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PLUCKER FORMS AND THE THETA MAP

By SONIA BRIVIO and ALESSANDRO VERRA

Abstract. Let SUx (r,0) be the moduli space of semistable vector bundles of rank r and trivial deter-
minant over a smooth, irreducible, complex projective curve X. The theta map 60, : SUx (r,0) — PN
is the rational map defined by the ample generator of Pic SU x (7,0). The main result of the paper is
that 0, is generically injective if g > r and X is general. This partially answers the following con-
jecture proposed by Beauville: 6, is generically injective if X is not hyperelliptic. The proof relies on
the study of the injectivity of the determinant map dg : A" HO(E) — HO(det E), for a vector bundle
E on X, and on the reconstruction of the Grassmannian G(r,rm) from a natural multilinear form
associated to it, defined in the paper as the Pliicker form. The method applies to other moduli spaces
of vector bundles on a projective variety X.

1. Introduction. In this paper we introduce the elementary notion of
Pliicker form of a pair (E,S), where E is a vector bundle of rank 7 on a smooth,
irreducible, complex projective variety X and S C H°(FE) is a subspace of dimen-
sion 7m. Then we apply this notion to the study of the moduli space SUx (r,0) of
semistable vector bundles of rank r and trivial determinant on a curve X. Let

0, : SUx (r,0) — P(H°(L)")

be the so called theta map, defined by the ample generator £ of PicSUx (r,0),
[DN]. Assume X has genus g, we prove the following main result:

MAIN THEOREM. 6, is generically injective if X is general and g > r.

The theorem gives a partial answer to the following conjecture, or optimistic
speculation, proposed by Beauville in [B3] 6.1:

SPECULATION. 0, is generically injective if X is not hyperelliptic.

To put in perspective our result we briefly recall some open problems on 6, and
some known results, see [B3]. A serious difficulty in the study of 6, is represented
by its indeterminacy locus, which is quite unknown. Raynaud bundles and few
more constructions provide examples of points in this locus when r > 0, cf. [CGT,
R]. In particular, there exists an integer 7(X) > 0 such that 6, is not a morphism as
soon as r > r(X). As a matter of fact related to this situation, some basic questions
are still unsolved. For instance:

e is 0, generically finite onto its image for any curve X ?
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1248 S. BRIVIO AND A. VERRA

e is 0, an embedding if v is very low and X is general?

e compute r(g) := min{r(X), X curve of genus g}.
On the side of known results only the case » = 2 is well understood: 6, is an
embedding unless X is hyperelliptic of genus g > 3, see [B1, BV 1, vGI]. Otherwise
05 is a finite 2:1 cover of its image, [DR]. For r = 3 it is conjectured that 65 is a
morphism and this is proved for g < 3, see [B3, 6.2] and [B2]. To complete the
picture of known results we have to mention the case of genus two. In this case 6,
is generically finite, see [B2, BV2]. Moreover it is a morphism iff < 3, [Pa].

To prove our main theorem we apply a more general method, working in prin-
ciple for more moduli spaces of vector bundles over a variety X of arbitrary di-
mension. Let us briefly describe it.

Assume X is embedded in P" and consider a pair (£, S) such that: (i) E is
a vector bundle of rank 7 on X, (ii) S is a subspace of dimension rm of H(E),
(iii) det E =2 Ox (1). Under suitable stability conditions there exists a coarse moduli
space S for (E,.5), see for instance [L] for an account of this theory. Let p; : X™ —
X be the ith projection and let

es,g:S®@0xm — @ pi*E
i=1,....m

be the natural map induced by evaluating global sections. We will assume that
ep,s is generically an isomorphism for general pairs (£, S). For such a pair the
degeneracy scheme Dp s of e g is a divisor in X", moreover

DE,S S |0Xm(1771)|7

where Oxm (1,...,1) :==pjOx(1)®---@p},Ox(1). In this paper D, g is defined
as the Pliicker form of (FE,S). The construction of the Pliicker form of (E,S)
defines a rational map

GT,m:S E— |0X7n(1,...,1)|,

sending the moduli point of (E,S) to Dg g. Assume X = G, where G is the
Pliicker embedding of the Grassmannian G (r,7m ). Then consider the pair (U*, H),
where U is the universal bundle of G and H = H°(U*). In this case the Pliicker
form of (U*, H) is the zero locus

]D)(G S ‘OG"L(I,...,I)‘

of a natural multilinear form related to G. More precisely G is embedded in
P(A"V), where V = H*, and Dg is the zero locus of the map

drm s (NV)" — ATV 2 C,

induced by the wedge product. In the first part of the paper we prove that G is
uniquely reconstructed from D¢ as soon as m > 3. We prove the following:
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THEOREM. Let m > 3 and let © € P(A"V'), then x € G iff the following con-
ditions hold true:

(D) (z,...,z) € (P(A"V))™ is a point of multiplicity m — 1 for Dg,

(2) Sing,,, (Dg) has tangent space of maximal dimension at (x,...,x).

It follows essentially from this result that the previous map 0, ,,, is generically
injective, provided some suitable conditions are satisfied.

Indeed let (£,.5) be a pair as above and let gg 5 : X — G g be the classifying
map in the Grassmannian Gg g of  dimensional subspaces of S*. In Section 4 we
use the previous theorem to prove the following:

THEOREM. 0, ,, is generically injective under the following assumptions:
(1) Aut(X) is trivial and m > 3,

(2) gE,s is a morphism birational onto its image,

(3) the determinant map dg.s: \"S — H°(Ox (1)) is injective.

However the main emphasis of this paper is on the case where X C P" is
a general curve of genus g and Ox (1) has degree r(m + ¢ — 1). Assuming this,
we consider the moduli space S,. of pairs (E, H(E)), where E is a stable vector
bundle of determinant Ox (1) and h'(E) = 0. Let ¢ be an r-root of Ox (1), then S,
is birational to SUx (7,0) via the map

a:S, — SUx(r,0),

sending the moduli point of (E, H(E)) to the moduli point of E(—t). In the sec-
ond half of the paper we prove that

-1
er,moa =00,

where 6, is the theta map of SUx (r,0) and $ is a rational map. Moreover we prove
that the assumptions of the latter theorem are satisfied if X is general of genus
g > r. Then it follows that 0, is generically injective as soon as X is general of
genus g > .

This completes the description of the proof of the main theorem of this paper.
It seems interesting to use Pliicker forms for further applications.

