + “—a/ nildv, < 0/ @2 dv, . (5.12)
M @ Jm M\Bs 4

It follows from (5.12) that

Qo

< O/ Vi |*dvg .
M\ Bs

a2dv, < C/ a2 dv, .
& JM\Bas M
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Since § > 0 is arbitrary, and thanks to (A2), we get that (P3) holds. It also follows

from (5.12) that
/ |Viig |*dv, < C @2 dv,
M\Bas M\Bs /4

so that (P4) holds also.

As a complement to the notion of global weak V L?-concentration, we can define
the notion of global strong V L2-concentration. Given § > 0, we let

fM\BJ |Viig |[2dvg
fM Vi, |2dvg

SVL2 (O[, 6) =

and say that global strong V L?-concentration holds for the a,’s if for any § > 0,
R 2(a,0) — 0 as @ — +oo. We claim that global strong VL?-concentration
follows from global weak V L2-concentration when n > 8. Though we do not need
global strong VL2-concentration, we discuss this claim in what follows. Let us
suppose first that n > 12. Then 2¢ — 1 < 2. Integrating (Ea),

281
201 °

altiallt = Aalltall
Since 2 — 1 < 2, we can write that
~ ot ot
Iall3 =1 < Cllaally "

Thanks to the Sobolev-Poincaré inequality (see for instance Hebey [14]), there exists
positive constants A and B such that for any «,

[@all3 < AllVaall3 + Bllda|? -
Noting that A\, is bounded, we then get that

- . C . 202t-1
liall3 < AlIVial3 + — 5™ .
[e3%

Since 2% — 1 > 1 and ||ii4||2 — 0 as a — o0, this gives that

/ a2 dvg < c/ |Viia|*dv, .
M M

Writing that

fM\85 |Vﬂa|2dvg _ fM\B(; |Vﬂa\2dvg fM ﬁidvg
Sy Vg [2duy Jy@2dog [y, Vi |?2du,
fM\&; |V |2dvg
c =3
Joy U dvg

it easily follows from global weak V L?-concentration (proposition (P4) above) that
RGp2(a,6) — 0 as a — +oo. Let us now suppose that 8 < n < 12. Then
2 < 2F —1 < 2% Thanks to Holder’s inequality, and since [|iy|/os = 1, we can write
that n
ot ~2/(28 =2
lial3:21 < aals ™

The above procedure, using the Sobolev-Poincaré inequality, then gives that

- ~ C . 4/
liall3 < AlViiall3 + — l1Faly® .
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Noting that 2= > 1 when n > 8, it follows from this inequality that

26 —2
/ w2dv, < C/ |Viig|*do,
M M

and we get as above that RS 2(a, ) — 0 as o — +o0. This proves our claim.

6. CONTROL OF THE HESSIAN

We use the notations of the preceding section, and thus of section 3. We claim
that for § > 0 sufficiently small,

fM\B(,- |V2i|%dv,
Sy @R dvg

We let 7 be a smooth function such that 0 <7 < 1,7 =0 in Bs/; and n = 1 in

=0(aq) - (6.1)

M\Bj;. Multiplying (E,) by n%*@i, and integrating over M, we get that

/ AgiiaAg(n*iia)dvg + a/ (ViaV(n*iia)) dv,
M M (6.2)

+aq / PPi2dv, = Ao / 22 dv, .
M M
It is easily checked that
~ 2~ - ~ 2 ~ 12 ~2
/ AgiaAg(n“te)dvg = / (Ag(nta))” dvg + O (/ (|Vial* + a2) dvg>
M M Bs\Bs 2
and that

| (VaaTora) do, = [ 190 Pds — [ VaPad,
M M M

:/ IV (nie)[2dv, + O / 2dv, | .
M Bs\Bs 2

Independently, we can write with proposition (P2) of section 3 that
/ nQQZiﬁdvg =0 (/ nzﬁidvg> .
M M
Coming back to (6.2), it follows that

U 21} « ) [2dv a 0 252 dv
/M(Ag(n o)) du, + /M\vm o) Pdvy + (a0 + <1>>/Mn 2 dv,

=0 a/ a2dvg | + O / Vi *dvy |
Bs\Bs Bs\Bs

where o(1) — 0 as @ — 4o00. Thanks to the Bochner-Lichnerowicz-Weitzenbock
formula,

i)’ = 2(niig)|*dv c U U v
[ @i vy = [ 19 0n) Py + [ Rey (90a), ) oy

where Rcg is the Ricci curvature of g. Writing that

/M Re, (V(niia), V(nita)) dvg = O </M |V(nﬂa)|2dv9)

