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Abstract

We study an odd-dimensional analogue of the Goldberg conjec-
ture for compact Einstein almost Ké&hler manifolds. We give an ex-
plicit non-compact example of an Einstein almost cokéhler manifold
that is not cokahler. We prove that compact Einstein almost cokéhler
manifolds with non-negative x-scalar curvature are cokéhler (indeed,
transversely Calabi-Yau); more generally, we give a lower and upper
bound for the *-scalar curvature in the case that the structure is not
cokéhler. We prove similar bounds for almost Kéahler Einstein mani-
folds that are not Kahler.

1 Introduction

An almost contact metric structure (a,w, g) on a (2n + 1)-dimensional dif-
ferentiable manifold M is determined by a pair («,w) of differential forms,
where « is a 1-form and w is a 2-form on M, and a Riemannian metric g
on M such that each point of M has an orthonormal coframe {e!, ..., "1}
with

a = et w=e' N2+ net +. F e A

If in addition, o and w are both parallel with respect to the Levi-Civita
connection of the metric g, then (o, w, g) is called a cokdhler structure, and
(M, a,w,g) is called a cokdhler manifold [25].

By analogy with the terminology used in almost Hermitian geometry
(see [16, 18, 22]), we say that an almost contact metric structure (a,w, g)
on a manifold M is almost cokdhler if o and w are both closed. We call
(M, a,w,g) an almost cokdahler manifold. Then, the Riemannian product
M xR (or M x S') is an almost Kéhler manifold (in particular, Kahler if
(v, w, g) is a cokéhler structure) and (M, a,w) is a cosymplectic manifold in
the sense of Libermann [26] since aw A w™ is a volume form of M.



In the last years, the geometry and topology of cokéhler and almost
cokdhler manifolds have been studied by several authors (see for example
(3,4, 5,8, 14, 13, 19, 25] and the references therein).

Concerning the geometry of compact almost Kahler manifolds, the Gold-
berg conjecture states that the almost complex structure of a compact Ein-
stein almost Kéhler manifold is integrable [16]. In [28], Sekigawa gives a
proof of this conjecture under the assumption that the scalar curvature of
the almost Kahler manifold is non-negative. This assumption can be replaced
by the condition that the x-scalar curvature be positive (Corollary 4.4); more
generally, the same type of argument leads to an estimate for the x-scalar
curvature (Theorem 4.3). On the negative side, a complete, almost Kéhler
Einstein manifold which is not K&hler was constructed in [2] (see also [21]);
this example is not compact, and its scalar curvature is negative.

An odd-dimensional analogue of the Goldberg conjecture was considered
in [10], where it is proved that a compact K-contact Einstein manifold is
Sasakian (see also [1]). Following [12], in this paper we consider another
odd-dimensional version of this problem, namely:

Are all compact Finstein almost cokahler manifolds cokdhler?

We note that a negative answer would disprove the Goldberg conjecture
proper, as the product of an Einstein, strictly almost cokahler manifold with
itself is Einstein and strictly almost Kéhler (Proposition 4.5).

A key tool to attack this problem is the Weitzenbock formula applied to
the harmonic forms o and w (Lemma 3.1). Indeed, this formula implies that
Einstein cokahler manifolds, unlike their even-dimensional counterpart, are
Ricci-flat (Proposition 3.2). In addition, it implies that any Einstein almost
cokahler manifold has non-positive scalar curvature.

A second ingredient is an equality taken from [2] relating the curvature
and Nijenhuis tensor (with their derivatives) on an almost Kéhler manifold;
a version of this formula was used by Sekigawa in his original proof. An esti-
mate based on this equality leads to our main result (Theorem 4.7), proving
a bound for the difference between the scalar curvature and the *-scalar cur-
vature. This difference is zero in the cokahler case; geometrically, this result
shows that the underlying almost cosymplectic structure is in some sense
close to being integrable. In particular, if one assumes the x-scalar curvature
to be non-negative, then a compact, Einstein almost cokahler manifold is
necessarily cokéhler (Corollary 4.8). Also, as a consequence of Theorem 4.7,
we recover the result of [12], namely, any compact, Einstein, almost cokéhler
manifold whose Reeb vector field is Killing is cokéhler (Corollary 4.9).