2. Pliicker forms. Let VV be a complex vector space of positive dimension
rm and let A"V be the r-exterior power of V. On A"V we consider the multilinear
form

(1) drm (ANTV) — ATV ~ C,
such that

r o (W1, W) t= WA A Wiy
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Notice that d,. ,,, is symmetric if 7 is even and skew symmetric if r is odd. We fix m
copies Vi,...,V,, of V and the spaces Ps := P(A"Vj), s = 1,...,m, of dimension
N := (") — 1. Then we consider the Segre embedding

T
Py X -+ X Py, < PNH)m=1

and its projections 75 : Py x --- x P, = P, s = 1,...,m. The form d, ,, defines
the following hyperplane section of Py X --- X P,:

2) Dy, 1= {(wl,...,wm) eEPyx - xPp | dr,m(wl,...,wm) :O}.
Definition 2.1. D, ,, is the Pliicker form of P(A"V')™.
Dy, is an element of the linear system |Op, «...xp,, (1,...,1)|, where
Op,x..xp,, (1,...,1) =70p, (1) @...0 7, Op,(1).

Let eq,...,e., be a basis of V' and let Z be the set of all naturally ordered sets
I:=1i; <--- <1, of integers in [1,7m]. We fix in A"V} the basis

6(18) = N Ney,, I=iy<---<i. €L

Then any vector of A"V is of the form ) pgs)e(fs), where the coefficients p(Is) are

the standard Pliicker coordinates on P;. This implies that

LU--Ul,={1,...,rm}

for each (wy,...,wy,) € (A"V)™. Note that, to give a decomposition
Lu---UL,=A{1,...,rm}

as above, is equivalent to give a permutation o : {1,...,rm} — {1,...,rm} which
is strictly increasing on each of the intervals

Uy :=[Lr], Upi=[r+1,27], ..., Up = [(m—D)r+1,mr].

Let P be the set of these permutations, then we conclude that

dym (wl, . ,wm) = Z sgn(a)pgl()Ul) . -p%&m)el A A epm.

ocP
Assume that w := (wy,...,wy,) € (A"V)™ is a vector defining the point o € Py x
-+ x P, we want to compute the Taylor series of D, ,,, at 0. Let t := (ty,...,t,,) €

(A"V)™ then we have the identity

dnm(wl—l—etl,...,wm—i—etm): Z 81T*kdr7m(t)ek.
k=0,....m
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We will say that the function

Ol (NTV)™ — C,
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sending ¢ to the coefficient aﬂ,%kd,«,m(t) of €*, is the kth polar of dy,m at w, cf.
[D]. Let S :=s| < --- < s be a strictly increasing sequence of k elements of M :=
{1,...,m}. We will put k := |S|. Moreover, for w = (wy,...,wy) € (\"V)™, we
define wg := wg, A--- Aw, . Note that A (t) = d(wy,...,wy,) for each t. If m —

k > 1 it turns out that

3) 8un}7kdr7m(t) = Z sgn (Us)wM,S/\tS,
1S|=k

where o : M — M is the permutation (1,...,m) — (ji1,--.,Jm—k,SI,- -
that S =51 <--- <sgand j; <+ < Jim_k-

Definition 2.2. Let W := A"V then

q:PW™) — Py x---xPp,

is the rational map sending the point defined by the vector w = (wy,...

W™ to the m-tuple of points defined by the vectors wy, ..., wy,.
Note that the pull-back of d,.,,, by ¢ is a homogeneous polynomial
¢ dp o € Sym"W* = HO(OP(W)(m)).

We mention, without its non difficult proof, the following result

., Sk) such

, Wiy ) Of

PROPOSITION 2.3. 07 %(d,.,,,) is the kth polar form at w of q* dy .

Let 6 € P(W™) be the point defined by w = (wy,...,w,,) and let o = ¢(6).

For the tangent spaces to P(W™) at 6 and to IP; x --- x P, at 0 one has
9] TIP’(W’"),@ = Wm/<w>
0 Thyeonttpo = W/ (1) @ -+ & W (wra).

Moreover the tangent map

dgs - W™ [{w) — W/ {w)) ®---®W/(wp,)
is exactly the map sending
(t1,...,tym)mod{w) — (tymod(wy), ..., t, mod(w,,)).
In particular we have

Kerdgs = {(ciwy,...,cmwm), (c1,...,cm) € C™}H/(w).

We can now use dg; to study some properties of Sing(ID,,,,). We consider the k-

osculating tangent cone C(’f C Tp,x...xP,, 0 0 D, n, ato.
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LEMMA 2.4. Keeping the above notations one has:
(1) Singy,(Dym) = {0 € Dy | O (dy ) =0, i < k—1}.
(2) CF = dgs({t € W™mod(w) | 07 (dy.m)(t) =0, i < k}).

Proof. By the previous description of dgs; any one dimensional subspace [ of
Tp,x...xP,, 0 1s the isomorphic image by dgs of the tangent space at 0 to an affine
line

Ly:={w+et|eccC} CcP(W™),

for some t = (t1,...,ty,) € W™. On the other hand the pull-back of the Taylor
series of ID;. ,,, to Ly is

drm w+€t Z 8m Z rm )'7
1=0,...,m

this implies (1) and (2). ]

Let o € Py x --- x [P, be the point defined by the vector (wy,...,w,,) and let
v € Tp, x...xPp,,,0 b€ a tangent vector to an arc of curve

{wy +ety,...,wy + €ty, €€ C}.
Applying the lemma and the equality (3), it follows:

THEOREM 2.5. (i) o € Sing;, (D, ) © wg =0, =m-—k+1.

(ii) v is tangent to Sing;, (D ,,) at o iff

> sen(og)ws (o Ats =0, VS €L, |S|=m—k+1,

ses

where o is the permutation of S shifting s to the bottom and keeping the natural
orderin S — s.

Proof. (i) By Lemma 2.4(1), o € Sing;, (DD, ,,,) iff the ith polar 6&(dr,m) is
zero for ¢ < k — 1. This is equivalent to wg = 0 for | S |=m —k+ 1. (ii) As
above, consider a tangent vector v at o to the arc of curve {w; + €ty,...,wy, +
€tm, € € C}. By Lemma 2.4(2), v is tangent to Singy, (D, ,,,) at o iff the coefficient
of € in (w+ €t)g is zero, V|S| = m — k + 1. This is equivalent to the condition
Y osessgn(os)wg oy Ats=0,VS €T, [S|=m—k+1. O

COROLLARY 2.6. The Pliicker form ;. ,,, has no point of multiplicity > m.