(6.3)
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we get with (6.3) that

/ V2 (i) [Pdvg + (o + O(1)) [ [V(nia)l*dvg + (aa + 0(1))/ g, dvg
M M M

=0 a/ 2dvg | + O / Viig|*dvg |
Bs\Bs 2 Bs\Bs /2

where o(1) — 0 as @ — +o00, and O(1) is bounded. Since n = 1 in M\Bs, this
implies in turn that

[ Vs, @0 [ (i,
M\B§ M\Bé

Hlaatot) [ aar, (6.4

=0 (a/ ﬂidv9> +0 (/ |Vﬂa|2dvg> )
65\85/2 86\85/2

where o(1) — 0 as a — +oo, and O(1) is bounded. Thanks to global L?-
concentration, and global weak VL2-concentration, and since o 'a, — -+00 as
o — 400, (6.1) follows from (6.4). This proves our claim. As a remark, it easily
follows from the above proof that o(a,) in (6.1) can be replaced by o(«).

7. CONFORMAL CHANGES OF THE METRIC

The Paneitz operator, as discovered by Paneitz [23] and extended by Branson
[1] to dimensions n > 5, reads as

(n—2)2+4
2(n — 1)(n—2)"%9
where Rc, and S, are respectively the Ricci curvature and scalar curvature of g,
and where

n __
@ = 2(n — 1)
Let § be a conformal metric to g. We write that g = ¢*(®=%§. Then, we refer to
Branson [1],

Pl (u) = Aﬁu — divg (

4 n—4
" _2ch> du + TQZu ,

1 n3 —4n2 + 16n — 16
AgSy +

S2 2

8(n—1)2(n—2)2 9 (n72)2|ch| .

_
Py (up) = ¢ 1Py (u) (7.1)
for any smooth function w. Similarly, if
" n—2
Lg (U) = Agu + msgu

is the conformal Laplacian with respect to g, and if ¢ = ¢*/("=2)g, then, for any
smooth function wu,

L2 (ug) = ¢* 1L (u) , (7.2)
where 2* = 2n/(n — 2). We let 4, = U, where 4, is as in section 3. It is easily
seen that (7.1) and (7.2) imply that

Agﬂa + atpﬁ Ayliq — Bo(V, Vi) + hatia + gp%idivg(g&*lflgdﬁa)

n—2 4 #
% oS0 )\QAQ -1
TEEE R R

—4 E3
= divy(Agditg) — %ana - (£e)
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where A, and B, are given by the expressions

(n—2)2+4 4
A, = -
9 ) m—2) 99 " o2
4o s—n 12-n
Bo = ——@r=ig+ @i A

and where

n—2
4(n—1)

2

ha = agpn—zl Agwﬁ —

OésD“stg + aawﬁ

n—
2

4 n
QZQO% + goﬁdivg(Agdgofl)

Assuming that § is the Euclidean metric in €2, where 2 is an open subset of M, we
get that

A26, + a1 Aty — Ba(Vi, Viig) + hatla

n (Ea)
+ R ding (9 Agditg) = A2 ! :

in 2, where Ay, B,, and h, are as above, and § = £ is the Euclidean metric.

8. PROOF OF THE RESULT

We prove (2.1) by contradiction. We assume that there is a sequence (uq) of
solutions to equation (E,) such that F(us) < A for some A > 0. Then the results
of the preceding sections apply. For x; € S, where S is as in section 3, we let 6 > 0
small, and ¢ € C®°(M), ¢ > 0, be such that ¢~*"=%g is flat in B,,(40) and
S By, (40) = {z;}. Up to the assimilation through the exponential map at ;,
and according to what we said in section 7, we get a smooth positive function .,
in By(36), solution of equation (E,) in By(36), where By(36) is the Euclidean ball
of center 0 and radius 30. We let n € C*°(R™) be such that n = 1 in By(¢), and
17 =0 in R™\By(20). Thanks to the Pohozaev identity used in section 4,