In section 5, we show that the odd-dimensional analogue of the Goldberg
conjecture does not hold in the non-compact setting. Using results of Lauret



on Einstein solvmanifolds [23, 24], we construct examples of non-compact,
complete Einstein almost cokahler manifolds which are not cokahler.

2 Almost contact metric structures

We recall some definitions and results on almost contact metric manifolds
(see [7, 8, 11] for more details).

Let M be a (2n + 1)-dimensional manifold. An almost contact structure
on M consists of a pair (o, w) of differential forms on M, where « is a 1-form
and w is a 2-form, such that a A w” is a volume form. We call (M, a,w) an
almost contact manifold.

Therefore, if («,w) is an almost contact structure on M, the kernel of «
defines a codimension one distribution H = ker o, and the tangent bundle
TM of M decomposes as

where ¢ is the nowhere vanishing vector field on M (the Reeb vector field of
(a,w)) determined by the conditions

a(§) =1, u(w)=0,

where ¢¢ denotes the contraction by &.

Since w defines a non degenerate 2-form on H, there exists an almost
Hermitian structure (J, g5) on H with Ké&hler form the 2-form w, that is,
there are an endomorphism J: H — H and a metric gy on H such that

J? = —Idy, gu(X,Y)=gu(JX,JY), w(X,Y)=gy(JX,Y),

for X, Y € H.

Thus, given an almost contact structure («,w) on M and fixed an al-
most Hermitian structure (J, gy) on H with Kéhler form w, we have the
Riemannian metric g on M given by

g =gy + 0o’

In this case, we say that g is a compatible metric with (o, w), and (o, w, g) is
said to be an almost contact metric structure on M. We call (M, a,w, g) an
almost contact metric manifold. (Notice that such a metric g is not unique;
indeed, it depends of the choice of g3.) Hence, for any point p of M there
exist a neighborhood U, and an orthonormal coframe {e!, ..., e*" "'} with

=l =l ¥ el



Here and in the sequel, ¥ is short for e! A e’.
Under these conditions, the almost complex structure J on H defines the
endomorphism ¢: TM — T'M by

for any X € H. One can check that the quadruplet (a, &, ¢, g) satisfies the
conditions

(1/(5) = 17 Cbg = —Id+€®a7 g(QbX,QSY) = g(X7Y) —OZ<X)O{(Y),

for any vector fields X,Y on M. Conversely, if M is a differentiable manifold
of dimension 2n+1 with a quadruplet (o, £, ¢, g) satistying (2), then (o, w, g)
is an almost contact metric structure on M, where w is the 2-form on M given
by

w(X,Y) = g(¢X,Y),

for any vector fields X,Y on M.

We say that an almost contact metric structure («,w,g) on M is almost
cokahler if o and w are both closed, and cokdhler if they are both parallel
under the Levi-Civita connection. On an almost cokahler manifold the forms
a and w are harmonic (see [17, Lemma 3]), and on a cokdhler manifold the
Reeb vector field ¢ is Killing and parallel (see, for example [7, 8]).

3 Einstein almost cokahler manifolds

In this section we consider almost cokahler manifolds of dimension 2n + 1
whose underlying metric g is Einstein in the Riemannian sense, that is, the
Ricci curvature tensor satisfies

Ric =79,
where 7 is a constant; the scalar curvature is then given by
s=(2n+1)r.

We do not assume compactness in this section.
JFrom now on, we denote by V the Levi-Civita connection of g, which
induces a second operator

V* T(T*M ® APM) — T(APM), V*=—trV,



2n+1

Ifey,...,ea,+1 denotes a local orthonormal frame and e, ... e is its dual

coframe, we can express V* by

2n+1

Ve ®B) =~ (e Ve — Ve, 5.

J=1

Here and in the sequel, (X,Y) is an alternative notation for g(X,Y").
The operator V* is the formal adjoint of V in the sense that, when o and
[ are compactly supported,

| e = [ @.vn)

Moreover, when = Va the equation holds pointwise, i.e.
IVal> = (o, V*Va).
We denote by R the curvature tensor given by
R(X,Y)Z =VxVyZ = VyVxZ — Vx| Z;

we note that [2] uses the opposite sign. Recall the classical formula due to
Weitzenbock (see e.g. [6]): given a p-form ),

An=— Zeh A (exs R(en, ex)n) + V*Vn. (1)
hk

On an almost contact metric manifold, the x-Ricci tensor is defined as

Ric*(X,Y) = w() _ R(X,e:)(Je,),Y).

i=1
We shall also consider the *-Ricci form

pXY) =D (R(X,e)(Je;),Y)
and set

* 1 *
T _'E<wap )

Lemma 3.1. On any FEinstein almost cokdhler manifold (M, o, w,g) with
Ric = 7g,
V'Va=—-1a, V'Vw=2(p"—1wWw).