Proof. Assume D, ,,, has multiplicity > m at 0. Then wg =0, V'S with | S| = 1.
This means w; = --- = w,,, = 0, which is impossible. ]
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We are especially interested to the behavior of D, ,,, along its intersection with
the diagonal

“) ACP x - xP,, c pV+l)m-1

We recall that A spans the projectivized space of the symmetric tensors of
(A"V)®™ Moreover, A is the m-Veronese embedding of P(A"V). If 7 is odd d;. .,
is skew symmetric and ID,. ,,, contains A. If r is even then

Dy - A
is an interesting hypersurface of degree m in the projective space A.
Applying Theorem 2.5 to a point o in the diagonal, we have:
COROLLARY 2.7. Leto € A. Then:
(i) o € Sing;, (D) & w ™ FH1 =0;
(i) v € Tsing, (D,.,n),0 if and only if
> sen(o)w M PIAL; =0, VSET, |S|=m—k+1.
jes
Remark 2.8. Let o € A be as above, it follows from the corollary that:
o€ AnSing,, ;(Dy ) <= wAw=0.
It is easy to see that A C Sing,,, (D, ,,) if 7 is odd. Let  be even then

G C AnSing,, | (Dym),

where G is the Pliicker embedding in A = P(A"V') of the Grassmannian G(r, V).
However it is not true that the equality holds in the latter case. In fact the equation
w Aw = 0 defines G if and only if r = 2, see [Ha2].

3. Pliicker forms and Grassmannians. In this section we will keep the
notation G for the Pliicker embedding of G(r, V). Our purpose is now to show that
G is uniquely reconstructed from ID,. ,,, and the diagonal A. More precisely we will
show the following:

THEOREM 3.1. Let m > 3, then

G= {0 € ANSing,, (]D),«,m) | dim Ting (D) ,0),0 B8 maximal}.

7',m)7

For the proof we need some preparation. The following result of linear algebra
will be useful: let F be a vector space of dimension d and let w € A" E be a non
zero vector. Consider the linear map

e i ANE — AT

sending ¢ to w A t. We have:
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PROPOSITION 3.2. Let d—2r > s, then y;, has rank > (d?) and the equality
holds if and only if the vector w is decomposable.

Proof. We fix, with the previous notations, a basis {ej,...,eq} of E and the
corresponding basis {e;, [ =i < --- <i,} of A"E. Let ey, := e A--- Ae, so that
Iy=1<2<---<r.Since w is non zero we can assume that w = ey, +ZI#0 arer.
Let W, W™ be the subspaces of F respectively generated by {ey,...,e,} and
{€r41,-..,eq}. Then we have the direct sum decomposition

NYE=E*@QE,
where £ and £~ are defined as follows:
E+:{6[0/\’u,, UE/\SW+} and F = Z ei \Nvj, UiE/\T+871E
i=1,..,r

Let p* : A"tSE — E* be the projection map. Since w = ey, + Zlﬂo arey, the
map

(p+ O:ufu)lAsW+ INWE— BT

is just the map u — ey, A u, in particular it is an isomorphism. This implies that

d—
rank jiy, > rank (p o pip,) = dim AW = ( - 8)'

Let w be decomposable, then there is no restriction to assume w = ey, and it follows
dimIm g, = (*."). Now let us assume that w is not decomposable. To complete
the proof it suffices to show that, in this case,

d_
5) dimIm 8, > < ) 5>.

By the above remarks pf, is injective on AW ™. Hence the inequality (5) holds iff
6) poy (AW £ Tm g,

On the other hand p* o ud : A"W* — E™ is an isomorphism and dim ASW+ =

(d;’"). Therefore inequality (6) is satisfied iff there exists a vector 7 € A"T5F such

that
(7) 0+#7€Impus NKerpt.
So, to complete the proof, it remains to show the following:

CLAIM. Let d—2r > s and w be not decomposable. Then there exists a vector
T as above.
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Proof. By induction on s. If s = 1 we have dimIm !, > d —r. It is proved in
[G] Prop. 6.27, that the strict inequality holds iff w is not decomposable. Hence we
have dimIm !, > d —r and there exists a non zero 7 € Imu!, NKerp™.

Now assume that 7 € Im ;! is a non zero vector satisfying the induction
hypothesis. Let N = {v € E' | 7 Av = 0}. Then N is the Kernel of the map ! :
E — A™71E and, by the first part of the proof, dim N < r + s — 1. Since we are

assuming s +r < d —r, it follows that we can find a vector ¢j, € {ey,...,eq} such
that
(8) exNetN---Ne.£0 and e & N.

Then for such a vector we have
O#ek/\T:ZbJek/\EJ, |J|=r+s—1, Iy Z {JUk}
and, moreover, ex A7 € Im ;. Hence the claim follows. O

From now on we will assume m > 3. Moreover we identify A"V to its image
via the diagonal embedding

§:ATV — (ATV)™,

sending w to §(w) := (w,...,w). Let o € A be the point defined by w = (w, ..., w).
From Corollary 2.7(i), we have that

ANSing,, (D) ={oe AlwAw=0}.
Moreover let (t1,...,t,) € (A"V)™, and let v be a tangent vector at o to
{(w+et,...,w+ety), e CHC Py x - X Py,
it follows from Corollary 2.7 that v is tangent to Sing,,, (D, ,,) at o iff
wAtj+t; Aw=0, 1<1<j<m,
in the vector space A>"V. Let
D (NV)— (NV ] (w))™
be the natural quotient map, where (A"V/(w))™ = Tp, «...xp,, 0. Consider
To:={(t1,-. ., tm) € NV)" JwAtj+t; Aw=0, 1 <i<j<m}
and note that, by the latter remark, one has

o (Tsing,, ,(@r.m)0) = To-
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For any point o € AN Sing,,, (D, ,,) we define

oI TP s..xp

m,0)

9) ¢, = codimension of Tsipe ()

1',7n)7

Since 1 is surjective, it is clear that ¢, is the codimension of T}, in (A"V)™

LEMMA 3.3. Let ¢, be as above and let B := ((m;l)’“), then
(1) c, > mB ifriseven and m > 3,
(ii) co > (m—1)Bifris odd and m >3,
(1) co=m—1ifm < 2.
Moreover the equality holds in (i) and (ii) iff w is a decomposable vector.

Proof. Let w C A"V be the orthogonal space of w = (w,...,w) with respect
to the bilinear form

A ATV X ATV — ATV
Moreover let N C (A"V')™ be the subspace defined by the equations
(—1)"ti+t;=0, 1 <i<j<m.
It is easy to check that
T,=N+ (wh)™

Let m > 3 then N is the diagonal subspace if 7 is odd and N = (0) if 7 is even.
By Proposition 3.2, we have that codimw" > B and moreover the equality holds
iff w is a decomposable vector. This implies (i), (ii) and the latter statement. Let
m <2 then N is either the diagonal subspace or the space of pairs (¢, —t),t € A"V.
Arguing as above it follows that ¢, = (m — 1) B, i.e. ¢, = m — 1. This completes
the proof. U

Proof of Theorem 3.1. The proof is now immediate: let o€ ANSing,,, {(Dy ;).
It is obvious that the codimension ¢, is minimal iff dimTg;pe (D, ,,),0 1S Maximal.
Assume m > 3, by Lemma 3.3 ¢, is minimal iff o € G. O

Keeping our usual notations we have
N+1)™—1
G™ CPx -+ x P, c PN~

where the latter inclusion is the Segre embedding and G is the previous Pliicker
embedding. The restriction of D, ,,, to G™ has a geometric interpretation given in
the next lemma.