—4
A% (ig) a0y (ie) de + == | (A(nia))dz =0, (8.1)
R™ Rn

where z* is the kth coordinate of z in R, and the Einstein summation convention
is used so that there is a sum over k in the first term of this equation. Similar
computations to the ones that were developed in section 4 easily give that

—4
A? (Nig) 2* 0y, (nte) dz + nT (A (mla))2 dx
R R~

_ 2 (A24 kg - n—4 2. A2
_/nn (A%tg) @ 6kuadm+T Rnn PN TN (8.2)

+0 / (V%) + |Via|? + 42) dz | .
Bo(26)\Bo(5)
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Multiplying equation (Ea) by 7?44, and integrating over R”, it comes that
/ N*iaA%iade + o / T2 Al d

- / 0 Gio BV, Vil )dx + / 02 ho 2 d (8.3)

n

n

+/ n%%aadiug(@—%gd%)d;ﬂ:Aa/ n*a2 da .
Integrating by parts,

1
/ @ﬁn%amadazz/ n2<pﬁ|vfaa|2dx+§/ Ao )ilde .
n R‘H,

R

Independently,

/ N tiaBa(Ve, Vig)da

2 8—n 12—n
= _0[4/ pr=an? (V@Vﬁi) dx +/ o=t i, A, (V, Vi) dr .

Integrating by parts,

/ goi%an (VeVil) do = /
Rn

) (w%n%w - (V(w%nQ)VsO)) g dx

R
while
/gplf%fnzﬂaAg(Vgo,Vﬁa)dx < C Uo|Via|dx
n Bo(26)
< ¢ (IVial? +a2) do |
2 JBo(28)

where C' > 0 is independent of a. At last, writing that
77290% divg (go_lAgdﬁa) = aijaijﬁa + bR Oty | (8.4)

where @'/, b* are smooth functions with compact support in By(26), we easily get
that

<C (Vi > + 42) dz |
Bo(29)

/ n2¢Hﬁadivg(@_1Agdﬁa)dm

where C' > 0 is independent of «. Coming back to (8.3), and thanks to the definition
of h, in section 7, it follows from the above developments that

/nQQQAQﬁadac—i—a/ ngcpﬁ|vaa|2dm

+aa/ nQQD%aidx:)\a/ n*a2 dx (8.5)

+0 / Vi, |*dz | + O a/ Widr | .
Bo(26) Bo(26)
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In a similar way, multiplying equation (Ea) by n?2*0u., and integrating over R™,
it comes that

/ nz(xkakua)A2ﬁadm+a/ wﬁf(xkakua)Aﬁadx

n

—/ nz(xkakua)Ba(Vgo7Vﬁa)dx+/ nzha(xkakua)ﬂadx (8.6)

n

—|—/ 172<p%(:Ekakua)divg(w_lAgdﬁa)dx:)\a/ ng(xkakua)ﬁin_ldx.

n

Integrating by parts,

1
nzﬁin de — — (:c’faan)ai” dx

/ng(xkakua)ﬁin_ldx:
n 2t Jgn

n
5 Jin

and we can write that

/(x’“aan)ai”d:czo / ﬁiudx .
n Bo(26)\Bo(9)

Independently, coming back to the expression of h, in section 7, and integrating
by parts, it is easily seen that

/Uzha(ﬂfkakua)ﬂadxz—n;a/ 772@%123@

+0 <a/ ﬂidm) +0 (aa/ m|ﬂ§dm> .
BO(25) Bg(25)

Similarly, thanks to (8.4), integrating by parts, and noting that a¥ = @/, we can
also write that

/ 77290%(xkakua)divg(gp_lAgdﬁa)dx:O /
Bo(296)

|Vﬁa2d:z:> .

Independently, thanks to the expression of B, in section 7, we can write that

/ (28 Opue ) Bo(V, Vil )dz = O a/ |z||Vilg|?dz | .
" Bo(29)
At last, integrating by parts, we get that
A 9k N n—2 2 Eoios (2
oA (2" 0pug ) Aligdr = — 5 N7 | Vi, | dx

+0 / ||| Vil |*d |
Bo(29)
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Coming back to (8.6), it follows from the above developments that
-2
/ n?(Aﬁa)kaakﬁadm — (nT)a/ n2wﬁ‘vﬁa|2dx
n -