Proof. 1f n is a 1-form, the Weitzenbock formula (1) specializes to
An = V*Vn + Ric(n).

where Ric denotes the Ricci operator. By [17, Lemma 3], a is harmonic.
Then, using the Einstein condition Ric = 7g, we obtain the first formula.
If n is a 2-form, (1) can be written as

An = V*Vn + Ric(n) + 2]:2(7));

where the Ricci operator acts as derivations, and é(n) denotes the image of n
under the curvature operator R € I'(End(A*T*M)). Applying this to n = w,

2R(w) = Z R(e;, Je;);
by the Bianchi identity, we find
2R(W)(X,Y) =Y Rle;, Je;, X,Y) =Y —R(Je;, X,e;,Y)—R(X,e;, Je;, Y)

=-2) R(X,e;, Je;, V) ==2p"(X,Y).

Hence the Weitzenbock formula gives
V*Vw = — Ric(w) — 2R(w) = —27w + 2p",

where we have used the facts that w is harmonic (see [17, Lemma 3]) and the
identity acts as twice the identity on A2T*M. O]

Our first observation is that Einstein cokahler manifolds, unlike their
even-dimensional counterpart, are necessarily Ricci-flat. The proof exploits
the existence of a non-zero harmonic one-form a and mimics Bochner’s proof
that a compact Einstein manifold with positive curvature cannot have b; > 0
(see [9]).

Proposition 3.2. Any Einstein cokdhler manifold (M, o, w, g) is Ricci-flat.

Proof. By hypothesis, Va = 0, so Lemma 3.1 implies that the scalar curva-
ture is zero. O

This result does not hold if M is only assumed to be an almost cokahler
manifold; indeed, in Section 5 we will construct an almost cokahler Einstein
manifold with negative scalar curvature. However, we can prove directly
from Lemma 3.1 that the scalar curvature is not allowed to be positive:

6



Proposition 3.3. Let (M, a,w, g) be a an Einstein almost cokidhler manifold.
Then
0< —7 <2n(1" —1). (2)

Proof. By Lemma 3.1,
Vo’ = =7, |Vw|? = 2n(r* — 7).

Observe that xa = =

n!

w™; therefore, for any tangent vector X,

1
*Vya=Vx*a=Vx—w'"=Vxyw A ——w

n! (n—1)!

n
_ Z(VXW)(Q%—M 62i)el,,..,2n + va(em', 6)61,...722'—1,..',271—&-1

=1

n—1

+ wa(e%_l’ 5)61,...,2@..,,2”“;

it follows that |+V x| < |Vxwl|?, and consequently 0 < |Va|* < |Vw|*; the
statement follows.
0

4 The compact case

In this section we consider potential counterexamples of the Goldberg conjec-
ture, namely compact Einstein manifolds with either an almost Kéhler struc-
ture that is not Kahler or an almost cokahler structure that is not cokahler,
and prove an integral bound on the difference between scalar curvature and
x-scalar curvature. The main ingredient is a formula of [2] that relates the
curvature on an almost Kéhler manifold to the covariant derivative of the
fundamental form.

In order to introduce this formula, let (N, h, J, Q) be an almost Kéhler
manifold with Riemannian metric h, almost complex structure J and Kéahler
form €2, and let V be the Levi-Civita connection. Borrowing notation from
[2], we decompose the Ricci tensor in two components

Ric’ € [S"!], Ric” € [S*];

here, [S™!] represents the real subspace of conjugation-invariant elements of
St and [S*°] represents [S??+ S%?]. In other words, Ric" is the component
that commutes with J, and Ric” is the component that anticommutes with
J. We define the Ricci and *Ricci forms as
2n
PM(X,Y)=Rid(JX,Y), pMX)Y)=> R(X e, Je;Y),

i=1



where {eq,...,e,} is a local orthonormal frame. Note that in the notation
of [2], we can write p** = —R(w), where the different sign follows from the
conventions.

The scalar and *-scalar curvatures are defined by

s=2(p" Q), s =2(p" Q).