Let 0 = (wy,...,wy,) € G™. Then we have w; := vgs) A Aot where
vgs), e ,v,(fg) € Vsand s =1,...,m. In particular w; is a decomposable vector, so
it defines a point [, in G. The vector space corresponding to [ is generated by the

basis v{,...,v;. We will denote its projectivization by L.
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LEMMA 3.4. The following conditions are equivalent:

(D) 0 € Dy

(11) wy A---Awy, =0,

(i) {vi} 1<i<r 1<j<m,isnotabasis of V,

(iv) there exists a hyperplane in P(V') containing Ly U ---U Ly,

Proof. Immediate. U
LEMMA 3.5. D,.,, cuts on G™ an integral hyperplane section.

Proof. Consider the correspondence
1= {(ll,...,lm,H) GGmx]P’(V*) \L1U-~-umeH},

and its projections p;: [ — G™ and p,: I — P(V*). Note that the fibre of p; at
any H is the product of Grassmannians of  — 1 spaces in H, which is irreducible.
Hence I is irreducible. On the other hand we have p; (/) = D, ,,, N"G™ by Lemma
3.4(iv). Hence the latter intersection is irreducible. Since Ogm (1) is not divisible
in Pic(G™), it follows that ;. ,,, - G™ is integral. O

On G we consider the universal bundle U/,.. We recall that U, is uniquely defined
by its Chern classes, unless m = 2. Let | € G and let L C P(V') be the space
corresponding to [. Then the fibre of ¢ at [ is H°(Op(1)), moreover H°(U,*) =
V* = H°(Opgy(1)). Let g : G™ — G be the projection onto the sth factor. On
G™ we consider the vector bundle of rank rm

F: = @ U,

s=1,.m
For any point o = (I,...,l,,) € G™, we have
Fo=U), @aWU), =H(OnM)o - oH(Or,((1)

In particular the natural evaluation map
(10) e V*®Ogm — F,
is a morphism of vector bundles of the same rank rm.

Definition 3.6. Dg is the degeneracy locus of ev™.

THEOREM 3.7. Dg =D, ,,, - G™.

Proof. Leto=(ly,...,l,,) € G™, then ev]" is the natural restriction map

H®(Opv)(1)) — H° (O, (1)) &... H° (O, (1)).
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Note that ev])" is an isomorphism iff L; U---U L,, is not in a hyperplane of P(V).
This implies that D¢ is a divisor. Moreover Dg = D ,,, N G™ by Lemma 3.4 and
Dg € |0Ogn(1,...,1)|. Hence Dg = D, ,, - G™. O

4. Pliicker forms and moduli of vector bundles. In this section we con-
sider any integral, smooth projective variety X C P" of dimension d > 1. We as-
sume that X is linearly normal and not degenerate.

Definition 4.1. (E,S) is a good pair on X if

(1) E is a vector bundle of rank r on X,

(ii) det E = Ox(1),

(iii) S C HY(E) is a subspace of dimension rm,

(iv) FE is globally generated by S,

(V) the classifying map of (E,S) is a morphism birational onto its image.

Given (E,S) we have the dual space V' := S* and its Pliicker form
Dy CP(A"V)™.
We want to use it. Let us fix preliminarily some further notations:

Definition 4.2.

(i) Gg,g is the Pliicker embedding of the Grassmannian G(r, V'),
(ii) UE,s is the universal bundle of Gg g,

(i) dg,s: NS — H 9(Ox(1)) is the standard determinant map,
(iv) Ag,s:P" = P(A"V) is the projectivized dual of df, g,

(v) gg,5 : X = GE g is the classifying map defined by S.

We recall that g g associates to z € X the parameter point of the space Imev;,,
where ev: S ® Ox — FE'is the evaluation map. It is well known that g g is defined
by the subspace Imdg g of H(Ox (1)), in particular

9B,Ss = AES|, -

Since E is globally generated by S and g s is a birational morphism, the next
three lemmas describe standard properties.

LEMMA 4.3. One has E = X, JUp, g and S = )\*E7SHO(Z/{E7S) for any good
pair (E,S).

We say that the good pairs (E,S)), (E»,S>) are isomorphic if there exists an
isomorphism w : Iy — F5 such that u*S| = S,.

LEMMA 4.4. Let (Ey,5S)) and (E,,S,) be good pairs. Then the following con-
ditions are equivalent:
() dg,,s, = dg,,s, o (A" @) for some isomorphism o : Sy — Sh.
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(i) f*E| = E, and f*S) = S, for some automorphism f € Aut(X).

Proof. (i1)=-(ii). The projectivized dual of A"« induces an isomorphism a :
GE,,s, — Gg,,s, such that gg, 5, = aogg, s,. On the other hand, gg, s, : X —
GE,,s; 1s a morphism birational onto its image for ¢ = 1,2. Hence a lifts to an
automorphism f : X — X with the required properties. (ii)=-(i). It suffices to put
a= f* O

Let p; : X™ — X be the projection onto the ¢th factor of X". Then

evp,s: S®O0xm — @ piE:=E&

i=1,....m

is the morphism defined as follows. Let U C X" be open, we observe that £(U) =
E(U)™. Then we define the map evg g(U) : S — E(U)™ as the natural restriction
map. Since evg, g is a morphism of vector bundles of the same rank, its degeneracy
locus is either X or a divisor

Dg,s € |Oxm(1,...,1)].

Definition 4.5. We will say that the divisor D g is the determinant divisor, or
the Pliicker form, of the pair (£, S).

If the previous locus is X™ we will say that (E, S) has no Pliicker form.

LEMMA 4.6. Let (E),S1) and (E»,S2) be isomorphic good pairs. Then
Dg,,5, =D, s,

Proof. Let u: Ey — FE, be an isomorphism such that u*S; = Sj. Then, by
taking the pull back of u to evg, g5, : S1®Ox — &1, we obtain evg, g,. This implies
that DE1751 :DEz,Sz’ U

Remark 4.7. Note that Dg g contains the multidiagonal A,,, i.e. the set of all
the points (zy,...,2,,) € X" such that z; = z; for some distinct 7,j € {1,...,m}.
Moreover, A, is a divisor in X" iff dim X = 1. In this case D g is reducible:

PROPOSITION 4.8. Assume that X is a curve, then
Dgs=(r+eAn+Dg g
where € > 0 and the support of the divisor ]D*E7 g is the Zariski closure of the set
{(acl,...,a:m) eX™—A,|3s€S, s(ajz) =0,i= 1,...,m}.