(e —4 Aoz ~
_ n; / n2¢ﬁﬁidm+7(n 2) / i da

=0 a/ widr | +0O aa/ x|at dx
< 30(25) > < B()(Qé)‘ | (8'7)
+0 / aZdx | +0 / Vil |2da
By (26)\Bo(6) By (26)
+0 <a/ |x|Vﬂa2dx> .
Bo(29)

Plugging (8.5) and (8.7) into (8.2), and thanks to the Pohozaev identity (8.1) of
the beginning of this section, we get that

a/ n2<pﬁ|Vﬁa\2dz + 2aa/ n%@ﬁﬁidz =A,, (8.8)

where

Ay =0 (oz/ Uid9€> + 0 (aa/ |$|aid93>
Bo(26) Bo(29)
+0 / W¥dr | +0 / Vi |2 da
Bo(26)\Bo () Bo(26)
+0 a/ |z||Vig|?dz | + O / V21 |?dx | .
Bo(29) Bo(26)\Bo(d)

Writing that for s > 0, ¢*(xz) = ¢*(0) + O (|z|), and that &iﬁ = 123”_2 4z, it follows
from (8.8) and proposition (P2) of section 3, that

a/ 772|Vﬂa|2dx—|—2aag0(0)ﬁ/ alde = A, , (8.9)

where

=0 < / ﬁidm) +0 <aa/ |x|ﬁidaj>
BO(2§) Bo(25)
Vita|?dz | + 0O / (|| Vit [2da
30(26) By (26)

O V204 |2dz | .
Bo<za)\Bo<6>

_|_
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Coming back to our Riemannian metric g, it is easily seen that (8.9) gives the

existence of positive constants C'; and C5, and of positive constants ¢; < t3, inde-
pendent of a and §, such that for § > 0 small,

Cla/ |Vitg |*dv, + Czaa/ g dv,

Ba, (t16) ’ Ba, (t16) ’

< a/ 2dv, + and a2dv, —|—/ |Viig|*dv,
BI’L' (tg&) Bzi(tzts) Bzi(t26)

+a5/ |Viia|*dv, +/ V24 |2dv, .
Bw,i(tZ(S) Bw,i(tZ(S)\Bxi(tl(s)

Summing over the x;’s in S, it follows that for § > 0 small,

Cla/ |Vﬂa|2dvg+02aa/ @2 dv,
Btlé Btlé

< O[/ ﬁidvg + GQ(S/ ﬂid’l}g +/ lvaa|2dvg (810)
Biys Biys too
+ad |Viig |*dv, + / V20 |*dv, -
B,,2,; Bt28\6t16

Thanks to global weak V L?-concentration, see proposition (P4) of section 5,

/ Viig|*dvy = 0 / idvg | .
Biys\Biys Biys
Writing that

/ |Vﬁa\2dvg=/ |Vﬂa|2dvg+/ |Viia|*do,
Bi,s Biys Biys\ Bt s

and choosing ¢ > 0 sufficiently small such that 6 < Cy, it follows from (8.10) that
for « sufficiently large,

Cgaa/ @2 dv, < a/ @2dvg + and w2 dv,
Btlé Bt25 Bt26

+o / 2 dv, —|—/ |V2iia|2do, .
Btlg Bt25\Bt15

Thanks to global L2-concentration,

/ ﬁidvg =0 / ﬂidvg
Biys\Biys Biys

while, thanks to (6.1) and global L?-concentration,

/ V24 |2dvy, = 0 aa/ aZdvgy | .
Biys\Biys Biys

Then, writing that

/ ﬂidvg :/ ﬂidvg +/ ﬂidvg
Biys By, s Biys\Bt, s

(8.11)
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and choosing § > 0 sufficiently small such that 2§ < Cs, it follows from (8.11) that
for a sufficiently large,

Cy
~2 ~2 ~2
- da Uz dvg < o sdvg + 0 Ug,dvg
By s Biis By s

~2 ~2
+o0 a/ ugdvg | +o aa/ ugdvg
By s By s

Dividing (8.12) by aq [ @Zdv,, it follows that
t1

(8.12)

Cy < Cs— +0(1),
Ao
where Co,C5 > 0 are independent of «, and o(1) — 0 as o — +oo. Letting
o — 400, thanks to (A2) of section 2, we get a contradiction. This ends the proof
of (2.1). As already mentionned, this ends also the proof of Theorem 0.1.
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