The Weitzenbock formula (see e.g. [2]) gives V*VQ = 2(p*" — ph); in partic-
ular,

VO = s* —s. (3)

The curvature tensor R takes values in
SH[A*] + [AM]) = SP([A*]) + [A*°] @ [AMT] + SP([AM);

we denote by R the first component in this decomposition. As an endomor-
phism of [A%°], R decomposes in two components that commute (respec-
tively, anticommute) with J, namely

R=R + R".
We also introduce the two-form
¢(X7 Y) = <VJXQ,VYQ>;

this is well defined and J-invariant by the following observation, which is
implicit in [2]:

Lemma 4.1. On an almost-Kdhler manifold (N, h, J, <),
<VXQ,VyQ> = <VJXQ,VJYQ>. (4)

Proof. The image of the infinitesimal action of s0(2n) on 2 is [A%]; there-
fore, the covariant derivative V(2 lies in

Al ® HAZOH — [[Al,o ® A270H + [[Al,o ® AO,Z]]

(see also [27, Lemma 3.3]). Since the Levi-Civita connection is torsion-free,
dS) is the image of V() under the skew-symmetrization map

N[N A a® B anp,
thus, V(Q is in the kernel of this map, which has the form
[V] c [AY? @ A>O]. (5)

8



Fixing a basis {w,} on A?? orthonormal for the standard hermitian product,
the inclusion (5) implies that V{2 can be written as

VQ:Z/\a®wa+)\_a®w_a€A1’0®A2’0+A0’1®A0’2;

it follows that L
(VR V) =) X @A+ A ® A,

lies in [S™!]. O

Proposition 4.2 (Apostolov-Draghici-Moroianu [2]). On an almost Kdhler
manifold (N, h, J,Q)), there is a one-form ~ such that

- 12
A(s—s")+d*y+2 [Ric")*~8 \R” — |V VQP =8P +4(p", ¢)—4(p", V*VQ) = 0.

Notice that this formula holds locally, and compactness is not assumed.
On the other hand, integrating this identity on a compact manifold yields a
formula where the first two terms do not appear, since the codifferential of a
one-form is always the Hodge dual of an exact form.

If N is also Einstein and compact, we can derive from this formula an
integral bound on the difference s* — s; by (3), this means that N is close to
being Kahler. More precisely:

Theorem 4.3. Every compact Einstein almost Kihler manifold (N, h, J, )
which 1s not Kahler satisfies

s<y 5z

where V' denotes the volume.

Cﬂl»—t

Proof. Let the dimension of N be 2n. The Einstein condition implies Ric =
%sld, so Ric” is identically zero and p" = %SQ; integrating the formula of
Proposition 4.2, we obtain

/—8‘R”2—

The Weitzenbock formula gives

/|vvm /‘ )

2 2
VYO — [6° + ~5(2,6) — =5(Q, V*VQ) =

2 1
> [ - 20,02
n




where we have applied the Cauchy-Schwartz inequality at each point and

used |Q|* = n. With respect to an orthonormal basis {eq, ..., e},
1 1 1
(©.0) = 33 dlen Je) = 5 SV Va ) = L IVOE . (6)
Therefore

/%s<ﬂ,¢> 2 <Q,V*VQ> _ —18/<Q, V*VQ>

— =5
n n

/|¢|2 < /—%(s* —5)? — %3(3* — )= _% /S*(S* )

by (3), this is only possible if s < 0, consistently with Sekigawa’s result [28].
Again by (3), we can write

Hence

s —s=—fs, f>0.

On the other hand,

N | —

‘¢‘2 = % Z ¢(Jeiaej)2 = Z <V61'QavejQ>2

1<i,5<2n 1<i,5<2n
1 4 1 2\ 2
> EZ §|veiQ’ > E(% Ve, ) )

where we have used the generalized mean inequality. Summing up,

[ P=g [vars [er < [a-prs

By the Cauchy-Schwartz inequality, this gives

5! 5)
) KL e
In particular, [ f < 1V. O

As a consequence, we obtain a variation of Sekigawa’s theorem that ap-
plies when s*, as opposed to s, is non-negative.

Corollary 4.4. Let (N, h, J, Q) be a compact, Finstein, almost Kdhler man-
ifold. If [ s* >0, then (M,g,a,w) is Kdhler.
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One way of approaching the odd-dimensional case is through the following
observation:

Proposition 4.5. Let (M, g,w,a) be an almost cokdihler Einstein manifold
of dimension 2n+1. A natural almost Kdhler structure is induced on M x M ;
it 1s Finstein and satisfies

s=4n+2)r, s =dn7".