Proof. Let x = (x1,...,%m) € Ap,. Then evg g has rank < rm —r at z. This
implies that x is a point of multiplicity > r of the determinant divisor D g g. Hence
Ay, is a component of Dg g of multiplicity > 7. This implies the statement. ]
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Actually, e = 0 if E is a general semistable vector bundle on the curve X. It
is enough to verify this property in the case F = L®" and S = H'(FE), where L is
a general line bundle on X of degree m + g — 1. In this case the Pliicker form of
(E,S) is indeed r times the Pliicker form of (L, H°(L)).

It is also non difficult to compute that Dg g — rA,, is numerically equivalent
to a*r®, where a : X™ — Pic"(X) is the natural Abel map and © C Pic"(X) is
a theta divisor. Finally we consider the commutative diagram

9.5

m > m

l l

m

A
(Prym —= (PN)m
where the vertical arrows are the inclusion maps.

LEMMA 4.9. Let Dg; g be the Pliicker form of a good pair (E,S), then
]D)E7S = ()\%‘L’S) *Dr,m'

Proof. Lifting by g} ¢ the map ev™ : V ®@Ogy ¢ = D1 TsUp 5 ONE
obtains the map evg g: S ®@Oxm — ®i:1,...,m p; E. From the commutativity of
the above diagram it follows that D s = (AZ ¢)* Dy = (9% 5) Dy o- O

To a good pair (£,S) we have associated its Pliicker form Dg g. Now we
want to prove that, under suitable assumptions, a good pair (£,S) is uniquely
reconstructed from D g g. To this purpose we define the following projective variety
in the ambient space P" of X.

Definition 4.10. I'g g is the closure of the set of points x € P"* such that:
(i) Dg s has multiplicity m — 1 at the point 0 = (z,...,x) € (P™)™,
(ii) the tangent space to Sing(Dg g) at o has maximal dimension.

THEOREM 4.11. Assume that dg s is injective and m > 3. Then:
(i) I'g s is a cone in P" with directrix the Grassmannian G g,
(ii) the vertex of the cone I' g s is the center of the projection \g s.

Proof. Since \g g is the projective dual of dg g, the tensor product map
Ay (ATS)* ™ — HO(Ox (1))
is precisely the pull-back map

(M) - H(O )m(1,...,1)) — H(O@nym(1,...,1)).

(P(A"V)

Moreover it is injective. Let F € H(Op(ary)m(1,...,1)) be the polynomial
of multidegree (1,...,1) defining D, ,,. Then we can choose coordinates on
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(P(A™V))™ and (P™)™ so that d%”fg(F) = I. Assume that A} ¢ is a morphism at
the point o € (P™)™, then it follows that:

(@) N (o) € Sing,,,_{(Dy. ) iff o € Sing,,_,(Dg,s),

(b) the codimension is equal for the tangent spaces to Sing,, (D, ,,) at
A g(0) and to Sing,,,_,(Dg s) at o.
Assume that 0 = (z,...,z) is a diagonal point in (P")™. Then z € I'f; g iff o sat-
isfies (i) and (ii) in Definition 4.10. By (a) and (b), conditions (i) and (ii) hold true
for o iff they hold true for A} (o) as a point of D, ,,. Finally, by Theorem 3.1,
AE,s(0) satisfies (i) and (ii) iff = belongs to the Grassmannian Gy g. Hence ', g
is a cone over Gg s with vertex the center of Ag s. O

We are now able to show the main result of the current section.

THEOREM 4.12. Let (Ey,S1) and (E,,S,) be good pairs defining the same
Pliicker form D C (P™)™. Assume that m > 3 and dg, s, is injective for any i = 1,2,
then there exists f € Aut(X) such that f*E, = Ey and f*S, = S.

Proof. Let I be the closure of the set of diagonal points 0 = (z,...,z) € D of
multiplicity m — 1 and tangent space Tgjng = (p),o Of maximal dimension. By The-
orem 4.11, I" is a cone in [P": its directrix is the Grassmannian G'g, s, and its vertex
is the center of the projection Ag; g, both for s = 1 and 7 = 2. Since the projection
maps Ag, s, have the same center, there exist an isomorphism o: G, 5, = GE, s,
such that Ag, 5, = 00 Ag, g,. Since m > 3, then 0 = A"a* for an isomorphism
a: 51— 57, see [Ha2, p. 122]. Then, applying Lemma 4.4, it follows f*F| = F,
and f*S| =S, for some f € Aut(X). O

To conclude this section we briefly summarize, in a general statement, how to
deduce from the previous results the generic injectivity of some natural maps, de-
fined on a moduli space of good pairs as above. Therefore we assume that a coarse
moduli space S exists for the family of good pairs (£, S) under consideration. This
is, for instance the case when E is stable with respect to the polarization Ox (1)
and S = H°(E). Then there exists a natural map

Orm: S — |Oxm(1,...,1)|
sending the moduli point of (£,S5) to its determinant divisor Dg g. Let (E7,S5))
and (F»,S,) be good pairs as above defining two general points of S. Assume
that Dg, s, = Dp, 5,- Then we know from Theorem 4.12 that then (E;,S) and
(E»,S>) are isomorphic if m > 3, Aut(X) = 1 and

dg, s, : A"S; — H°(Ox(1)).

is injective. This implies the next statement:



1262 S. BRIVIO AND A. VERRA

THEOREM 4.13. Let m > 3 and Aut(X) = 1. Assume dpgs : \"S —
H°(Ox(1)) is injective for good pairs (E,S) with moduli in a dense open
subset of S. Then 0., is generically injective.

5. Pliicker forms and the theta map of SUx (r,0). Now we apply the
preceding arguments to study the theta map of the moduli space SUx (r,0) of
semistable vector bundles of rank 7 and trivial determinant over a curve X of genus
g > 2. By definition the theta map

6, : SUx (r,0) — P(H(L)")

is just the rational map defined by the ample generator £ of SUx (r,0). We prove
our main result:

THEOREM 5.1. Let X be general and g > r, then 0, is generically injective.

To prove the theorem we need some preparation. At first we replace the space
SUx (r,0) by a suitable translate of it, namely the moduli space

Sy

of semistable vector bundles £ on X having rank r and fixed determinant Ox (1)
of degree r(m + g —1). We assume that X has general moduli and that Ox (1)
is general in Pic" (™9~ (X), with m > 3 and r > 2. In particular Ox (1) is very
ample: we also assume that X is embedded in P" by Ox(1).

We recall that S, is biregular to SUx (r,0), the biregular map being induced
by tensor product with an rth root of Ox (—1).

PROPOSITION 5.2. Let E be a semistable vector bundle on X with general
moduli in S,. Then:

(i) hY(E) =rmand (E,H°(E)) is a good pair,

(ii) the Pliicker form of (E, H°(E)) exists.