Proof. Let (M, g,@, &) be another copy of (M, g,w, @), and consider the Rie-
mannian product N = M x M with the almost-Kahler structure determined
by

Q=w+w+aAla.

The Ricci tensor on N is given by 79+ 77, giving s = (4n + 2)7; the formula
for s* can be derived similarly, or from

s* — 5= |VQ|* = |Vw|’ + V&> + |Vaf* + |Va]> = 4n(r* = 7) — 27. O

Corollary 4.6. Let (M,g,ca,w) be a compact, FEinstein, almost cokdhler
manifold of volume V' and dimension 2n + 1. Then

< / < 1
T — —
=5

Proof. By Proposition 3.3, 7 > 7 and 7 < 0. Let N = M x M with the
induced almost Kéhler structure, as in Proposition 4.5. If N is Kahler, then

(An+2)71 =s=s" =4n7".

This is only possible if 7 = 7 = 0, which makes the statement hold trivially.
If N is not Kéhler, Theorem 4.3 implies that

H

— / (4n)T 5 (4n + 2)T. m

The estimate of Corollary 4.6 only makes use of the fact that the induced
almost Kahler structure on M x M is Einstein, neglecting other conditions
that follow from M being almost cokahler. We can obtain a sharper estimate

by making use of these conditions; in order to simplify the argument, we shall
work with M x S' rather than M x M.

Theorem 4.7. Let (M, g, a,w) be a compact, Einstein, almost cokdahler man-
ifold of volume V' and dimension 2n + 1. Then either

11



1) T=0=7"and (M, g,a,w) is cokdhler; or

2)

1 - 1 /T—T* <4n—1+\/16n2—8n—14
2n — V T - 10n

and (M, g, o, w) is not cokdhler.

Proof. Let t be a coordinate on S' = {e"}, and write § = dt. On the product
M x S', fix the product metric h = g + 0 ® 0, and set

Q=w+aANb,

we thus obtain a compact almost-Kéahler manifold (M x S*, h,Q,J).
By construction, the Ricci tensor of h is

Ric" = Ric? = 79,

where 7 is a constant; the scalar curvature of h is then (2n + 1)7, and Ric"
splits into the two components

1 1 1
Ric’:T(h—§a®a—§0®9), Ric”:§7'(oz®oz—9®9).

By definition, the Ricci form is

1
=T~ 5@/\9).

Since the vanishing of V 2 Q) implies that (¢, A 0) is zero, using (6) we
conclude that
h 1 2
(0. 6) = 57 IV,

By construction,
VQ =Vw+ Va b,

giving
IVQ|* = |[Vw|* 4 [Val?.
Integrating over M x S, we find

/(V*Vw,w) = /Qn(T* - 7), /(V*Va,a) :/—T, (7)

where we have used Lemma 3.1.
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Similarly,
Wmﬂvay:ﬂvgﬁ—%ﬂamgAavgy:ﬂvgf—%ﬂvaﬁ
Finally, observe that
V'VQ =V*(Vw+Vand)=V'Vwu+ V'Vand=2(p"—Tw) —Tar A\ 6.
where p* is the odd-dimensional *Ricci. We can write
pt=7w+p (pow) =0,

giving
(V*VQP =dn(r* — )2+ 72 + 4 |pf|”.

We can decompose the space [A%*?] as

[A*%]3 @ [A*°], = Span {e” — Je' A Je?} @ Span{a ne' — O A Je'};
writing the curvature as

R = Z aijkleij QM + bz-jkeij Oane + cijar N eRane,

its projection on S?([A*Y],) is
Zcij(a Ne'—ONJe')@(aNne —ONJe).

If we further project on the component that commutes with J, we obtain
gcl-j((a/\ez—é/\Je‘)@)(a/\ej —ONJTE) +(anTe +ONE )@ (anTe! +ONeT));
taking norms, we find

2 1 1 1 2 1
> ggcfj > gZC?iZ w—n(zcu) :16_717—2'

Integrating the formula of Proposition 4.2, we can now compute

’ R//

VO 6 1 4l ) — Al VYY)

o_/@mw?—Sﬁ“

2
- /(7‘2—8 )R” —4n(r—7)2 =124 |p3|2—|¢|2+27' |VQ|2—4T |VQ|2+27' |Va|2)

:/eﬂﬁ’

2
—dn(r — 1) = 4|pg|* = |9 — dn7 (7" — 7).
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Summing up,

/|¢|2 < /—4nr*(r* —7) - %72.