Proof. (i) It suffices to produce one semistable vector bundle £ on X, of de-
gree 7(m+g— 1) and rank r, such that h°(E) = rm and (E, H’(E)) is a good pair
in the sense of Definition 4.1. Then the statement follows because the conditions
defining a good pair are open. Let L € Pic™ "9~ !(X) be general, then h°(L) = m
and L is globally generated. Since m > 3, L defines a morphism birational onto its
image

f: X —PHL)).

Putting F := L®" we have a globally generated, semistable vector bundle such that
h°(E) = rm. Hence, to prove that (E, H°(E)) is a good pair, it remains to show
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that its classifying map
gp: X —Gg: = G(T,HO(E)*)

is birational onto its image. We observe that H*(E) = H, @ --- @ H,, where H;
is just a copy of H(L), i = 1,...,r. Let f; : X — P(H}) be the corresponding
copy of f, for any ¢ = 1,...,7. Then gg : X — Gg can be described as follows:
let P(E%) C P(H°(E)*) be the linear embedding induced by the evaluation map,
it turns out that P(E?) is the linear span of fi(z),..., f-(z). This implies that
ge =wuo(fy X+ x f.), where

u:P(HY) x---xP(Hy) — Gg

is the rational map sending (y1, ..., ¥, ) to the linear span of the points y; € P(H) C
P(H°(E)*), i = 1,...,r. Since f is birational onto its image, the same is true
for the map f x --- x f,.. Moreover u is clearly birational onto its image. Hence
gE is birational onto its image. Finally gg is a morphism, since L% is globally
generated. This completes the proof of (i).

(ii) Again it suffices to produce one good pair (E, H°(E)) with the required
property. It is easy to see that this is the case if £ = L®" as in (i). U

Now we consider the rational map
O = Sr — |Ox(1,...,1)]
sending the moduli point [E] € S, of a general E to the Pliicker form
Dg € |Ox(1,...,1)]

of the pair (E, H(E)). Let t € Pic™ 97! (X) be an r-root of Ox (1), then we have
a map

a;: X™ — Picd 1 (X)

sending (z1,...,2m;,) to Ox(t —x; —--- —x,,). It is just the natural Abel map
a: X™ — Pic™(X), multiplied by —1 and composed with the tensor product by ¢.
Fixing a Poincaré bundle P on X x Pic?~!(X) we have the sheaf

Rl (i E(-t)®P),

where ¢y, ¢, are the natural projection maps of X x Pic?™!(X). It is well known
the support of this sheaf is either Picg’l(X ) or a Cartier divisor © g, see [BNR].
Moreover, due to the choice of ¢, one has

Of € |[rO|,
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where © := {N € Pic/ 1(X) | h%(IN) > 1} is the natural theta divisor of
Pic/~!(X). In particular, one has h’(E ® N(—t)) = h'(E® N(—t)) so that

SuppOp = {N € Pic! 1(X) | " (E® N(~t)) > 1}.
Finally, it is well known that there exists a suitable identification
|0 [=P(H°(L)")
such that 6, ([E]) = © g, [BNR]. Computing Chern classes it follows
a;Op+1rAp € |Oxm(1,...,1)],

where A,, C X™ is the multidiagonal divisor. On the other hand, r4,, is a com-
ponent of D by Proposition 4.8. Moreover, it follows from the definition of deter-
minant divisor that Dz contains a; !(©). Therefore we have

(11) a;Op+1rA, =Dg.

Leta: |rO|—|Oxm(1,...,1)| be the linear map sending D €| rO | to a; D+rA,,.
We conclude the following from the latter equality:

PROPOSITION 5.3. 0,.,, factors through the theta map 0,., that is 0, ,, = cco0,.

Proof of Theorem 5.1. Let 0,.,, : S, — |Oxm(1,...,1)| be as above. We have
Aut(X) = 1 and m > 3. We know that (E, H(E)) is a good pair if [E] € S, is
general and that 0, ,,, factors through the theta map 6,.. Theorem 4.13 says that 0,.,,,
is generically injective if (E, H°(F)) is a good pair and the determinant map

dg : N"H(E) — H°(Ox (1))
is injective for a general [E]. This is proved in the next section. O

6. The injectivity of the determinant map. Let (X, F) be a pair such that
X is a smooth irreducible curve of genus g and F is a semistable vector bundle of
rank 7 on X and degree r(g — 1 +m), with m > 3. If F is a general semistable
vector bundle on X, it follows that:

() (E,H°(E)) is a good pair,

(1) its Pliicker form exists.
(see Definition 4.1 and Proposition 5.2). It is therefore clear that the previous con-
ditions are satisfied on a dense open set U of the moduli space of (X, E).

ASSUMPTION. From now on we will assume that (X, E) defines a point of U,
so that X is a general curve of genus g and E is semistable and satisfies (i) and

(ii).

In this section we prove the following result:
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THEOREM 6.1. Let X and E be sufficiently general and g > r, then:
(i) the determinant map dg : \"H°(E) — H°(det E) is injective,
(ii) the classifying map gg : X — Gpg is an embedding.

Since m > 3, det E := Ox (1) is very ample. So we will assume as usual that
the curve X is embedded in P" = P(H°(Ox(1))*). Let us also recall that

Gg C P(T:n )*1
denotes the Pliicker embedding of the Grassmannian G/(r, H’(E)*). Let
Ag P p(7) !

be the projectivized dual of dr. We have already remarked in Section 4 that gp is
just the restriction Ag|, . This immediately implies that:

LEMMA 6.2. df is injective < A is surjective < the curve gg(X) spans the
Pliicker space p(7" )71.
Since (E,H°(E)) is a good pair, gg : X — gr(X) is a birational morphism.
Let
(95(X)) < PUT)!
be the linear span of gz (X ). Then the previous Theorem 6.1 is an immediate con-
sequence of the following one:

THEOREM 6.3. For a general pair (X, E) as above gg is an embedding and
dim{gp(X)) >r(m—1)+g.

In other words, the statement says that gr is an embedding and that dp has
rank > r(m — 1) + g. This theorem and the previous lemma imply the following:

COROLLARY 6.4. For a general (X,E), d is injective if g > (") —
r(m—1)—1.

Hence the proof of Theorem 6.1 also follows.

Proof of Theorem 6.3. To prove the theorem, hence Theorem 6.1, we observe
that the moduli space of all pairs (X, F) is an integral, quasi-projective variety
defined over the moduli space M, of X. On the other hand, the conditions in
the statement of the theorem are open. Therefore, it suffices to construct one pair
(X, E) such that E is semistable, h’( ) = rm and these conditions are satisfied.
We will construct such a pair by induction on the genus

9>0

of X.For g=0wehave X =P! and E = Opi(m —1)".
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LEMMA 6.5. Let X = P' and E = Opi(m — 1)", with m > 2. Then dg is
surjective and g is an embedding.

Proof. The proof of the surjectivity of dp is standard. It also follows from the
results in [T]. In order to deduce that g is an embedding recall that g is defined
by Imd g, hence by the complete linear system |Op:i (r(m —1))|. O

Now we assume by induction that the statement is true for g and prove it for
g+1.

Let (X, F) be a general pair such that X has genus g. We recall that then X
is a general curve of genus g and (E, H°(E)) is a good pair admitting a Pliicker
form.

By induction gg is an embedding and dim{gg (X)) > r(m — 1) + g. We need
to prove various lemmas.

LEMMA 6.6. The evaluation map evy HY(E) - E,® E, is surjective for
general x,y € X.

Proof. If not we would have h°(E(—z —y)) > h°(E) — 2r = r(m — 2), for

any pair (x,y) € X?. This implies that h®(E(—z —y — 21 — - — Zm_2)) > 1,
Y(x,y,21,...,2m_2) € X™ and hence that (£, H°(E)) has no Pliicker form. But
then, by Proposition 5.2 (ii), (X, F) is not general: a contradiction. U

From now on we put
C:=gp(X).
Choosing x,y so that ev, , is surjective, we have a linear embedding
* * 0 *
E,oFE,C H'(E)
induced by the dual map ev, . This induces an inclusion of Pliicker spaces

2r

P —p(A (Ere E)) cPUT) = P(A" HO(E)Y)
and of their corresponding Grassmannians
Gay =G (r, (E; EBE;)) C Gg.

LEMMA 6.7. Assume (C) is a proper subspace of the Pliicker space of Gg.
Let x,y be general points of X. Then (G, ) is not in (C').

Proof. For a general z € X consider the linear map 7 : HY(E)* —
HO(E(—x))* dual to the inclusion H°(E(—z)) ¢ H(E). It induces a surjective
linear projection

N P(ATHY(E)Y) — P(A”HO(E(-2))"),
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with center the linear span (o) of 0 := {L € Gg | dim(LN E}) > 1}. In particular
A" restricts to a rational map between Grassmannians

[:Gg— GE(fxb

where G p(_,) := G(r, H*(E(—x))*) ~ G(r,(m—1)r). Let | € G be the param-
eter point of the space L, then f(l) is the parameter point of 7(L). Clearly f is
defined at [ iff L N E} = 0. Moreover, the closure of the fibre of f at f(1) is the
Grassmannian G(r, L @ E7). In particular, the closure of the fibre at f(y) is G,
for a general y € X. We distinguish two cases:

(1) f(C) spans the Pliicker space of Gp(_,). Since f = /\’“mGE and A" is
linear, it follows that |, (Gz,y) spans the Pliicker space of Gp. Since (C) is
proper in it, we conclude that (G ) is not in (C) for some y, hence for general
points z,y € X.

(2) f(C) does not span the Pliicker space of G (). Since the Pliicker form of
(E,H°(E)) exists and m > 3, we can fix x,y, 21,.. ., zm_2 € X so that h(E(—z —
y—2)) =0, where z := 2| +---+ z,,_2. Then we have H*(E(—xz))NH®(E(—y —
z)) =0in H°(E). Putting E} := E} &---® E},, it follows that

Moy By @ BL — HY(E(-z))"
is an isomorphism, that is, A"7 induces the following isomorphism of projective
spaces:

iy P(N(E; @ EY)) — P(A"HY(E(-2))").

On the other hand, P(A\"(E, ® E7)) is spanned by the union of its natural linear
subspaces (Gy ;) = P(\"(Ey © E%))), i = 1,...,m —2. Since (f(C)) is a proper
subspace of P(A\"HY(E(—x))*), it follows that (G, ,) is not in (C), for some
i=1,...,m—2. O

Now we assume that (C') is a proper subspace of the Pliicker space of Gpg
and fix general points z,y € X so that the conditions of the previous lemma are
satisfied. Keeping the previous notations let P C P"~! be the tautological image
of P(E*) and let P, :=P(E}), z € X. We observe that the Grassmannian G, is
ruled by smooth rational normal curves of degree r passing through = and y. More
precisely, let

2r—1 . __ * *
Prti= P(Ez @Ey)
and for t € G, let
Pt C ]P)erl C ]P)Tmfl

be the projectivized space corresponding to ¢. We have:



1268 S. BRIVIO AND A. VERRA

LEMMA 6.8. For a general t € G, there exists a unique Segre product S :=
P! x P! such that P, U P,UP,CSC P> =L, Moreover:
(1) the ruling of S is parametrized by a degree r rational normal curve

RCG,ycCGgc P71

(ii) the universal bundle U, of G restricts to Opi(—1)%" on R,
(iii) the restriction map HO(U*) — H°(Opi(1))®" is surjective.

Proof. Since x,y are general in X, Lemma 6.6 implies that P, N P, = 0. Since
t is general in G, ,, we have P,N P, = P,N P, = 0. It is a standard fact that
the union of all lines in P?"~! meeting P, P, and P is the Segre embedding
S C P21 of the product P! x P"~!, which is actually the unique Segre variety
containing the above linear spaces, see [Ha2, p. 26, 2.12]. It is also well known
that S is the tautological image of the projective bundle associated to Opi (1),
see [Hal]. Therefore, the map assigning to each point p € P! the fiber of S over
p is the classifying map of Opi(1)®". So it defines an embedding of P! into the
Grassmannian G ,, whose image is a rational normal curve R. This implies (ii)
and (iii). U

Lett € G, 4 be a sufficiently general point, where x,y are general in X. Then,
by Lemma 6.7, ¢ is not in the linear space (C). Since G, ,, is ruled by the family of
curves R, we can also assume that C'U R is a nodal curve with exactly two nodes
in x and y. So far we have constructed a nodal curve

(12) I''=CUR

such that
(i) T has arithmetic genus g+ 1 and degree r(m+ g),
(ii) dim(I") >dim(C)+1=r(m—1)+g+ 1.

LEMMA 6.9.
(i) The curve I is smoothable in G,

(i) R'(Or(1)) =0and h°(Or(1)) =r(m+g) —g.
Let U4, be the universal bundle on G g, we have also the vector bundle on I':
(13) F:=U'®Or.

LEMMA 6.10.
() The restriction map H(U}) — H°(F) is an isomorphism,
(i) R'(F)=0and h°(F) = rm.

LEMMA 6.11. Let x1,...,x,, be general points on C. Then h®(F(—xy —---
— ) =0.
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Proof. Let us recall that C' = gg(X) and that £ =2 U ® O¢. Under the as-
sumptions made at the beginning of this section, X is a general curve of genus g,
(E,H°(E)) is a good pair admitting a Pliicker form. This implies that h°(E(—xz1 —
oo —y,)) =0, where xi,...,x,, are general points on X. Notice also that F'®
Oc = E and that, by the previous lemma, the restriction map H°(F) — H°(E) is
an isomorphism.