If 7 = 0, this implies that [(7*)? is non-positive, hence 7* = 0. By (7),
this is only possible if the structure is cokahler, giving the first case in the
statement.

Assume now that 7 < 0. Observe that ¢(¢,Y) = 0, because (4) implies

IV Q= IVx €[

By construction,

1<4,7<2n 1<4,5<2n
1 9 1 2
>5 > (Vewl’ +[Vaal?)" > @( > (IVewl + |veia|2>)
1<i<2n 1<i<2n
1
= R(Zn(T* —7)— 1)
It follows that

= (2n(r" —7)—7)* < /(_4n(7* —7)? —dn7(r" = 7) — i72);
4n - m

by the Cauchy-Schwartz inequality,
Zon( [ =) < [outr =2 < [ (~Un -1 - ) - 2r?).
V B N 4n

Since 7 is a constant, this is a second degree inequality in the variable
J (7% — 7) with constant coefficients; solving explicitly, we find

10n (=7).

_ 2 _Qn —
i/(r*—7‘)§4n 1+ +16n2 —8n — 14
v
The remaining part of the statement follows from Proposition 3.3. ]
As an immediate consequence, we find:

Corollary 4.8. Let (M,g,a,w) be a compact, FEinstein, almost cokdhler
manifold. If either 7 > 0 or [7* > 0, then (M,g,a,w) is Ricci-flat and
cokahler.
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In particular, in the case 7 = 0 we recover the following result of [12]:

Corollary 4.9 ([12]). If (M, g, a,w) is a compact, Einstein, almost cokdhler
manifold on which the Reeb vector field is Killing, then (M, g, a,w) is Ricci-
flat and cokdhler.

Proof. The condition on the Reeb vector field implies that Va is skew-
symmetric, and therefore completely determined by da. Since « is closed, it
is also parallel. This implies that 7 = 0, so Corollary 4.8 applies. O]

5 Einstein almost cokahler manifolds which
are not cokahler

In this section we give a five-dimensional example of an Einstein almost
cokahler manifold which is not cokéhler.

We consider a standard extension of a 4-dimensional Ricci nilsoliton (see
[20]), namely the Lie algebra g = (e1, e, €3, €4, 5) defined by the equations

de! — 6625_’_1614 de? — igelf’—i—le%

5 5€ 5 5€ de® = e?+e*,  de' = de” =0,

where (e!,e?,e3,et, €5) is the dual basis for g* and €% is short for e’ A e/.
We define G to be the connected, simply connected Lie group with Lie
algebra g.

Proposition 5.1. The solvable Lie group G has an Finstein almost cokdhler
structure which is not cokdahler and satisfies

T—171" 1

T 4
Proof. Let g be the left invariant metric on G given by

9= (")’ + ()" + ()" + () + ()",

One can check that g is an Einstein metric on G. Indeed, the Ricci curvature
tensor satisfies
3 3 5 3 4

3 3
RiC:—§€1®€1—§€2®62—§6 ®63—§€ ®64—§€5®65.

Take the pair (o, w) of forms on G given by

o= 65, w=e? e
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Then (,w, g) defines an almost cokéhler structure on G since da = dw = 0,
a Aw? # 0 and g is compatible with (o, w) in the sense given in section 2.

Moreover p* = —%612 — %634, SO

Since 7* — 7 is not zero, (a,w, g) is not a cokéhler structure. In fact, there is
no parallel left invariant 2-form on this Lie group, so no invariant cokahler
structure compatible with the metric g exists. O]

T—7*

Remark 5.2. Even though this example is not compact, the value of ™
is consistent with the inequalities of Theorem 4.7. In fact, it is the smallest
value compatible with (2).

Remark 5.3. We note that a result in [15] asserts that no solvable uni-
modular Lie group admits a left invariant metric of strictly negative Ricci
curvature. In fact, it is easy to verify that the Lie group G of Proposition 5.1
s not unimodular; in particular, it does not have a uniform discrete subgroup,
i.e. a discrete subgroup I' such that T'\G is compact.
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