Letd:= x| +---+,, and let s € H*(F(—d)). Then s is zero on X because
hO(E(—d)) = 0. In particular s is zero on {x,y} = C'N R. Hence its restriction on
R is a global section s/ of Or(—z —y). But F ® Op(—x —y) is Opi (—1)*" so
that 5|, = 0. Hence s is zero on I and h°(F(—d)) = 0. O

We are now able to complete the proof of Theorem 6.3, postponing the proofs
of Lemmas 6.9 and 6.10.

Completion of the proof of Theorem 6.3. We start from a curve I' = CUR as
above. Therefore the component C' = g (X) is the embedding in Gg of a curve X
with general moduli and, by the previous lemma, there exists (z1,...,2,,) € C™
such that h?(F(—x1 —--- —x,,)) = 0. Now recall that, by Lemma 6.9, the curve I'
is smoothable in G g. This means that there exists a flat family

{Xt, te T}

of curves X; C Gg such that: (1) 7' is integral and smooth, (2) for a given o € T'
one has X, =T, (3) X; is smooth for ¢ # o. Let

Et = Z/{: ®OXt

For ¢ general we have h' (E;) = h!(F') = 0, by semicontinuity, and hence h°(E;) =
rm. For the same reason, the determinant map d; : A" H°(E;) — H°(Ox, (1)) has
rank bigger or equal to the rank of d, : A"H°(F) — H%(Or(1)). This is equivalent
to say that

dim(X;) > dim(I") >r(m—1)+g+1.

Then, for ¢ general, the pair (X}, E};) satisfies the statement of Theorem 6.3.

To complete the proof of the theorem, it remains to show that F; is semistable
for a general t. It is well known that E; is semistable if it admits theta divisor, see
[B3]. This is equivalent to say that

O;:={N €Pic™(X;) | ’°(B; @ N~1) > 1} # Pic™(X;),
therefore F; is semistable if

Dy:={(z1,...,2m) € X" | OBy (=21 — - —2)) > 1} # X
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To prove that D; # X" for a general ¢, we fix in Gg™ x T the family
A= {(21,...,zm;t) EGE™XT | 214 2m EXt—Sing(Xt)},

which is integral and smooth over 7'. Then we consider its closed subset

D:={(z1,....zm:it) EA| RO (U; @ Ox, (=21 — - —2m)) > 1}.
It suffices to show that D is proper, so that D; # X" for a general t. Since £, = F,
Lemma 6.11 implies that DN X" is proper. Indeed there exists a point (xy, ..., %, )
€ C™ C X so that h®(F(—x —---—x,,)) = 0. Hence D is proper. O

Proof of Lemma 6.9. (i) We will put G := Gg. We recall that I is smoothable
in G if there exists an integral variety X C G x 7" such that:

(a) the projection p: X — T is flat,

(b) for some o € T the fibre X, is I,

(c) ift € T —{o}, the fibre X, is smooth of genus g+ 1.
To prove that I' is smoothable we use a well known argument, see [S] or [HH].
Consider the natural map ¢ : Tgr — ./\/'p‘@,, where /\/'F|G is the normal bundle of T’
in G. The Cokernel of ¢ is a sheaf Tsl, supported on S := Sing(T"). It is known as
the 7"'-sheaf of Lichtenbaum-Schlessinger. Finally, ¢ fits into the following exact
sequence induced by the inclusion I' C G

O—>7'p—>7?g|pi>Np|G—>T§—>O.

Let N be the image of ¢ in Npg. The condition h'(N”) = 0 implies that I is
smoothable in G, [S] prop. 1.6. To show that h!' (N") = 0 it is enough to show that
h! (Tgr) = 0, this is a standard argument following from the exact sequence

0—Tr — Togr — N —0.
To prove that ! (7(-[}‘]_") = 0 we use the Mayer-Vietoris exact sequence
0— Ter — Tejc®Toir — Tis — 0.
The associated long exact yields the restriction map
p: H(Tgi0) ® H(Tgir) — H°(Tgs)-
At first we show its surjectivity: it suffices to show that
p: OEBHO(7('G|R) — H0(7f(;,|5)

is surjective. Recall that S consists of two points z,y and that T é = Og. Then,
tensoring by 7g|r the exact sequence

0— Op(—x—y) — Op — O — 0,
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the surjectivity of p follows if hl(%‘ r(—z —1y)) = 0. To prove this consider the
standard Euler sequence defining the tangent bundle to G:

0 — U QU — Oc""" U — Tg — 0.

Then restrict it to R and tensor by Or(—z — y). The term in the middle of such
a sequence is M := O™ @ Opi(—1)%". This just follows because U, © O =
Opi1 (1)®". Since h' (M) = 0, it follows that k' (Tgr(—x —y)) = 0. Hence p is
surjective. The surjectivity of p and the vanishing of h' (Tg|r) and h! (Tg|c) clearly
imply that h! (Tgr) = 0. Hence we are left to show that h! (Tg|r) = h! (Tgic) = 0.
Since Tgr = O™ @ Opi (1)#", the former vanishing is immediate. To prove that
h1(7('(;,|o) = 0 the argument is similar. Restricting the above Euler sequence to C'
we obtain the exact sequence

0— E*QE— EY" — Tgc — 0,

since Uy’ ~ E. Then h!(E) = 0 implies h'(Tg|c) = 0.
(ii) To prove h!(Or(1)) = 0 it suffices to consider the long exact sequence
associated to the Mayer-Vietoris exact sequence

0— Or(1) — Oc(1)®Ogr(1) — Oy (1) — 0.

For degree reasons we have h! (O¢ (1)) = h!(Og(1)) = 0. Hence it suffices to show
that the restriction H°(O¢ (1)) & H°(Og(1)) — Oy, is surjective. This follows
from the surjectivity of the restriction H*(Og(1)) — Oy . O

Proof of Lemma 6.10. Tensoring by F' the standard Mayer-Vietoris exact se-
quence

0—0r —0c®0r— 0y —0
we have the exact sequence
0—F—FaO0u(1)Y — FR0,, —0.
Passing to the associated long exact sequence we obtain
0— HYF) % HY(E)® H*(0p (1)*7) L5 HY(F ® Oyy) — H'(F)---.
Restricting p to HO(E) ©0 or 0& H°(Opi (1)®") we have the following maps
pc: HY(E) — E,® E,,
and

PR - HO(Opl(l)@T) — Oplw(l)@T@OIpl’y(l)@T.
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These are the usual evaluation maps and we know they are surjective. It follows
from the surjectivity of p and the above long exact sequence that h(F) = rm =
RO(U;) and h'(F) = 0. Thus, to complete the proof, it suffices to show that
H(U?) — HO(F) is injective. This is clear because the composition of maps
HU) — HO(F) — H°(E) is injective. O
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